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Preface

The term nonsmooth analysis theory had been used in the 1970s by F. Clarke when
he studied and applied the differential properties of functions and sets that are
not differentiable in the usual sense. Since Clarke’s work, the field of nonsmooth
analysis theory has known a considerable expansion, namely with the appearence of
an important concept which is the concept of “regularity ” (regularity of functions
and regularity of sets). The primary motivation for introducing regularity notions
is to obtain equalities in calculus rules involving various constructs in nonsmooth
analysis. The first notion of regularity appeared in Clarke’s work (in the 1970s) to
ensure equality form in the calculus rules of the Clarke subdifferential for Lipschitz
continuous functions.

Many investigators (Rockafellar, Mordukhovich, Thibault, Poliquin et al.) have
since then introduced and used many other notions of regularity in the development
of nonsmooth analysis theory.

In the last decades, regularity concepts played an increasing role in the applica-
tions of nonsmooth analysis such as differential inclusions, optimization, variational
inequalities, as well as in nonsmooth analysis itself. Consequently, it is becoming
more and more desirable to introduce regularity, at an early stage of study, to
graduate students and young researchers in order to familiarize them with the
basic concepts and their applications. This book is devoted to the study of various
regularity notions in nonsmooth analysis and their applications. To the best of my
knowledge, the present work is the first thorough study of the regularity of functions,
sets, and multifunctions as well as their important applications to differential
inclusions and variational inequalities.

This book is divided into three parts. In the first part, we present an accessible
and thorough introduction to nonsmooth analysis theory. Main concepts and some
useful results are stated and illustrated through examples and exercises.

In Part II, the most important and recent results of various regularity concepts
of sets, functions, and set-valued mappings, in nonsmooth analysis theory are
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viii Preface

presented. These results include some that have been demonstrated in different
works that were published either singly (see [39, 44, 45, 48]), or in collaboration
with Thibault (see [58-63]).

Part III contains six chapters, each of which addresses a different application
of nonsmooth analysis theory. These applications are the fruit of research that I
conducted either singly (see [42,43]) or in collaboration with various researchers in
the field (see [53-55,58, 64]).

Batna, Algeria Messaoud Bounkhel
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Part I
Nonsmooth Analysis Theory



Chapter 1
Nonsmooth Concepts

1.1 Introduction

This book assumes a basic knowledge of topological vector space and functional
analysis. Moreover, we recall in this section several concepts and fundamental
preliminaries which will be used in what follows. The following notation is used
throughout this book.

X is a real topological vector space or a real normed vector space or a Banach
space with norm || - || and H is a real Hilbert space. The inner product between
elements of H is denoted by <,> the same notation is also employed for the
pairing between X and its topological dual space X* (the space of continuous linear
functionals defined on X). The closed unit ball in X or H centered at some point ¥
and with radius r > 0 is denoted by B(%,r). For ¥ = 0 and r = 1 we will use the
standard notation B instead of B(0,1). The notation B, is used for the closed unit
ball in X* centered at the origin and with radius 1. Whenever needed, we use the
notation Bz for the closed unit ball centered at the origin of a given normed vector
space Z. We will denote by .4 (¥) the set of all neighborhoods of . For a given set S,
the following expressions: intS,clS,bd S, signify the interior, closure, and boundary
of S, respectively.

Definition 1.1. Let X be a real vector space. A set S is said to be convex provided
that for every pair of element (x,y) of S the segment [x,y] = {oy+ (1 —a)x: o €
[0,1]} is contained in S. The convex hull of a nonconvex set S is defined as the
intersection of all the sets containing S. It is denoted by coS and has the following
characterization:

n n
COS{ZO{,’XZ': n €N, 2061'21, a; >0, x,-ES}.
i=1 i=1

The closure of co S is called the closed convex hull and denoted by co S.
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4 1 Nonsmooth Concepts

Definition 1.2. Let f be an extended real valued function, i.e., f : X — RU {+eo}.
We call the sets

domf={xeX: f(x) <+e}andepif ={(x,r) eX xR: f(x) <r},

the effective domain of f and the epigraph of f, respectively.

1. f is said to be a convex function on an open convex set £2 C X provided that
flax+ (1 —a)y) < af(x)+ (1 —a)f(y), forall x,y € Q, and all & € [0,1].

When Q is the whole space X we will say that f is convex.
2. f is said to be lower semicontinuous (in short 1.s.c.) at some point ¥ in dom f
provided that

f(%) < liminf £(x).

xX—X

We will say that f is l.s.c. on X if it is L.s.c. at any point of X.
Exercise 1.1.

1. Prove that f is 1.s.c. on X if and only if its epigraph epi f is closed in X x R.

2. Prove that f is Ls.c. on X if and only if the r-level set {x € X : f(x) <r} is closed
for any r € R.

3. Prove that f is convex if and only if its epigraph epif is convex. As a
consequence the effective domain of convex functions is always convex.

4. Prove that the convexity of f implies the convexity of all the r-level sets. Prove
by giving a counter example that the converse in the last question is not true in
general.

1.2 From Derivatives to Subdifferentials

In this section, we begin with some classical concepts of differentiability (direc-
tional, Gateaux, and Fréchet) and we will try via optimization problems to explain
the evolution of the concept of differentiability from the Fréchet derivative to the
generalized gradient concept (also called Clarke subdifferential).

Let X be a real topological vector space, f : X — RU{+e} be an extended real
valued function and X € dom f.

1. The directional derivative of f at X in the direction v € X is given by

Ji= N 1 —1 — =
£/(529) = tim 3~ [+ 6v) £ (2], (L1

when the limit exists.
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2. We say that f is Gateaux differentiable at x provided f'(x;v) exists for all v €
X and f (%;-) is linear continuous, that is, there exists an element (necessarily
unique) f( (%) € X* (called the Gateaux derivative) satisfying

(f6(®),v) = f'(x:v), forallv € X. (1.2)

3. If the convergence in (1.1) is uniform with respect to v in bounded subsets of X,
we say that f is Fréchet differentiable at X, and we write f’(X) instead of f§(X).

Remark 1.1.

1. A function may admit a directional derivative f’(¥;v) at X in every direction v €
X, but fails to admit a Gateaux derivative f{(¥) at . For example, let X be a
Banach space, f(x) = ||x||, and X = 0. This function has a directional derivative
f'(x;v) for every direction v € X and f’(x;v) = ||v||, while the Gateaux derivative
of this function at & does not exist because the function v — f’(x;v) = ||v|| is not
linear.

2. The Fréchet and Géateaux differentiability concepts are not equivalent in gen-
eral even in finite dimensional cases. It is not hard to check that Fréchet
differentiability at a point implies its continuity at that point, which is not the
case for Gateaux differentiability. For example, a ls.c. function f (which is
not necessarily continuous) may have a Géteaux derivative f; at a point of
discontinuity.

3. If X is a normed vector space and f is a locally Lipschitz, that is, for any point
X € X there exists some neighborhood V of X and some constant L > 0 such that

[f(x) = fO)| < Llly—x]|, forallx,y € V,

then the two above concepts are equivalent.

1.2.1 Unconstrained Minimization Problems

In most situations in optimization, we begin by considering the following abstract
minimization problem: minimize f(x) subject to x € S where f : S — R is defined
on § which is a subset of a real vector space X. If we redefine the function f so that
f(x) = oo for x ¢ S, then minimizing f over S is equivalent to minimizing the new
f over all of X. So, no generality is lost in this paragraph if we restrict our attention
to the case where S = X. Let f : X — R be a function and X be a point in X. Thus,
let us consider the following unconstrained minimization problem:

Minimize f(x)

(UP) { .
subjecttox € X.
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Definition 1.3. We will say that

1. f has alocal minimum at & if and only if there exists a neighborhood V of x such
that f(%) < f(x), forallx e V.
2. f has a global minimum at ¥ over X if and only if f(¥) < f(x), forall x € X.

Assume that f is Gateaux differentiable at X € X.

Fact 1. If f has a local minimum at X, then there exists some € > 0 such that
(fG(¥),x—x) >0, forall x € £+ €B. (1.3)

Proof. Assume that f has a local minimum at &, then there exists some o > 0
such that
f(x) < f(x), forallxex+ oB. (1.4)

Fix € € (0,a) and 6 € (0, ¥ ), and fix any x € ¥+ £B. Hence,
I+6(x—X)ex+d6eBCi+aB

and so we get by (1.4)
fE+8(x—5)) - f(X) =0,

forall § € (0, %) and for all x € ¥+ €B. Therefore, as f is Gateaux differentiable at
X, the limit

lim&~! [f(x+0(x—x))— f(%)]

510
exists and so ( f§(X),x — %) > 0 for all x € £+ €B. O
Exercise 1.2.

1. Prove that the converse in Fact 1 is not true in general. This ensures that (1.3) is
only a necessary optimality condition for (UP).
2. Prove that (1.3) is equivalent to

f6@=o0. (1.5)

Assume now that the function f is not Gateaux differentiable and f is convex.
Take for instance f(x) = ||x||. For this function, f§;(0) does not exist and it is clear
that f has a global minimum over X at ¥ = 0. But we cannot make use of Fact 1 to
derive necessary optimality conditions like relations (1.3) or (1.5) for problem (UP),
because f is not Gateaux differentiable at X. So it is a natural question to ask what
could replace f{; in those relations? One could think of making use of the directional
derivative instead of the Gateaux derivative as follows:

f'(®%v)=0, forallv € X. (1.6)

However, the relation (1.6) does not hold for the above function, although ¥ is a
global minimum. Indeed, we can check that f'(x;v) = ||v||, for all v € X and so
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Sf'(xv) = 0 only for v=0 and f'(%;v) # O for every v # 0. Therefore, we have
to propose, something else to replace f¢; which is the subdifferential of f that we
define below.

Definition 1.4. Let f be a convex continuous function on X and let ¥ € X. We define

the subdifferential of f at x as follows

OB ={L e X" ({v) < f'(®v), forall ve X} (7

Exercise 1.3. For every convex continuous function f, every x € X, and every
direction v € X one has:

1. The function & +— 8! [f(x+ &6v) — f(x)] is nondecreasing for § small enough.
2. The directional derivative f’(¥;v) exists and is positively homogeneous and
subadditive on X with respect to v.
IMf(E) ={LeX : ({,x—x) < f(x)— f(x), forall x € X}. (1.8)

4. Calculus rules:
aCOnV(f_"_g) (X) — aCOHVf(X) + aCOan(X) and aCOHV(af) (i) — aaCOHVf(X)’ (1.9)

whenever o € R and g is a convex continuous function on X.

Using the subdifferential concept we can derive an analogue to Fact 1 for convex
continuous functions, i.e., necessary optimality conditions.

Proposition 1.1. Let f be a convex continuous function on X and let x € X. If f has
a local minimum over X at X, then

0 € 9™ £(%). (1.10)

Proof. Tt follows the same lines as in the proof of Fact 1, by using the definition of
the subdifferential in (1.7) or it follows directly from (1.8). a

In fact, for convex continuous functions we have a stronger version of Fact 1. Indeed,
we can prove that (1.10) is a necessary and sufficient optimality condition for (UP).
Further, any local minimum is a global minimum.

Proposition 1.2. Let f be a convex continuous function on X and let x € X. The
relation (1.10) is equivalent to each one of the following assertions:

1. f has a local minimum over X at X;
2. f has a global minimum over X at X.

Proof. 1t follows from the relation (1.8). a

Proposition 1.3. If f is a convex continuous and Gdteaux differentiable function
at %, then 9°°™ f(x) = { f(;(X)} and so the relation (1.5) becomes a necessary and
sufficient optimality condition for (UP).
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Fig. 1.1 Tangent and normal conv y
cones to convex sets T 7/"0 )~ S
y=-X

S, y=x

A1
N<//

Proof. Let { be any element of 9™ f(%). Then, ({,v) < f/(¥;v) forall v € X. On
the other hand, by the Géteaux differentiability of f at ¥ one has f/(%;v) = ( f§(%),v)
for all v € X. Consequently, we get ({,v) < (f§(%),v), for all v € X, which ensures
that §{ = f(x) and so 9°°™ f(x) = {f;(¥)}. The second part of the proposition
follows from Proposition 1.2 and the first part of this proposition. g

1.2.2 Constrained Minimization Problems

Consider now the following constrained minimization problem:

Minimize f(x)

Cp
P { subjecttox € S,

where f is a convex continuous function and S is a closed convex set in X. First, we
define the tangent cone and the normal cone for closed convex sets by

TOY(S;%) =cl[Ri(S—%)] =cl{A(s—X): A > 0,5 € S}
and N (S; %) is the negative polar cone' of 7™ (S;%), i.e.,

NW(8:5) ={L € X7 2 (C,v), forall v e TN (S;5)}

IFor a closed nonempty set L C X, the negative polar of L is denoted by L and defined as

L'={{eXx*: ({,v), forallveL}.
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Example 1.1. Let S; = {(x,y) € R>:y > |x|} and ¥ = (0,0) (see Fig. 1.1). This set
is a closed convex cone and

T (81:%) = cl[Ry (81 —%)] = cl[Ry (S1)] = cl[S1] = 83

and
N (S;%) = =8 = {(x,y) € R? ty < —[xl}

Exercise 1.4. Prove the following assertions for closed convex sets S and X € S:

1. Nov(S:x) ={{eX: ({,x—x) <0, forall x € S}.

2. The distance function dy is convex if and only if S is convex.
3. 9°™dg(xX) = N™(S;%) NB..

4. T°™(S;x) is a closed convex cone containing the vector zero.

Exercise 1.5. Prove the following:

1. Every l.s.c. convex function is continuous over int(dom f) the interior of the
effective domain of f.

2. Assume that X is a real normed vector space. Every convex function which is
finite on an open convex set €2 and bounded around some point X € €2, is locally
Lipschitz on €.

3. For any closed subset S of X, and f is Lipschitz with ratio £ > 0 on an open
convex set £2 containing S, then any global minimum ¥ of f over S is a global
minimum of the function f + kdg over the whole space X.

We derive in the following proposition a necessary and sufficient optimality
condition for (CP).

Proposition 1.4. Let [ be a convex continuous function on a closed convex set S
and let x € int(S). Then the following assertions are equivalent:

1. f has a local minimum over S at %, i.e., there exists a neighborhoodV of x such
that (%) < f(x), forallx e SNV,
2. f has a global minimum over S at %, i.e., f(x) < f(x), forall x € S;
3.
O E aCOan()E> +NCOIIV(S;X).

Proof. The implication (1) = (2) is left to the reader as an exercise. We prove
the implication (2) = (3). Assume that f has a global minimum over S at X.
First, by the second part of Exercise 1.5, f is locally Lipschitz at ¥ with some
constant k > 0. Then by the third part of Exercise 1.5 the function f + kds has
a global minimum over X at &, that is, (f + kds)(X) < (f + kdys)(x) forall x € X.
This ensures by (1.9), (1.10) and the third part of Exercise 1.4, that 0 € 9°°™(f +
kds)(x) = 9™ f(X) + kd°™ds(X) C I f(x) + N™(S;%). The converse (3) =
(2) follows directly from the characterization of the normal cone in the first part of
Exercise 1.4. a
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Assume now that the function f is neither convex nor Gateaux differentiable.
In this case, the directional derivative f’ (%;v) does not exist necessarily. Take for
instance f(x) = —||x|| or f(x) = x*sin(1/x), for x # 0 and f(0) = 0, and take ¥ = 0.
Even if f/(%;v) exists, it may not preserve its important properties cited in Exercise
1.3. Consequently, the subdifferential 0°°™ f loses almost all of its properties, and
in particular relation (1.8) as well as the characterization of the global minimum
given in Propositions 1.1 and 1.4. Thus, it would be interesting to ask what could
possibly replace both the Gdateaux derivative (for Gateaux differentiable functions)
in Fact 1 and the subdifferential (for convex continuous functions) in Propositions
1.1 and 1.4. The answer to this question was given by Clarke in [86] when he
introduced a generalized gradient (also known as the Clarke subdifferential) for
nondifferentiable nonconvex functions and developed a new theory that he called
Nonsmooth Analysis Theory. Our primary goal in this book is to focus upon this
theory and its applications.

1.3 Subdifferentials

In this section, we will assume that X is a normed vector space and f : X — Ris a
locally Lipschitz function at X € X with ratio k > 0.

1.3.1 The Generalized Gradient (Clarke Subdifferential)

We have seen that for convex continuous functions the subdifferential was defined
in terms of the directional derivative f'(%, -) (see Definition 1.4). Following the same
idea, we define the the generalized gradient by using a new concept of directional
differentiability because, as we have mentioned in the end of the previous section,
the directional derivative f'(X,-) loses almost all of its properties and it is not the
appropriate directional derivative that can be used to define the generalized gradient
(Clarke subdifferential). The new concept of directional derivative is called the
generalized directional derivative (also known as Clarke directional derivative) and

is defined by
&) = limsups ' [f(x+1v) — f(x)]. (1.11)

x—Xx
110

The generalized gradient (Clarke subdifferential) of f at ¥ is defined then as
If(X)={Cex*: ({v) < fO(®v), forallve X}. (1.12)
The following proposition summarizes the most important properties of the gen-

eralized directional derivative and the generalized gradient for locally Lipschitz
functions.
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Proposition 1.5.

1.

N

“

10.

The function v v+ fO(%;v) is finite, positively homogeneous, subadditive, and
satisfies
|2 (zv)| < k|||, forallveX. (1.13)

(f+8)°xv) < fO(&v) + g°(%;v), where g is a locally Lipschitz function at X.
Sum rules:

I(f +8)(%) € IS (%) + (%),
where g is a locally Lipschitz function at X.
For every o € R one has (of)°(%v) = of*(%;v) and hence 9€(of)(%) =
00 f(%).
If f has a local minimum or maximum at %, then 0 € 9€ f(%).
The generalized gradient € f (%) is a nonempty, convex, w*-compact subset in
X* and satisfies I f () C kB..
If x, and &, are two sequences in X and X* respectively such that &, € I f(x,)
and x, strongly converges to x and §, w*-converges to §, then we have { €
ICf(x).
Mean Value Theorem: If f is locally Lipschitz on an open neighborhood
containing the segment [x,y], then there exists z € [x,y] and & € d°f(z)
satisfying

fO)=flx)=(Ey—x).

Chain rule: Let F : H — R" be locally Lipschitz® at X and let g : R" — R be
locally Lipschitz at F (X). Then the function g o F is locally Lipschitz at X and

I(go F)(x) Ceo{d“((&.F(-)))(¥): &€ dg(F())}.

Pointwise maximum rule: Let f be a pointwise maximum of a finite number of
locally Lipschitz functions at X, that is, f(x) = max, Jn(x) with each f, locally
<n<

Lipschitz at x. Then f is locally Lipschitz at X and satisfies
ICf(%) C co{d () : n € I(X)},

where 1(X) denotes the set of indices n for which f(X) = f,(X).

Proof.

1.

By the local Lipschitz property of f at X, we get for # > 0 small enough and for
x sufficiently close to X

[t [f(x+1v) — f(x)]| < k||v||, forallv € X.

2F : H — R" is locally Lipschitz at ¥ means that F = (f1, f>,...,f,) and each f; : H = R (i =
1,2,...,n) is locally Lipschitz at x.
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Thus, the inequality in Part (1) is proved and so f°(%;v) is finite. The fact that
fO(x;v) is positively homogeneous and subadditive follows from the definition
and the fact that the upper limit of a sum is bounded above by the sum of the
upper limits.

It follows also from the fact that the upper limit of a sum is bounded above by
the sum of the upper limits.

It is a consequence of Part (2) and the definition of the generalized gradient.

For o > 0, it is easy to check that (of)° (%;v) = ot f*(%;v) and hence € (o f) (%) =
ad€ f(%), for every o > 0. So it suffices to prove this equality for ¢ = — 1, that
is, 9C(—f) (%) = —dCf(X). Observe first that

(N1 (@v) = fO(m—v).
Indeed, by the definition of the generalized directional derivative one has

(—£)°(®v) = limsupt ' [= f(x+1v) — (—f)(x)]

x—X

t[0

= limsuptil[f(x/ —1v) — f(x')]
xifoi

= (& —v).

Thus, fix any element ¢ in 9 (—f)(%). Then for all v € X one has
<€,V> < (_f)o()av) :fo(-f;_v)7
which is equivalent to { — {,w) < fO(%w), for all w € X. This along with

the definition of the generalized gradient, ensures that { € —dCf(%), thus
completing the proof of this part.

. First, we observe that the generalized directional derivative satisfies

lirtri(i)nft’l[f(i—i—tv) — f(®)] < &) forallve X.

This liminf is called the lower Dini directional derivative and is denoted by
(&), ie.,

f (&)= lini})nft’l[f(i—i—tv) — f(®)]. (1.14)

Assume now that f has a local minimum (the case of local maximum may be
done similarly) at &, that is, there exists € > 0 such that

f(x) > f(x) forall x € X+ €B.

Let v be any direction in X and fix 6 > 0 such that 0||v|| < €. Then, by the above
inequality we get for any 7 € (0, §)
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1 f(E+1v) — f(®)] > 0.

Therefore, we get fO(%;v) > f~(%;v) > 0, which ensures, by the definition of
the generalized gradient, that 0 € 9€ f(%).

6. It is a consequence of Part (1).

7. Let x, be a sequence in X and let {, be a sequence in X* such that §, € € f(x,,)
and x, strongly converges to x and §, w*-converges to {. Then,

<Cn,v> < fO(xu;v) forall v € X.

Clearly, the upper semicontinuity of the function x — f°(x;v) completes the
proof of this part. So we have to show

limsupfo(x,,;v) < fo(x;v).
n
By the definition of the upper limit, there exists y, € X and ¢, > 0 such that

1 1
Hyn_xnll T+, < ; and fo(x,,;v) < trjl [f(yn +1,v) _f(yn)]+ Z

Upon letting n — +oo we get the desired inequality of the u.s.c.
8. Let g:[0,1] — R be a function defined by

g(t) = flx+1(y—x)) +1(f(x) = f(y)), forall 7 € [0, 1].

Since f is locally Lipschitz on an open neighborhood containing the segment
[x,y], it is easy to check that g is locally Lipschitz on [0, 1] and satisfies g(0) =
g(1). Then, by the classical intermediate value theorem, there exists at least one
point 7 € (0,1), where g attains its local maximum or minimum. Therefore, by
the Part (5) of this theorem we have 0 € 9%g(¢) and so by the sum rule in the
part (4) we get

0 € dCh(t)+ f(x) = f(v), ie.. f(y) = f(x) € ICh(1),

where h(t) = f(x+¢(y—x)). On the other hand, we can verify that any element
¢ of dCh(t) can be written in the form { = (&,y —x), with & € 9€f(x+1(y —
x)). Indeed, let & € dCh(t). Then,

v <h(t;v).
Let 1, — ¢ and A, | O be sequences realizing the limsup in the definition of

mO(t;v), ie.,
Ro(t;v) = lim A VRt + Av) — h(1)].-
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Then for z, = x+1,(y —x) — x+1(y — x) we have

RO(t;v) = 1im A, [ (20 + Av(y — X)) — f(z0)]

n—oo

< lin;isoup?tf1 [f(z+Av(y —x)) — f(2)]

= Plx+1(y—x):v(y—x)).

Now we note that

fo(x+t(yfx);yfx): max {<§,yfx>}

£€dCf (xtt(y—x))
and

~Lltty—x)i—y—x)=_ min  {(Ey-x)},

£€dCf(xtt(y—x))

and we recall that the generalized directional derivative is positively homoge-
nous with respect to the direction. Consequently, simple calculations yield

C<fPlttly—xpy—x)= max  {(&y—x)}

£eaCf(x+1(y—x))

and

(< —fL+ty—x)i—(—x)=__ min  {(&y—x)}.

e f(x+(y—))

These two inequalities and the convexity of (9 f(x+1(y —x)),y — x) ensure
that § € (€ f(x+1(y—x)),y—x). Finally, we get an element z = x+1(y —x) €
[x,y] and an element & € 9€f(z) such that

FO) = flx) =(&,y—x),

which is the desired relation.

. First we calculate the generalized directional derivative of f. Let x, — X and

1. | 0 be sequences realizing the limsup in the definition of f°(¢;v), i.e.,

SO ®v) = lim g, [ (o -+ 1av) = f ()]

n—oo

By the Mean Value Theorem proved in Part (8), there exists a sequence z, in the
open segment (F (x,), F(x, +1,v)) which converges to F(x) and &, € 9€g(z,)
such that

g(F(x,,—l—t,,v))—g(F(x,,)) = <§naF(xn+th)_F(xn)>-
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Observe first that the sequence &, is bounded in R” and so we may extract
a subsequence which converges to some limit &. By Part (7) of this theorem,
this limit must lie in 9g(F (%)). We apply now the Mean Value Theorem with
the function (&, F(-)) on the segment [x,,x, +,v] and we get a sequence y,
in the open segment (x,,x, + #,v) which converges to X and a sequence {, €

9€ [(&,F(-))] (y) such that
(& F (xnttav)) = (&, F (xn)) = (Gnstav).

Observe that the sequence {, is bounded in X* and so we may extract a
subsequence which w*-converges to some limit {. Part (7) ensures once again
that { € 9€ [(&,F(-))] (¥). Thus, we have

o U G+ tav) = F@)] = 1 [g(F (% + 1av)) — g(F (x2))]
=1 (&, F(xa +1av) — F(x))]

= <Cn,v>+t,?1 [<§ — & F(xn+1,v) fF(xn)>] .

Finally, as ¢, ! [F(x, +,v) — F(x,)] is bounded because F is Lipschitz and as
& — & we have 1,1 [(& — &, F(x,+1,v) — F(x,))] — 0 as n — o and so
letting n — o in the last system of equalities we obtain

£Ev) = ().

Take now any element w € d€f(%). Then, by what precedes we have
(w,v) < fO(%v) = (E,v), forall v € X and so w = {, where { is the w*-limit
of a sequence ¢, € 9 [(§,F(-))] (vn) with y, — % and & € 9Cg(F(%)). This
completes the proof of the chain rule.

To prove this part, we use the chain rule just proved in Part (9) and so it is left
to the reader as an exercise. O

Exercise 1.6. Let f be locally Lipschitz at x. Prove the following:

1.
2.
3.

If f is Gateaux differentiable at &, then f§(¥) € € £(%);

If f is continuously differentiable at &, then 9 £ (%) = {f5(%)};

Compute f°(0;-) and 9€f(0) for f: RY — R given by f(x) = ||x||. Same
questions for f(x) = max{0,x}.

1.3.2 Other Concepts of Subdifferentials

Many other concepts of subdifferentiability for nonconvex functions have been
introduced since the generalized gradient. We state in this subsection some of them.
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We start with the Dini subdifferential which is defined in terms of the lower Dini
directional derivative f~(%;-) (see (1.14) for the definition) in the same way the
generalized gradient is expressed. It is defined as

O f(®) ={CeX": ({,v) < f (®v), forallve X}

The other concepts of subdifferential that we state here are defined otherwise.

e The Fréchet subdifferential of f at X is denoted by d f(x) (also denoted by
dF f(%)) and defined as the set of all { € X* such that for any & > 0 there exists
0 > 0 such that

(§,x—x) < f(x) — f(x)+€|x—x|, for all xex+5B.

» The basic subdifferential (also called limiting subdifferential or Mordukhovich
subdifferential) of f at X is defined by

If(F) ={¢ €X*: I, — 5,3E =" (with, € 9 f (x)}-

The set in the right side of this equality is denoted by lim sup d f(x).

xX—X

» The proximal subdifferential of f at ¥ is denoted by d*f(x) and defined as
the set of all { € X* for which there exist two real numbers ¢ > 0 and § > 0
such that

(¢.x—x) < f(x) = f(%) + o|lx —x||%, for all x €+ 5B.

Exercise 1.7. Show that one always has the following inclusions:
IPF(¥) CIf(X) CIf(x) CICF(®) and IFf(X) C If(¥) C I f(x) C ICf(%).

Note that in general there is no relation between the Dini subdifferential 0~ f(X) and
the basic subdifferential d f (). The inclusions in the previous exercise may be strict
in general as Parts (2) and (3) in the next exercise prove it.

It is very important to point out that the Dini subdifferential 0~ f and the Fréchet

subdifferential d /' coincide whenever X is assumed to be a finite dimensional space.
In the infinite dimensional space we can find functions f for which the inclusion

gf C 0~ f is strict (see for example [61]).

Exercise 1.8.

1. For any convex continuous function f one has

I F(F) = If (%) = If (%) = O (%) = ™ (%) # 0.
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2. For f : R — R defined by f(x) = —|x| with ¥ = 0, one has
O F(®) = f (%) = 0,0(%) = {~1,+1},andd" (%) = [~1,+1].

3. For f: R — R defined by f(x) = —(|x|)*/? one has 9 £(0) = 9 £(0) = {0} while
" f(0)=0.

1.4 Tangent Cones

In this section, X will be a normed vector space.

There are several ways to define general concepts of tangent cones of a subset
S at some point X € S in Nonsmooth Analysis Theory. We state here the definition
of Clarke tangent cone 7°(S; %) (also called regular tangent cone in Mordukhovich
[192]) and the contingent cone K(S;X) (also called Bouligand tangent cone) which
play a crucial role in Nonsmooth Analysis Theory and will be needed for our study
in the present book.

Definition 1.5. Let S be a nonempty closed subset of X and ¥ € S.

* The contingent cone K(S;X) to S at & is the set of all v € X for which one has
dg (%,v) =0.

* The Clarke tangent cone 7C(S;%) to S at ¥ is the set of all v € X for which one
has d2(%;v) = 0.

We begin by stating sequential characterizations of 7¢(S;%) and K (S; ).

Proposition 1.6.

1. TC(S;%) = {veEX: ¥, L0,Vx, =5 % v, > vt x, +tv, €SVn };
2.K(Sx)={veX: 3,103, 5 vsri+t,v, €SVn}.
Here, x, —3 X means that x,, — % and x, € S for all n.

Proof. We prove only the sequential characterizations of T€(S;%) and the other one
may be conducted likewise. We start with the inclusion

TC(S;)E) c{veX: Vvt ]0,Vx, =5 %, v, s vsit.xy+1vp €S Vn }.
Let v € TC(S;%). Then d9(%v) =0, i.e.,

limS}lpl‘71 [ds(x+1v) —ds(x)] = 0.
0o

By the definition of the limsup we get

inf sup 7! [dg(x+1v) — ds(x)] = 0.
VeN(X) xev
6>0  0<t<§
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Then, for any € > 0 there exist V € .4#(x) and § > 0 such that
|ds(x+1tv) —ds(x)] < €, forallx e V, and all t € (0, 6).

So,
ds(x+1tv) <eg, forallx e VNS, and all ¢t € (0,9).

Then, for any sequence 7, | 0 and any sequence x,, —3 ¥ we have
ds(x, +1,v) < 12,

which ensures the existence of some v, — v such that x,, +1¢,v,, € S, for all n. Indeed,
by the definition of the inf and the last equality, there exists y, € S such that

([0 12 — yul| < d (0 + t4v) +12 = 222
Put v, =1, ' (y, — x,). Hence,
1 In
v =vall = 27" |lxa +tav = yall < 5 = 0.
Thus, completing the proof of the desired inclusion. Now we prove the converse.
Let v be the limit of a sequence v,, which satisfies x,, +1,v,, € S, for all n and for any
sequence 1, | 0 and any sequence x,, —> %. We have to show that this point v belongs
to TC(S;x). Let #, | 0 and x,, — ¥ (not necessarily in S) realizing the limsup in the
definition of d2(%;v), i.e.,
dd(%;v) = 11’5m,;1 [ds(xp + 1,v) — ds(x,)] .
By the definition of the inf, there exists for every n an element y,, € S satisfying
[y = xall < ds(0n) +13-
It follows that y, —5 % and so we have Yn+tavy € S, for all n. Therefore,
ds(Xn +tav) — ds(xn) = ds(yn+1av) + [[yn — Xnl| — ds(xn)
= [lyn — xul — ds(xn)
<t

and so
1 ds (X + 12v) — ds(x,)] < 1.
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Fig. 1.2 Clarke and y=—x —x
Bouligand tangent cones to S3 / ¥ Y
/
K (Sg/ xo) #S3 xX)=(0,0 \

Passing to the limit when n — oo we get
42 (x:
S (x’ v) < 0’

and as the reverse inequality is always true we conclude that dg (x;v) = 0, that is,
v € TC(S;%) and so the proof is complete. O

Exercise 1.9.

1. Show that one always has 0 € T€(S;%) C K(S;%) and T<(S; ) is a closed convex
cone and that K(S;%) is a closed cone. Give an example showing that K(S;%) may
be nonconvex.

2. Prove that for closed convex sets S and any & € S one has TC(S;%) = K(S;%) =
T (S5%).

Exercise 1.10.

1. Let S3 be the closure of the complement of the set S| given in Example 1.1 and
xo = (0,0). Show that T7(S;x9) = —S; and K(S;x9) = S5 (see Fig. 1.2).

2. Let S4 = {(x,y) e R? : ||(x— 1,y)|| < 1}U{(x,y) € R*: ||(x+ 1,y)|| < 1} and
%= (0,0)(see Fig. 1.3). Show that 7(S4;%) = {(0,0)} and K(S4; %) = R>.

1.5 Normal Cones

As for tangent cones we may consider several concepts of normal cones to
nonconvex sets. We present here some with different examples to illustrate the
notions.



20 1 Nonsmooth Concepts

Fig. 1.3 Clarke and y
Bouligand tangent cones to Sy

(S, xp)=1{(0.0)} K(S;,x))=R

1.5.1 The Convexified (Clarke) Normal Cone

Let X be a normed vector space and S be a nonempty closed subset in X, and
X € S. There are many ways to define the Convexified Normal Cone (also called
Clarke normal cone) to S at x. As we have defined in the previous section the Clarke
tangent cone TC(S; %), the likely candidate for the convexified (Clarke) normal cone
is the one obtained from 7°C(S; %) by polarity. So, we define N(S; %), the convexified
(Clarke) normal cone to S at X, as follows:

NE(S:x)={CeXx": (Cv)y<0,Wwe TC(8;%)}.

Example 1.2.

1. For any closed convex set S and ¥ € S one has N¢(S;%) = N (S; ).

2. LetS={(x,y) € R*:y < |x|} and ¥ = (0,0). In the previous section, (see Exercise
1.10 Part (2)), we have seen that TC(S;%) = {(vi,v2) € R? 1 vy < —|v1|} (see
Fig. 1.4). Using the definition of the convexified (Clarke) normal cone we can
prove

NE(S:5) ={(51,&) eR*: & > [&]}.

1.5.2 The Proximal Normal Cone

First, we give the definition of the proximal normal cone in Hilbert spaces. Let S be
a nonempty closed set of H.

Definition 1.6. Let i ¢ S. We define Projg(ir) the projection of & on S (may
be empty) as the set of all ¥ € § whose distance to i is minimal, that is,||z — %] =
ds(b_l). So

Projg(ia) = {x € S: ds(a) = |la—x||}.
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Fig. 1.4 Clarke tangent cone y=|x|
and convexified (Clarke)
normal cone to nonconvex /
sets N/
/ S,

T5(S.(0,0))

Fig. 1.5 NP(S;%) = {(0,0
withieS( )= 100 N"(5,(0,0))={(0,0)}

y=Ix|

AN

Let X € S. We define the proximal normal cone to S at ¥ as the set of all elements
& € H for which there exists a positive number r > 0 such that

ds(x+r&) =r||&]|, i.e. X is the projection of ¥+ r& on S.

So
NP($;%) = {E € H:3r>0:ds(Z+rE) =r||E]|}. (1.15)

Remark 1.2.

1- When % ¢ S, the proximal normal cone N¥'(S; %) is undefined.

2- When & belongs to S and is such that X ¢ Projg(u), for all u ¢ S (i.e., there is no
point « outside of S such that X € Projg(u) (which is the case when X € intS) we
set NP (S;%) = {0}. The following example illustrates this fact.

Example 1.3. Let S = {(x,y) € R? : y < |x|} and & = (0,0) (see Fig.1.5). There
are no points outside S whose projection on S is . So, N¥(S;%) = {(0,0)}, while
X € bd S (not in int.S).
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Proposition 1.7. The following analytic characterizations of the proximal normal
cone hold:

<§7xix> < GHxix”za

e NP(S;x 30,6 >0 s.t.
s (5:%) & 3o ° { for all xe (¥+6B)NS;

(Ex—5) < ofx— g2
for all x€S. (1.16)

< do=0(&,%)>0 s.t.{
Proof. We start by proving the first characterization. Suppose ¢ € N”'(S;%). Then,
¢ € NP(8:%) & ds(i+ ag) = a ||, for some ot > 0

& ||(F+a) —x? < ||(+ o) —x|% forallxe S

& |lF+ ol —2(x+ ap,5) + |11

< |54 ao|* —2(+ o, x) + ||x||%, forallx € S

& 2(F+oa@,x—3) < |x||> - ||]]?, forallxe S

o 200@,x—x) < ||x||> — ||%]|> — 2(%,x) + 2||7]|, forallx € §

& 20(@,x— %) < ||x||*> —2(x,x) + || %]|?, forallxe S

1
S (g x—X) < %foxﬂz, forallx € S.

The. proof of the first part is comple'te l?y putting © = ﬁ. Now we prove the
equivalence between the two characterizations of the proximal normal cone.
Assume that there exist 6 > 0 and & > 0 such that

(p.x—3) <ollx—3|?,

holds for all x € SN (¥+ 6B). Let now x € S so that ||x —%|| > 0. Then we have the
following two cases.

(1) If|lx—x| > 1, then
[l = 1511 < e =& < fle— 112
So,
(@,.x—%) < [lo|[flx— x|

< [l Cllxll + 1l
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= @l Cllxcll = {1%1] +2{1[)
< [l CHllell = 1211 +2/1€[1)
< @l ([l — x>+ 2|
< @l = x>+ 2|2 |l — %)
< @l (12 )l — 2112
(I.)  If|lx—x|| <1, then
6 <|lx—x| <1, for some 6 > 0.
This ensures that %||x—x|| >1and % > 1. So, we have
(@.x—5 < llolllx—
< [l Cllcll + €[}
= [l Cllxll = Il +2{[1)
< [l CHlxl] = l1€l1 +2{l€l1)

< [l (lloe = [l + 2[|[)

<liol ({5 ) s+ 201

X—X X—X
<l (25 2

< ol (L5 + 2130

x—x||? x—x||? _
| )

< (%) a2 -2

Taking 6 = max{o, | ¢||(1+2|x]), ( ) (1+2||%|)} gives

(@, x—%) < &|x—x|?, forallx e S.

Thus, completing the proof of the direct implication. The reverse implication is
obvious. a
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Fig. 1.6 Proximal normal
cone to S in Example 1.4
Part (2)

Example 1.4.

N

1 Nonsmooth Concepts

(0,0)

1. For any closed convex subset S and any point X € S one has

NP(§;%) = N™(S; 7).

Proof. As the inclusion N (S;%) C NP(S;%) is obvious we will prove the
reverse one, i.e., N¥(S; %) C N (S;x). Fix & € NP(S;%) and 0 > 0 as in (1.16).
Letx’ be any point in S. Since S is convex, the point x = ¥+ (x' — x) also belongs
to S for each 7 € (0,1). Applying (1.16) with this point x yields

(&X' —x) < or?||¥ — x|
Dividing across by ¢ and letting ¢ | O one obtains
(&,x' —x) <0, forally’ €5,

which ensures that § € N°°™(S; ). O

.Let S={(x,y) eR*:y >0,y > x%} and ¥ = (0,0). For this subset one has
NP(8;%) = {(0,0)} U{(&1,&) € R?: & >0,& < 0}. (see Fig. 1.6).
CLetS={(x,y) ER*:y>x>0}U{(x,y) €ER*:y >0,y > —(—x)%,x< 0} and
%= (0,0). One has N*(8;%) = {(0,0)}U{(&,&) €R?: &1 > 0,& < —&;}. (See
Fig. 1.7).

Observe that the definition of the proximal normal cone given by (1.15), in the
beginning of this subsection, is strongly based on the Hilbert structure of the space
H. We use the characterizations given by (1.16), in the previous exercise, to define
the proximal normal cone in any Banach space. We have the following definition:

Definition 1.7. Let X be a Banach space, S be a closed nonempty subset in X, and
¥ € S. An element £ € X* is a proximal normal to S at ¥ (i.e., & € NP(S;%)) if and

only if there exist 6,6 >0

(&,x—%) < o|]x— 7% forallx € (¥+ 5B)NS.
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Fig. 1.7 Proximal normal
cone to S in Example 1.4 y
Part (3) y=x

(0,0)
1 X
| / T
_ L3 !
y=(%) | N'(S, (0.0)={(0.0)}
Fig. 1.8 Fréchet normal cone ¥
to S in Example 1.5 Part (2a)
>0 NF(S, (1',]')) / y=x

(0,0)

S \
N(s, (0,0))=1(0,0)}

1.5.3 The Fréchet Normal Cone (Prenormal cone)

Let X be a Banach space, S be a closed nonempty subset in X, and X € S. A vector
{ € X* is Fréchet normal (also called prenormal in Mordukhovich [192]) to S at &
provided that for every € > 0, there exists > 0 such that

(¢,x—x) < ¢l|x—x]|,forallx € (¥+ B) NS.

We will denote the set of all these vectors by N(S;%) (also denoted by N¥ (S; %) and
this notation will be used in Figs. 1.8—1.11).
Example 1.5.

1. For any closed convex set S and any X € S one has

N(S:x) = N™(S;%).
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Fig. 1.9 Instability of
Fréchet normal cone for S in
Example 1.5 Part (2a)

Fig. 1.10 Case of nonconvex
basic normal cone

Fig. 1.11 A set with
NP(8;%) ¢ N(S;%)

NE(S, (1, 1m))

1 Nonsmooth Concepts

Y y=Ix|

(1/n,1/n)

©0.0)

S
NE(s, (0,0))=1(0,0)}

N(S,(0,0)=R.A(~LI)(L1)}  y=|x|

X
S
N'(S,(0,0))=((0.0)}
y
S y=x12

0o

ve NF(S, (0,0)) andv ¢N"(S, (0,0))

2. Let S = {(x,y) € R*:y < |x|} and X = (0,0).

(a) Prove that N(S:x) = {(0,0)}. (See Fig. 1.8).
(b) For the same subset prove the following:
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R {(-1,1)} if x>0
N(S: (x. ) = § {(0,0)} if x=0;
R {(L,1)} if x<O.
3. What is the Fréchet normal cone to the following subset
Sw={(x,y) €R*:y < mlx|}(m > 0)

at each one of its points?

1.5.4 The Basic Normal Cone (Limiting Normal Cone or
Mordukhovich Normal Cone)

One of the serious problems of the Fréchet normal (prenormal) cone (the same
problem exists with the proximal normal cone) is its instability, i.e., the Fréchet
normal cone may vary widely as its point base varies (see example below). Many
applications of Nonsmooth Analysis require that such instability be excluded. To
illustArate this, consider the subset SA as in Example 1.5 Part (2a). For this subset one
has N(S;(0,0)) = {(0,0)} while N(S;(,1)) =R {(—1,1)}, for all n > 1. (See
Fig. 1.8).

In order to obtain a stable normal cone, in the above sense, we define (see,
e.g., [180,192,194]) the basic normal cone (limiting normal cone or Mordukhovich
normal cone) as follows

N(S:x) = limsupN(S;x)

x—5%

= {¢ eH:Ix, -5 5,3 =" {withl, € N(S;xa)}-
One can define the limiting proximal normal cone in the same way, i.e.,
NPL(S;%) = limsup NP (S;x).
x—5%

It has been proved (see, for instance, [140]) that in any Hilbert space these two
limiting normal cones (the basic normal cone and the limiting proximal cone)
coincide. So, we will only work with the basic normal cone.

Example 1.6.

1. For any closed convex subset S and any point X € S one has N(S;X) = N (S;%).
2. Let S = {(x,y) € R? : y < |x|} and & = (0,0). We wish to prove that N(S;%) =
{(n|r]) : r € R}. (See Fig. 1.9).
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Let x, = (pn,qn) —° £ = (0,0). If x,, € intS, that is ¢, < |p,| one obviously has
N(S;x,) ={(0,0)}. Now, if x, € bd S that is, g, = | pu|, one gets (by Example 1.5
Part (2b)

(=rr):r>0}ifp, > 0;

oy = L=
N(S,xn) = { {(r,r) cr> ()}ifpn < 0.

Thus,
N(S;x) = {(0,0)}U{(=nrr):r>0U{(r,r):r >0} ={(r]|r|]) : r €R}.

Now, we summarize some properties of these normal cones in the following

proposition.

Proposition 1.8.

1.

w

One always has the following inclusions:
NP(8:%) C N(8:%) € N(S:x) € NC(8;%), Vi € S.

By convention, we set N¥(S;%) = --- = NC(8;%) = 0, if ¥ ¢ S and {0} if X € int S.

. For any nonempty closed convex subset S and any point X € S all these normal

cones coincide with N°“™ (S, X).

. N (S;X) and NC(S; %) are strongly closed convex cones in X*.
. NP(8;%) is a convex cone in H (it needs be neither open nor closed, see Example

1.4 parts (2) and (3)).

. N(S;X) is a strongly closed cone in X* (that may be nonconvex, see Example 1.6

Part (2)).

. The basic normal cone N(S;%) has the following important property:

Xp =S Xv
L= ¢, = { € N(S;X%).
& € N(S;xn)

Note that in general (even in finite dimensional spaces), this property is not true
for the convexified (Clarke) normal cone (see Exercise 6.1.1 page 169 in [91]).

. The inclusions in the first assertion of this proposition may be strict as the subset

S in Example 1.6 Part (2) proves it. For this subset one has

NP($;%) = N(S:%) = {(0,0)}
7 N(S;x) ={(r,|r|) : r R}
Z NC(S;)E) ={(rs):s>|r|}.

Proof. The Parts (1),(2),(5)—(7) are obvious. We have to prove the properties (3)
and (4).

(3)- Since N€(S;%) is the negative polar of TC(S;%), then it is obviously a strong

closed convex cone. So we have to show the strong closedness of N (S;%). Let
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(&) be a sequence in N(S;¥) converging to & with respect to the norm of X*.
Let € > 0. Fix an integer p such that [|&, — &|| < £ and fix § > 0 such that

(&px—%) < ngf)EH forall xe€ [x+6B]NS.

Then, for all x € [£+ 6B] NS we have

(§x—%) = (E—&px—%) +(&px—%)
< llx—x|
and hence & € N(S;%).

(4)- Let &, & € NP(S;%) and let « € [0,1]. Then by (1.16) there exist o7 > 0 and
0y > 0 suchthat forallx € §

(&1,x—%) < o |]x—x|*
and
<§2,x—i> < 0'2|\x—)?||2.

Therefore, we get for 0 = max{oy,0,}
(adi+ (1= 0)&,x—3) < [aoy + (1 - e)or] ||y —3[* < oflx — 5],

for all x € S. This ensures that N¥(S;%) is convex.
The following example (See Fig.1.11) shows that the inclusion N”(S;x) C
N(S;%) may be strict in general.

Example 1.7.
S={(x,y) eR:y207y2x%} and = (0,0).

We can check that the vector v = (1,0) ¢ N¥(S; %), because there are no points of
{¥+Av: 4 >0} that project onto %, see Fig. 1.11. On the other hand, we can easily
check that this vector v = (1,0) lies in N(S;%) (it is sufficient to take for every € > 0,
the number § = €2 and check that the inequality in the definition of the Fréchet
normal (prenormal) cone holds with this & > 0). Therefore, N (S; %) ¢ N(S;%).

1.6 Commentary to Chap.1

In this book, we restrict our attention on the nonsmooth concepts presented in this
chapter that will be used, in the next chapters, to define and study various regularity
concepts in Nonsmooth Analysis Theory. Many other nonsmooth concepts are
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introduced and studied by different authors. We refer the reader to the first two
monographs on this subject [88, 91]. The reader is also refered for more details,
more results, and more examples to the two-volume monograph [192, 193] of
Mordukhovich, and in particular to the first volume. A very detailed and very well
elaborated section is found in Volume 1 where the author presents the motivations
and the early developments in Nonsmooth Analysis Theory. We especially refer the
reader to that part of the book to learn more on the evolution of Nonsmooth Analysis
Theory. For the case of finite dimensional spaces, we refer the reader to the excellent
comprehensive books [194] of Mordukhovich and [241] of Rockafellar and Wets.
Two other books have recently been published in the domain of nonsmooth and
variational analysis by Borwein and Zhu [38] and Schirotzek [244]. They can
profitably be consulted for more studies and examples.

The results in Propositions 1.5 and 1.6 were taken from Clarke [88, 91]. The
analytic characterization of the proximal normal cone in Proposition 1.7 is stated
in [91] without proof. Our proof here is taken from the recent paper [56] in which
the authors proved the result in reflexive Banach spaces while the existing result is
proved initially in Hilbert spaces.

The basic objects (subdifferential and normal cone) are also called (limiting or
Mordukhovich) subdifferential and (limiting or Mordukhovich) normal cone, are
thoroughly studied with more details in [192].

We refer the interested readers, for more nonsmooth concepts, to the excellent
bibliography in [192] and for completeness here is a list of references: [22-25,28-
41,44,45,48,55-57,60-63,71,72,86,88-91,93,94,97,98, 102, 104-106, 120, 121,
126, 133,136, 137, 139-142, 144-146, 148-151, 159, 160, 167, 170-172, 174, 179-
181, 183, 184, 190, 192-200, 203-206, 215, 224-230, 233-242, 244,247, 250-256,
258,261,262].
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Regularity Concepts in Nonsmooth
Analysis Theory



Chapter 2
Regularity of Sets

2.1 Motivations

We present here two examples of motivations of the study of regularity concepts for
sets and their importance in applications.

2.1.1 Calculus Rules

Calculus rules of the Clarke tangent cones and the convexified (Clarke) normal
cones of sets is one of the mathematical domains where the regularity of sets in
some sense plays a crucial role to obtain exact formulas. For instance, let X be a
Banach space, S1, S»> be two subsets in X with ¥ € §1 NS, and S, be epi-Lipsc:hitz1
around x. Then

TC(S1;8) NTC(Sy:%) C TC(S NSy %), (%)

whenever the qualification condition (QC)
TC(S1;%) NintTC(Sy; %) # 0,

is satisfied. The corresponding normal formula that holds under (QC) and some
other hypothesis is

NE(S1N8y;%) € NO(S1;%) 4+ NC(S2; ). ()

1A closed nonempty subset S of X is said to be epi-Lipschitz around % € S if it can be represented
near X as the epigraph of a Lipschitz function.

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 33
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5_2,
© Springer Science+Business Media, LLC 2012
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In [88], Clarke showed that formulas (x) and (**) become equalities if both sets
S1 and S, are tangentially regular at X, that is, the Clarke tangent cone 7€ (S;%)
coincides with the Bouligand tangent cone K(S;%). So, we will obtain under (QC)
and the tangential regularity of both sets at ¥

TC(S1N8:%) = TC(S1:8) NTC(S2: %)

and
NC(Sl ﬂSQ;X) :NC(Sl;)f) +NC(SQ;X).

There are many other calculus rules for tangent and normal cones that need the
hypothesis of tangential regularity to become equalities, for examples: sets with
constraint structure S = A N F~!(D), product subsets S = ", S;,..., etc.

2.1.2 Differential Inclusions

Another type of problem which is an important area of applications of our main
results in these chapter is the differential inclusion problems (see for details Chaps. 5
and 6), more precisely, the first and second order sweeping process problems. Recall
that the first order sweeping process problem was introduced in the 1970s by Moreau
[207-210] and extensively studied by himself and other authors (Castaing [73, 75,
78,81,82], Valadier [255-257], and their students). Let H be a Hilbert space, T > 0
be some real positive number, and C : [0,7]=H be a set-valued mapping taking
nonempty closed values in H. The first order sweeping process consists in solving
the following differential inclusion:

i(t) € =NC(C(t);x(1)), ae. t€]0,T],
x(t)ecC@), Vtel0,T], (SP)
x(0) = xo € C(0).

Under the convexity assumption on C(f) and other natural hypothesis, Moreau
proved existence and uniqueness of a solution to (SP). A natural question, which
many authors attacked, is whether similar results can be obtained if C(¢) in (SP)
is not assumed to be convex. The most important regularity hypothesis assumed
on C(¢) in the setting of Hilbert space, in order to obtain existence results of
(SP), are: uniform prox-regularity in the sense of [229] (or equivalently proximal
smoothness in the sense of [89])(see [42, 58, 248]), epi-Lipschitz property (see
[92,255-257]), and @-convexity (see [92]). We will see with more details in Chap. 5
the important role of the uniform prox-regularity in such problems. The second
order sweeping process was firstly studied by Castaing [80] with convex-valued set-
valued mappings and later by the author and other investigators in some regular
cases (see for instance [43,54,64] and the references therein). It consists in solving
the following abstract second order differential inclusion:
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i(t) € =NC(C(x(t));%(1)), a.e. t€10,T],
x(r) e C(x(r)), Vrel0,T], (SOSP)
x(0) =xp € H and x(0) € C(x(0)),

where C is a set-valued mapping defined from H to itself. This problem (SOSP) and
many of its variants will be the main purpose of Chap. 6 when the convexity of C(t)
is excluded and the uniform prox-regularity is employed.

2.2 Tangential Regularity of Sets

There are several ways to define general concepts of regularity of a subset S at some
point X € S in Nonsmooth Analysis Theory. One of them is the tangential regularity
introduced by Clarke in [88], that is, the Clarke tangent cone 7€ (S;%) coincides with
the Bouligand tangent cone K (S;%) (Note that one always has TC(S;%) C K(S;%)).
Let us recall the definition of these two classical tangent cones when the space X is
assumed to be topological vector space not necessarily normed. In all this section X
will be a topological vector space.

Definition 2.1. Let S be a nonempty closed subset of X and ¥ € S.

(i) The Bouligand tangent cone K(S;X) to S at ¥ is the set of all 4 € X such that
for every neighborhood H of % in X and for every € > 0, there exists ¢ € (0, €)
such that

(F+tH)NS #0.

(ii) The Clarke tangent cone 7C(S;%) to S at ¥ is the set of all 4 € X such that for
every neighborhood H of & in X there exist a neighborhood U of X in X and a
real number € > 0 such that

(x+tH)NS#0  for all xeUNS and ¢ € (0,¢).

Exercise 2.1.

1. Assume that X is a normed vector space. Prove that the definitions of the Clarke
tangent cone and the Bouligand tangent cone given above coincide with the ones
given in Chap. 1 in Definition 1.5 in terms of the directional derivatives of the
distance function ds.

2. Show that the Parts (1) and (2) in Exercise 1.9 are still true even when X is a
topological vector space.

There is a large class of subsets for which the inclusion 7(S;%) C K(S;%) has the
equality form. Following Clarke [88], we get with the following definition.

Definition 2.2. We will say that S is tangentially regular at X provided that
TC(S;%) = K(S;X).
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Fig. 2.1 Tangential

C _ _
regularity of convex sets T7(81, (0,00 =K (5, (0,0)) = §;

/ y
y=-x y=x

We give in the following example some regular and irregular subsets.
Example 2.1.

1. Any closed convex subset is tangentially regular at each of its points. This follows
directly from the Part (2) in the previous exercise. For example, let §1 = {(x,y) €
R?: y>|x|} and ¥ = (0,0) (see Fig. 2.1). This subset is convex and hence it is
tangentially regular at X with

TC(S1:%) = K(S1:%) = T (S;%) = cl[R (S — X)] = cl[Ry(S))] = S).

The last equality follows from the fact that Sy is a closed cone.
2. Let Sy = {(x,y) €R": f(x) =0} with f € C'. This subset is tangentially regular
at each point ¥ € S satisfying Vf(X) # 0 and one has

TC(S2:%) = K(Sy;%) = {vER": Vf(F)v=0}.

More generally, the constraint set S = F~!(D) = {x € X : F(x) € D} is
tangentially regular at each point ¥ € S, whenever F is a C' mapping, D
is tangentially regular at F(¥), and under some natural conditions (such as
Robinson qualification condition see for instance [35, 233]) and in this case
one has
R(S;%) = VF(X)"'R(D;F (%))

where R(S;u) = TC(S;u) = K(S;u). Note that in the general case when D is not
tangentially regular one only has the following inclusions

K(S;%) C VF(x)"'K(D;F(%)) and VF(x)"'T¢(D;F (%)) C TC(S;%).
3. Let S3 be the closure of the complement of the set Sy (see Fig. 1.2) and X = (0,0).

Show that 7€(8;%) = —S; and K(S;%) = S3? and hence S is not tangentially
regular at Xx.
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Fig. 2.2 A set which is
(FNR) but not (PNR) \ y
S/
X

NP(S, (0,0)) ={(0,0)} 12

y==Ixi

4. LetSy={(xy) €R?: [(x—1y)| < JU{(r.y) €R?: [|(x+ 1) <1} and
%= (0,0) (see Fig. 1.3). Show that T (Sy;%) = {(0,0)} and K(S4;%) = R*>? and
hence one gets that S4 is not tangentially regular at x.

2.3 Fréchet and Proximal Normal Regularity of Sets

Another natural concept of regularity of a subset S at some point X € S, that needs
to be considered is the normal regularity. This means that the convexified (Clarke)
normal cone NC(S;%) of S at ¥ coincides with a prescribed normal cone N*(S; %) of
S at . We state here the case of the Fréchet or the proximal normal cones.

Definition 2.3. Let S be a nonempty closed subset of X and let ¥ € S. We will
say that S is Fréchet normally (resp. proximal normally) regular at X if one has
N(S;%) = NC(S; %) (resp. NP (S; %) = N©(S;%)).

Remark 2.1. As one always has NP(S;%) C N(S:x), one sees that the proximal
normal regularity (PNR) always implies the Fréchet normal regularity (FNR). The
converse is not true. Indeed, we take S = {(x,y) € R?: y> —|x|*}, with 1 < oz < 2
(for instance & = 3) and % = (0,0). One has N”(S;%) = {(0,0)}, because no ball
whose interior fails intersect S can have X on its boundary. While all other normal
cones coincide and are equal to {(0,—r) : r € R, } (Fig.2.2).

2.4 Scalar Regularity of Sets

One more but not less natural notion of regularity for a subset S at X € S is the
scalar regularity, which means the regularity of an associated scalar function with
the subset S. The scalar function which will be used here is the associated distance
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function ds. Note that dg is always globally 1-Lipschitz function on X. So, we
will need some preliminaries and some regularity concepts for locally Lipschitz
functions.

Remark 2.2. Note that a general study about various notions of regularity of
lower semicontinuous (non necessarily locally Lipschitz) functions will be given
in Chap. 3. Because of the use of the distance function here, we restrict our attention
on the following preliminaries in the case of locally Lipschitz functions.

Let f : X — R be a locally Lipschitz function and ¥ € X. Like in the case of
subsets, there are many ways to define general concepts of regularity for functions
in Nonsmooth Analysis Theory. The well known is the directional regularity defined
as follows.

Definition 2.4. Following Clarke [88], we will say that f is directionally regular at
X if one has

PE) =)
where fO(%;-) and f~(%;-) are, respectively, the generalized directional derivative
and the lower Dini directional derivative of f at Xx.

Example 2.2.

1. Any convex continuous function f is directionally regular and

LoEY) =f (@) =f(®y).

2. Any continuously differentiable function f (i.e. f € C!) is directionally regular
and one has

@)= (@v) = VIE) ).

3. Let f: X — R be defined by f(x) = —||x|| and ¥ = 0. Then for all v € X one
has fO(%;v) = ||v|| and £~ (%;v) = —||v||. Hence, f is not directionally regular
atx.

4. Let f: R — R be defined by f(x) = x%sin(1) and ¥ = 0. This function is
differentiable at ¥ and its derivative V f (%) = 0, but it is not directionally regular
at . Indeed, for all v € X one has f(%;v) = ||v|| and f~(&v) = 0.

Remark 2.3. The Part (4) in the last example shows that the differentiability of f at
X is not sufficient for f to be directionally regular at x.

Another natural concept of regularity for functions is the subdifferential regular-
ity. This means that the generalized gradient (Clarke subdifferential) 9 f(%) of f

~

at ¥ coincides with a prescribed subdifferential 0* f(%) (for example: 0% = 9 (for
Fréchet), 9% = 9 (for proximal), 0% = 9 (for basic),...) of f at . We restrict our
attention here only on the Fréchet and the proximal cases. The following proposition
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states a very important relationship between the subdifferential concept and the
normal cone concept which will be used in our study. It cannot be proved for
a general subdifferential and a general normal cone. Each case has been proved
separately and we refer the reader to different works, in each one we can find the
proof of a particular case (see [88,91, 140, 180, 196, 198]).

Proposition 2.1. Let (9*:N¥) € {(97;NF), (9:N),(9C;NC), (9;N)}. Then one has

F(E) = {x € X1 (x",—1) € N*(epi f3 (£ f(£))}. @1

Now we are in position to introduce the second type of scalar regularity.

Definition 2.5. We will say that f is Fréchet (resp. proximal) subdifferentially
regular at % provided that d f (%) (resp. 97 f(%)) coincides with 9 f ().

Remark 2.4. Obviously, one has proximal subdifferential regularity implies
Fréchet subdifferential regularity. The converse does not hold. Indeed, take f(x) =

—(lx])2, f € C. One has df(0) = a°F(0) = {0}, while 9”£(0) = 0 (because
NP(epif; (0,0)) ={(0,0)}).

Conclusion. We have considered three types of regularity for locally Lipschitz
functions. Consequently, we will obtain three additional types of regularity for
subsets by taking f = dg and then we will say that

* Sis (DR)atx € Sif and only if ds is directionally regular at x.
* Sis (FSR) at x € §Sif and only if ds is Fréchet subdifferentially regular at x;
* Sis (PSR) atx € S if and only if ds is proximally subdifferentially regular at x.

Now, we summarize all what we have considered as a concept of regularity for a
subset S at a point X € S:

(i) Tangential regularity (TR), i.e., T(S,%) = K(S,%);
(ii) Proximal Normal Regularity (PNR), i.e., N (S,%) = NC(S,%);
(iii) Fréchet Normal Regularity (FNR), i.e., N(S,%) = N€(S,%);
(iv) Directional Regularity (DR), i.e., dg (%) =dg (%;-);
(v) Proximal Subdifferential Regularity (PSR), i.e., d'ds (%) = 9Cds(%);
(vi) Fréchet Subdifferential Regularity (FSR), i.e., /a\ds(f) = 9%ds(%).

Our main goal in the sequel of this Chapter is to study the relationships between
all of these notions of regularity. We will proceed as follows:

1. (TR)<=(DR)? (can be seen as a scalarization of (TR));

2. (FNR) <=(FSR)? (can be seen as a scalarization of (FNR));

3. (PNR) <=(PSR)? (can be seen as a scalarization of (PNR));

4. (TR) <=(FNR)? (We can see this equivalence as a bridge between the primal
notion of regularity (TR) and the dual notion of regularity (FNR)).
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2.5 Scalarization of Tangential Regularity: [(TR)<(DR)?]

In this section, we prove the following main theorem due to Burke et al. [71].

Theorem 2.1. Let S be a closed nonempty subset of a normed vector space X and
letx e S.

1. If ds is directionally regular at X € S, then S is tangentially regular (TR) at X € S;
2. If, in addition, dimX < oo, then the converse holds, i.e., (TR) <=(DR).

Proof.

1. By Definition 1.5 in Chap. 1 and the directional regularity of dg at X we have
K(S;%)={veX:dg(%v)=0}={veEX:d)Fv)=0}=TC(S$;%)

and hence S is tangentially regular at x.
2. Assume that dimX < 4o, and § is tangentially regular at x. In order to make
clear the idea of the proof of this Part (2), we omit the following facts:

Fact 1.
dY(x,v) < dres.p(v), forallv €X.

Fact 2.
dg (%,v) = dg(s;5)(v), forallveX.

We will give the proof of these two facts after completing the proof of the Part (2).
Then one has forall v € X

dg(%,v) <dre(sp(v)  (by Fact 1)
=dg(sp)(v)  (by (TR))
=dg (%,v). (by Fact 2)
Hence, dg (X,v) < dg (%,v) and as the reverse inequality is always true, one gets

the equality, i.e., the directional regularity of dg at X. This completes the proof of the
Part (2). O

Now let us prove Fact 1 and Fact 2.

Proof of Fact 1. Fix any v € X and any € > 0. There exists (by the definition of the
infinimum) some v € T(S;%) such that

v =7l < dpe s (v) +e. (2.2)
Consider a sequence (f,,,x,) in (0,+o0) x S converging to (0, %) satisfying

dd(zv) = lirllntrflds(xn ) =limd, (). (2.3)
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By the sequential characterization of the Clarke tangent cone 7 (S; %), there exists
a sequence v, — v such that x,, +1,v, € S, i.e., v, € tn’1 (S —xp), for all n. Thus,

dln—l(sixn)(\/) < dtn—l(sixw (vn)+ v =n| < [y =]l
By letting n — oo, one gets by (2.2) and (2.3)
d§(@v) < [|lv = < dre(se (v) +e.

This completes the proof of Fact 1. O

Proof of Fact 2. With the same method as in the proof of Fact 1, we can prove the
inequality
dg (%) <dg(s)(v), for all veX.

So, we proceed now to prove the reverse inequality, i.e.,
dg(s;p)(v) <dg (%), for all veX. 2.4
Fix any v € X. Let us consider a sequence of real positive numbers #, | 0 such that

dg (%v) = 1irllm,;1ds(x+t,,v) =limd,_1 (g o (v). (2.5)

For each n € N, we choose v, € £, (S — X) with
v —vn| < 153 (v) +1y.

Then, by (2.5) one gets
lim |[v —v,|| < dg (%v). (2.6)
n

This ensures that the sequence (v,).en is bounded. Hence, as dimX < oo,
some subsequence converges to some vector v € X. Consequently, the sequential
characterization of K (S;%) and the choice of v, ensures that ¥ must lie in K(S;%). It
follows then, by (2.6) that

dg(sip) < [[v—7[| < dg (%v).
This completes the proof of (2.4) and hence the proof of Fact 2 is finished. O

Remark 2.5. Note that Fact 1 and its corresponding inequality for dg (¥;-) and
di(s.x) () are true for any closed nonempty subset S in any normed vector space
X, without the hypothesis dimX < oco.

It is well known, in convex analysis theory, that the bridge formula between
the normal cone N°™(S;%) to a nonempty closed subset S at ¥ € S and the
subdifferential 9°°"™ds(x) of its distance function dg at ¥ is the following:

9™ d(X) = N°™ (S;%) NB,. (2.7)
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Fig. 2.3 A set with a strict ¥
inclusion in (2.8) ]
(Example 2.3) NE(S, (0,0)nB,

N

In the nonconvex case, this formula may fail for the convexified (Clarke) normal
cone NC(S;%) and the generalized gradient d“dg(%) and one only has the direct
inclusion, i.e.,

9%dg(x) c N©(S;%) NB.. (2.8)

The proof of this inclusion will be given later, see the proof of Theorem 2.2.
We recall the following example, given in [71], proving this fact.

Example 2.3. Let S =R2 U R%r, X = R? endowed with the Euclidean norm and let
%= (0,0). It is not hard to prove that N©(S; %) = R? and hence
NE(S:0)NB. = {(£1.6): & +& <1}

and one can also check that @°(%; (v1,v,)) = max{|v1|,|v2|}, which ensures that

9ds(x) = {(&1,&) : |&i| +[&| <1}

This shows that 9€ds(%) is strictly included in N€(S;%) N B, (see Fig.2.3).

In the following theorem, we show that the inclusion (2.8) becomes equality
whenever S is tangentially regular at X and dimX < co.

Theorem 2.2. Let S be a closed subset of a finite dimensional vector space X and

let X € S. Assume that S is tangentially regular at X. Then one has

1. d{(%,v) = dycs.5(v), for all v € X and

2. 9%ds(x) = N©(S;%) NB..

Proof.

1. Assume that S is tangentially regular at ¥. Then by Theorem 2.1, the function dg
is directionally regular at X (because dimX < ), i.e., d(%,v) = dg (%,v), for all

v € X. Therefore, by Theorem 2.1 once again and by the tangential regularity of
S at ¥ one gets forallv € X

d§(%,v) = dy (,v) = di(s5) (v) = dye(s.0)(v)-
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2. First, we prove that the direct inclusion, d€ds (%) C N€(S;%) NB., holds in every
normed vector space X (without the finite dimensional assumption of X and the
tangential regularity of S at X).

Fix any x* € dCdg(¥). Then, by the relations (1.12) and (1.13) and by the fact
that dg is 1-Lipschitz, one gets

(x*,v) <d(®v) < |v|, for all veX. (2.9)

This ensures that ||x*|| < 1. Now, we wish to show that x* € N¢(S;%). By Fact 1 in
Theorem 2.1 and the relation (1.12) one gets

(x*,v) <d§(%,v) < dge(s(v), for all veX

and hence (x*,v) <0 for all v € T“(S;x). This ensures that x* € (T€(S;%))" =
NC(S;%).

Now, we use the hypothesis dimX < e and the tangential regularity of S at X
to prove the reverse inclusion. Fix any x* € NC(S;%) = (T€(S;%))? with ||x*|| < 1.
Then for any v € T(S;%) one has (x*,v) < 0. Thus, the function 4 : X — R defined
by h(v) = —(x*,v) is 1-Lipschitz (because ||x*|| < 1) and satisfies h(v) > h(0) =0
for all v € TC(S;%). Using the exact penalization in the Part (3) of Exercise 1.5, one
obtains

0 <h(v)+drc(sy(v), for all veX

and hence by the Part (1) of the theorem one gets
(¥, v) <dpe (s (v) = d3(%v), for all veX.

This ensures that x* € d€ds(¥) and hence the proof of the theorem is complete. [

Another interesting relationship between the normal cone concept and the subdiffer-
ential concept of the distance function, which will be used hereafter, is the following

N*(8;x) = cly+ (R 9%ds(x)), (2.10)

for (N*,0%) € {(N,9),(N€,9)}.

Exercise 2.2. Prove that the relation (2.10) is always true for (N#, 9%) = (N©,9°),
whenever X is a real normed space.

Observe that the relation (2.10) is weaker than the equality
d*ds(x) = N*(S;x) NB,, 2.11)

ie., (2.11) = (2.10). The reverse is not true in general as Exercise 2.2 and Example
2.3 prove it.
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2.6 Scalarization of Fréchet Normal Regularity:
[(FNR)<(FSR)]?

We begin this subsection by presenting a simple and different proof given by
Bounkhel and Thibault [61] of a result due to loffe [140] and Kruger [166] (It can
also be found in [167]). It proves that the inclusion (2.8) becomes equality when we
replace the convexified (Clarke) normal cone and the generalized gradient (Clarke
subdifferential) by their corresponding in the Fréchet case.

Theorem 2.3. Let X be a normed vector space, S be a nonempty closed subset of
X and x be a pointin S. Then

dds(x) = N(S:x) NB,.
Proof. We begin by proving the inclusion
dds(x) C N(S:x) NB,. (2.12)
Fix x* € gds(x). Then, for all € > 0, there exists 6 > 0 such that, for all X’ € x+ 6B
(x* ¥ —x) <ds(x') — ds(x) +g|x' —x]|.

Hence
(x" X —x) <g|x' —x||, for all x' €SN (x+5B),

which ensures that x* € N(S;x). Then as one always has gdg(x) C 9%ds(x) C B,,

the inclusion (2.12) is proved.
Now, we prove the reverse inclusion, i.e.

N(S;x) B, C dds(x).

Let x* € N(S;x) with |x*|| < 1 and let € > 0. Fix 0 < ¢’ < £. Then, there exists
8 > 0 such that, forall X' € SN (x+ 6B)

(x" ¥ —x)y < €| —x]. (2.13)
Fix r > 0 such that 0 < 2r < . Since the function x" — (x*,x —x') + &'[x — x| is
L-Lipschitz with L = ||x*|| + €', then using (2.13) and the exact penalization in the
Part (3) of Exercise 1.5, we obtain for all x' € X

(" —x) < &l — x| + (]| + &) o om) ()

< €Y = x[| + dsrerom) (&) + €' dsrxr5m) ()
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< €X' —x[| + dsrerom) (x) + € [lX — ]|
< 26| — x| + dsray o) ()
On the other hand, we can easily check that for all x' € x+ rB

dyr(vr20m) (X)) = ds(x').
Thus, for all € > 0, there exists r > 0 such that for all X' € x+ B
(x*x' —x) < e|l¥ —x|| +ds(x') — ds(x).

Therefore, x* € dds (x) and hence the proof is finished. O

Now, we can state the first result on the relationship between the Fréchet normal
regularity (FNR) of a set and the Fréchet subdifferential regularity (FSR) of its
distance function.

Theorem 2.4. Let X be any Banach space and let S be a nonempty closed subset
of X with x € S. Suppose that S is Fréchet normally regular at x. Then, ds is
Fréchet subdifferentially regular at x. If, in addition, X is reflexive, then one has
the equivalence.

Proof. Assume that S is Fréchet normally regular at x, i.e., N©(S;x) = N (S;x). Then,
by the relations (2.12) and (2.8) one has

9%ds(x) ¢ NC(S;x)NB, = N(S;x)NB, = dds(x),

which ensures the Fréchet subdifferential regularity of dy at x.

Let us prove the reverse implication under the additional hypotheses of the
theorem. Assume that X is reflexive and dg is Fréchet subdifferenAtially regular at x.
The definition of Fréchet subdifferential regularity ensures that dds(x) = 9 ds(x)
and hence by Exercise 2.2 and Theorem 2.3 one gets

NC(S8;x) = el (R4 9ds(x)) = cly+ (N(S;x)).

By Part (3) in Proposition 1.8, the set N (S;x) is strongly closed convex in X*
and hence it is weak star closed in X* since X is reflexive. Thus, NC(S;x) =
cly+ (ﬁ (S;x)) =N (S;x), which ensures the Fréchet normal regularity of S at x. The
proof of the theorem is then complete. O

Remark 2.6. The equivalence in the previous theorem is still true for Asplund—
Banach spaces which are more general than reflexive spaces, if we assume that
the subset S is compactly epi-Lipschitz at x. For more details on this result and the
definition of compactly epi-Lipschitz property we refer the reader to [61] and the
references therein.



46 2 Regularity of Sets

Corollary 2.1. Let S be a nonempty closed subset of R and let x € S. Then the
following assertions are equivalent:

(i) S is Fréchet normally regular at x;
(ii) ds is Fréchet subdifferentially regular at x.

Consider now another concept of normal regularity introduced by Mordukhovich
[192] in the finite dimensional setting and used latter by Mordukhovich and
Shao [195-198] in Asplund—Banach spaces. Its definition is not in the same way
like Definition 2.3. A subset S of an Asplund-Banach space X is said to be
Mordukhovich regular (called normally regular in Mordukhovich [192]) at x € §
provided that N(S;x) = N(S;x). In the following theorem, we prove that Fréchet
normal regularity and Mordukhovich regularity are equivalent in reflexive Banach
spaces (see also [241] for the finite dimensional setting). We need the following
relationship between the convexified (Clarke) normal cone and the basic normal

cone. For its proof we refer the reader, for instance, to [89, 192]:

N€(8;%) = cl+co[N(S:%)] . (2.14)

Theorem 2.5. Let S be a nonempty closed subset of a reflexive Banach space X with
x € S. Then the set S is Fréchet normally regular at x if and only if it is Mordukhovich
regular at x.

Proof. 1If S is Fréchet normally regular at x, then
NE(S;x) = N(S:x) C N(S;x) C NO(S;x)

and hence N (S;x) = N(S;x), that is, S is Mordukhovich regular at x.
Assume now that S is Mordukhovich regular at x, i.e.,

~

N(S;x) = N(S;x). (2.15)
By (2.14) and the convexity of the Fréchet normal cone we get

NC(8;x) = clye co[N(S;x)] = cl,y» [ﬁ(s;x)} . (2.16)

As N (S;x) is strongly closed (see Part (3) in Proposition 1.8) and convex, it is
a weak star closed convex set (since X is reflexive ). So, the assumption (2.15)
and the equality (2.16) ensure that NC(S;x) = N(S;x), i.e., S is Fréchet normally
regular at x. O

In a similar way, | the concept of Mordukhovich regularity of a function f: X — R
can be defined as df(x) = df(x) and the equivalence between the Mordukhovich
regularity of the function dg and its Fréchet subdifferential regularity can be
established in reflexive Banach spaces. So, the arguments used in the proofs of the
two above theorems give the following result.
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Theorem 2.6. Let X be a reflexive Banach space and S be a closed subset of X with
x € S. Then the following assertions are equivalent:

(i) S is Mordukhovich regular at x;
(ii) dg is Mordukhovich regular at x;
(iii) ds is Fréchet subdifferentially regular at x.

2.7 Scalarization of Proximal Normal Regularity:
[(PNR) < (PSR)]?

In this section, we will assume that X is a reflexive Banach space.

We have already seen that Fréchet normal regularity is not equivalent to proximal
normal regularity. So, the present section is devoted to study some properties of
proximal normal regularity, essentially we will give conditions under which this
normal regularity can be characterized in terms of the distance function.

We establish first the following result on the relationship between the proximal
normal cone and the proximal subdifferential of the distance function, which is the
corresponding formula of (2.7) in the proximal case. It is due to Bounkhel and
Thibault [61].

Theorem 2.7. Let S be a nonempty closed subset of X and x € S. Then
dPdg(x) = N (S;x) NB,.
Proof. We begin by proving the inclusion
d%ds(x) c NP(S;x) NB..
Letx* € 9¥dg(x). Then there exist ¢ > 0 and § > 0 such that for all X’ € x+ 6B
(x" ¥ —x)y <o|l¥ —x|> 4 ds(x') — ds(x) = o||x' —x|* +ds(x')
and hence for all X' € SN (x+ 6B)
(x* 2 —x) < o||¥ —x|?
which ensures that x* € N¥(S;x). Then, as one always has d”ds(x) C 9%ds(x) C B.,
then x* € NP(S;x) NB..
Now, we show the reverse inclusion

NP (S;x) B, C 9dg(x).
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Fix x* € NP (S;x) with ||x*|| < 1. Then there exist ¢ > 0 and § > 0 such that
(x*x —x) <ol]¥ —x|* for all x €SN (x+5B). (2.17)
Fix now y = min{ 1, g} and fix also any z in x + ¥B and choose y; in S such that

. —z|| < ds(z) + ]z —x||*. (2.18)

Then y, € x+ 6B, because (by (2.18)) [[y; — x| < [[y; —zl| + ||z — x[| < 3|z —x[| <
3y < §, and hence

(F"z—x) = (¥, y.—x) + (", 2—yz)

IN

o lly: — x|+ lly: — || (by (2.17))
< 90|z —x||* +ds(z) + ||z — x|]? (by (2.18))
< ds(z) — ds(x) + (90 + 1) |z — x||*.

This ensures that x* € 9”ds(x) and hence the proof is finished. O

Remark 2.7. Note that the idea of the proof of Theorem 2.7 can also be used to give
another and different proof for Theorem 2.3. Note also that the proof shows that
Theorem 2.7 holds for any normed vector space.

Theorem 2.8. Let S be a nonempty closed subset of X and x € S. Then S is
proximally normally regular at x if and only if the function dg is proximally
subdifferentially regular at x.

Proof.
1. Suppose that S is proximally normally regular at x, that is N*(S;x) = N¢(S;x).
Then, by Theorem 2.7 one has
9%ds(x) € NC(S;x) "B, = NP(S:x) "B, = 9 dg(x) C 9%ds(x)

which ensures the proximal subdifferential regularity of dg at x.

2. Now, we assume that dg is proximally subdifferentially regular (PSR) at x. Then
the definition of the Fréchet subdifferential and the definition of (PSR) ensure
that

9 ds(x) = dds(x) = 9ds(x).
So by Theorems 2.3 and 2.7 one has NP(S;x) = N(S;x). Moreover, as X is reflexive
and N(S;x) is convex and strongly closed in X* (see Part (3) in Proposition 1.8),

N(S:x) is weak star closed and hence so is N”(S:x). Thus, the relation (2.10) yields

NE(8;x) = cly (R4 9s(x))
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= ¢l (R4 97ds(x))
= cly (N"(8;x))
= NP(S:x).

This completes the proof. O

Corollary 2.2. Let S be a nonempty closed subset of RN and let x € S. Then S
is proximal normally regular at x if and only if dg is proximally subdifferentially
regular at x.

Remark 2.8. Note that in finite dimensional spaces (see Theorem 2.12 below),
tangential regularity and Fréchet normal regularity are equivalent. Consequently,
according to that equivalence, Corollaries 2.1 and 2.2, one concludes that even in
finite dimensional spaces, tangential regularity and proximal normal regularity are
not equivalent.

2.8 Weak Tangential Regularity of Sets

Another natural notion of regularity, in infinite dimensional setting, is the weak
tangential regularity, that is, the Clarke tangent cone TC(S;%) coincides with the
weak contingent cone K (S;X), where

K% (S;%) is the set of all v € X for which there exist a sequence of positive
numbers f; —> 0 and a sequence vy —" v such that x + v, € S for all £,
where —" means the weak convergence.

Note that one always has T°(S;x) C K(S;x) C K¥(S;x).

We have proved in the previous section that in infinite dimensional case, Fréchet
normal regularity is not equivalent to tangential regularity. One of our interests in
this section is to prove (see Theorem 2.13) that Fréchet normal regularity can be
characterized as weak tangential regularity, whenever the space X is reflexive. First,
we prove the following theorem. Its proof is in the line of the proof of Fact 1 in
Theorem 2.1.

Theorem 2.9. Let S be a nonempty closed subset of a reflexive Banach space X and
letx € S. Then
dg (x;v) > d(K¥(S;x);v), for all veX.

Proof. Fix any v € X. Let () be a sequence of positive numbers converging to zero
such that

—N 1
dg (x;v) = kljrfwtk [ds(x+txv) — ds(x)].
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For each integer k choose wy € 1, 1(S — x) such that
dtkfl(six) W) > |lv—well — .
Then,

dg (x;v) = kg‘fwt/:lds(x"'tk")

= lim 15 (V)

k—r—oo L

> limsup ||v — wy]|.
k—-e0

Since dg (x;v) < ||v|| (since ds is 1-Lipschitz), the sequence (wy) is bounded, and
hence some subsequence converges weakly to w € KV (S;x). Hence,

dg (x;v) > limsup|[v — wy|
koo

> liminf||v — wy||
k—>too

> [y —w]

> d(KY(S;x);v),

which completes the proof. O

In the following theorem we establish a relationship between the weak tangential
regularity of a subset and the directional regularity of its distance function.

Theorem 2.10. Let S be a nonempty closed subset of a reflexive Banach space and
let x € S. Assume that S is weakly tangentially regular at x. Then dg is directionally
regular at x.

Proof. Assume that S is weakly tangentially regular at x, that is K™ (S;x) = TC(S;x).
Then by Facts 1 and 2 in Theorem 2.1 and by Theorem 2.8 we obtain for all v € X

dg (x;v) < dg(x; V)

< d(TC(S;x);v)

d(KY(S;x):v)
<dg (x;v).

This finishes the proof. g
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Now, we give the relationship between the tangential regularity of a nonempty
closed subset S C X at x € S and another type of normal regularity. First we need the
definition of the lower Dini directional derivative for 1.s.c functions (not necessarily
locally Lipschitz continuous). Let f : X — RU{+o} and X € dom f. The lower Dini
directional derivative of f at X is given by

£~ (®v) =liminfr ' (£ +00') = f (%), (2.19)
110

Using the same idea as in Sect. 1.3.2, we define the Dini subdifferential of f
at x, i.e.

O fE) ={x"eX*: (x"v)<f (%), for all veX}.

Now, we define the new type of normal regularity of a closed set S at any point
X € § as follows: We will say that S is Dini normally regular provided that
N€(S;x) = N~ (S;x), where N~ (S;x) is the Dini normal cone to S at x defined as
the Dini subdifferential of the indicator function Yy (note that ys is 1.s.c whenever
S is closed and it is not Lipschitz) of S at x (see Chap. 3 for more details on the Dini
subdifferential for lower semicontinuous functions). Note that one always has the
inclusion N~ (S;x) C NC(S;x).

Theorem 2.11. Let X be a normed vector space and let S be a nonempty closed
subset of X with x € S. Then S is tangentially regular (TR) at x if and only if it is
Dini normally regular (DNR) at x.

Proof. First, we prove the following relationship between the lower Dini derivative
of the indicator function and the Bouligand tangent cone

Vs (5v) = Wg(s (v), for all veX. (2.20)

Assume that v ¢ K(S;x), then by Part (2) in Proposition 1.6 one has x +#,v, ¢ S for
all 7, | 0 and all v, — v. Then

v (x;v) = lirpinft”y/S(x—i—tv’) = Foo = Yg(s.0) (V)
110

Assume now that v € K(S;x). Then by Part (2) in Proposition 1.6 once again there
exists #, | 0 and v, = v such that x+t,v, € S for all n. By the definition recalled
above of the lower Dini derivative one has

0 < yg (x;v) =liminftr 'ys(x+1/) < ligljiLnft,fly/S(x—i—t,,v,,) =0 = Y5 (v)
Vv =y n oo >
t10

and hence in both cases one has yg (x;v) = W (s.) (V).
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Now, we assume that S is tangentially regular at x and we prove that it is Dini
normally regular at the same point x. By (2.20) and the definition of the Dini normal
cone one gets

N™(S:ix) = {x" € X*: (x*,v) < wyy (xv) = Yg(sw (v), for all veX}
={x"eX*: (x*,v) <0, for all veK(S;x)} =K"(S;x),

where K°(S;x) denotes the negative polar of K(S;x). Therefore, by the tangential
regularity of S at x one obtains

N™(S;x) = KO(S;x) = T°(S;x) = NC(S;x).

For the converse, we assume that S is Dini normally regular at x, that is
N~(8;x) = N€(S;x) and we show that S is tangential regularity at x. Then,

K(S:x) C (N (8:x))° = (NC(8:x))° = TC(S:x)
and hence K (S;x) = TC(S;x) (because the reverse inclusion always holds). O

Now, we show that the Fréchet normal regularity of a nonempty closed subset S C X
at x implies the tangential regularity of S at x. If, in addition, X is assumed to be a
finite dimensional space, then we have the equivalence.

Theorem 2.12. Let X be a Banach space and let S be a nonempty closed subset of
X with x € S. Assume that S is Fréchet normally regular at x. Then, S is tangentially
regular at x. If, in addition, X is a finite dimensional space, then one has the
equivalence.

Proof.

1. Assume that S is Fréchet normally regular at x, i.e., N°(S;x) = N(S;x). As one
always has N(S;x) C N~ (S:x) € N©(S;x), the Dini normal regularity of § at x is
ensured. Consequently, by Theorem 2.11, S is tangentially regular at x.

2. Now, we assume that X is a finite dimensional space and S is tangentially regular
atx, i.e., T¢(S;x) = K(S;x). Let x* € N¢(S;x) = (T(S;x))°. Then

(x*,v) <0 for all veTC(S;x)=K(S;x).

Consider a sequence (xi) in S that converges to x with x; # x and such that

’_ _
limsup <x*,—xl * > lim <x*,—xk o >
PsSy [« =x]| /' koo ([ — x|

Extracting a subsequence if necessary we may suppose that

——— = v EK(S;x) =T (S;x).
[k — ]
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Therefore, (x*,v) < 0 and hence

x =
limsup <x*, /—x> <0
Sy 1% — x|
that is, x* € N(S:x). So, N€(S:x) = N(S;x) and hence the proof is complete. O

Theorem 2.12, Corollary 2.1, and Theorem 2.6 give the following result. Note that
the equivalence between (i), (ii), and (iii) of the corollary has been established (in a
different way) in Corollary 6.29 of the book of Rockafellar and Wets [241].

Corollary 2.3. Let S be a nonempty closed subset of RN and let x € S. Then the
following assertions are equivalent:

(i) S is Fréchet normally regular at x;

(ii) S is Mordukhovich regular at x;

(iii) S is tangentially regular at x;

(iv) ds is Fréchet subdifferentially regular at x;
(v) dy is directionally regular at x.

We have showed in the previous corollary that the equivalence between tangential
regularity and Fréchet normal regularity is ensured whenever X is a finite dimen-
sional space. We will see via a set constructed in Borwein and Fabian [36] that for
any infinite dimensional space, this equivalence does not hold. For this purpose, we
recall the following result due to Borwein and Strojwas (Proposition 3.1 in [37] see
also Kruger [167, 175]) and we will characterize Fréchet normal regularity as weak
tangential regularity in reflexive Banach spaces.

Proposition 2.2. Let X be a Banach space and let S be a nonempty closed subset
of X with x € S. Then

N(S;x) € (K¥(S:x))°.
If, furthermore, X is a reflexive Banach space, then equality holds in the inclusion
above.

Theorem 2.13. Let X be a Banach space and let S be a nonempty closed subset of
X with x € S. Then,

(i) S is weakly tangentially regular at x whenever it is Fréchet normally regular
at x;
(ii) if, in addition, X is reflexive, then (i) becomes an equivalence.

Proof. 1. Assume that S is Fréchet normally regular at x, i.e., N(S;x) = NC(S;x) =
(T€(S;x))°. This ensures by the previous proposition that (7C(S;x))° C
(K¥(S:x)) O Therefore, as TC(S;x) is a closed convex cone, we obtain K (S;x) C
T€(S;x) and hence K™ (S;x) = TC(S;x) since the reverse inclusion always holds.
So, § is weakly tangentially regular at x.
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Fig. 2.4 Relationships (& if dimX<eo)
between various concepts of (DNR) (TR) <= (DR)
regularity of sets
W(I} if dimX<eo) ﬂ(@ if dimX<eo) W(ﬁif dimX<eo)
(FNR) X reflexive ( WTR) Xéﬂgive (FSR)

I I

(X reflexive)
==

(PNR) (PSR)

2. Now, assume that X is reflexive and S is weakly tangentially regular at x i.e.
T€(S;x) = K™ (S;x). Then, one has N¢(S;x) = (TC(S;x))? = (KW(S;x))O. On
the other hand, we have (by Proposition 2.2) N(S;x) = (K¥(S ;x))o, and hence

N(S;x) = NC(S:x)

which ensures the Fréchet normal regularity of S at x. a

In Theorem 2.13, we have proved that when X is a reflexive Banach space one
has (1) “N(S;x) = NC(S:;x) <= (2)” “S is w-tangentially regular at x.” Moreover,
we have proved in Theorem 2.10 that (2) = (3) “ds is directionally regular at
x” So (1) = (3). On the other hand, in [36] Borwein and Fabian proved that we
can find in any infinite dimensional Banach space a nonempty closed subset S of
X and a point x in S for which (4) “S is tangentially regular at x” and ds is not
directionally regular at x. Consequently, in infinite dimensional Banach spaces (4)
#=> (3). This ensures that, for infinite dimensional reflexive Banach spaces, there is
no equivalence between tangential regularity and Fréchet normal regularity.

Remark 2.9.

a. In the infinite dimensional case (even if X is assumed to be a reflexive Banach
space), the inclusion N(S;x) C N~ (S;x) is strict for the subset S constructed in
Borwein and Fabian [36]. Indeed, according to the arguments above N (S;x) is
strictly included in N(S;x). On the other hand, as S is tangentially regular at
x, Theorem 2.11 ensures that S is normally Dini regular at x, i.e., NC(S;x) =
N~ (S;x). Therefore, N(S;x) is strictly included in N~ (S;x) and in infinite
dimensional spaces Fréchet normal regularity and Dini normal regularity are
not equivalent.

b. The same subset S in [36] also shows (with the help of Theorem 2.11) that in
infinite dimensional spaces the Dini normal regularity of a set is not equivalent
to the Dini subdifferential regularity of the distance function associated with
this set.

Conclusion. In the following diagram, we summarize all the relationships between
all the various concepts of regularity of sets considered in this chapter (Fig.2.4). Let
X be a normed vector space, S be a nonempty closed subset of X, and x be some
pointin S. Then one has



2.9 Uniform Prox-Regularity of Sets 55

However, there are important classes of sets (in finite and infinite dimensional
spaces) for which all these types of regularity hold. It is obviously the case for
convex sets. Another classes that appeared very recently are the one of prox-regular
sets introduced by Poliquin and Rockafellar [229] and the one of proximally smooth
sets introduced by Clarke et al. [89]. The next section is devoted to study this
important class.

2.9 Uniform Prox-Regularity of Sets

First, we begin by recalling that, for a given r € (0,4-oc], a subset S is uniformly
r-prox-regular (see [230]) (or equivalently r-proximally smooth see [89]) if and
only if every nonzero proximal normal to S can be realized by an r-ball. This means
that for all ¥ € S and all 0 # £ € N (S;%) one has

(Top-%) < gollv—aP

for all x € S. We make the convention } = 0 for r = 40 and we will just say in
the sequel that S is uniformly r-prox-regular. Recall that for r = 4o, the uniform
r-prox-regularity of S is equivalent to the convexity of S. The following proposition
summarizes some important consequences of the uniform prox-regularity needed in
the sequel of the book. For the proof of these results we refer the reader to [89,230].
We use the notation projg(x) instead of Projg(x) whenever this set has a unique
point.

Proposition 2.3. Let S be a nonempty closed subset in H and let r > 0. If the subset
S is uniformly r-prox-regular, then the following hold:

(i) Forall x € H with ds(x) < r, projg(x) exists;
(ii) For every r' € (0,r), the enlarged subset S(r') := {x € H: ds(x) < r'} is
uniformly (r — r')-prox-regular;
(iii) The generalized gradient and the proximal subdifferential of ds coincide at all
points x € H with ds(x) < r.

The following proposition shows that in the inequality above characterizing the
uniform prox-regularity one may use the proximal subdifferential of the distance
function in place of the proximal normal cone. For a given subset S in H and a given
r >0 we will set

for all ¥€S and all 0# & € NP(S;%) one has

P 1
(F) 6 x—X) < 2—||x—)"c||2 for all xe S
r

NHi
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and
forall ¥€ S and all &€ dPdg(X) one has

P, 1
(£) (Ex—x) < 2—||)c—)EH2 for all x€S.
r

r

Proposition 2.4. Let S be a nonempty closed subset in H and let r > 0. Then
(P) & (P).

Proof. ((P;) = (P!)). Assume that S satisfies (P,). The property (P}) obviously
holds for £ = 0. Let £ € S and 0 # & € 9Pds(x) C NP(S;%). Then by (P,) one has

forallx € S :
xX—x —Hx x||2
<|ﬂ >

1
e

because ||| < 1. The property (P.) then holds.
((P!) = (P,)). Assume now that S satisfies (P). Let ¥ € S and 0 # & € NP (S;%).

||§ l € d”d(x) and hence one gets (by (P'))

(i) <zhe—r

for all x € S. This completes the proof of the second implication and so the proof of
the proposition is finished. g

and hence

Then by Theorem 2.7 one has

The following lemma is proved in Sect.2.11 in the context of a general normed
vector space. It will be used in the proof of the next theorem. For the convenience
of the reader, we show how the Hilbert norm allows us to give another simple
proof. The reader will also note that the arguments work for any Kadec norm of
a reflexive Banach space (see, e.g., [106-108] for the definition and properties of
Kadec norms).

Lemma 2.1. Let S be a nonempty closed subset in H and let r > 0. Then for all
x ¢ S(r) one has

dS(r) (x) = ds(x) —r (221)
Proof. As the set {x ¢ S(r): Projg(x) # 0} is dense in X \ S(r) by [178], and as
the functions dg and dg, are continuous, it is enough to prove (2.21) only for points
x ¢ S(r) satisfying Projg(x) # 0. Fix any such point x and fix also p in S such that

ds(x) = x— pl. Set
U= (” ”) (x—p). (2.22)

We observe that u« is in S(r) because (2.22) and the relation p € S ensure ds(u) <
lu—pll=r.
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Let us prove now that u € Projg, (x). Consider any y € S(r), that is, ds(y) <,
and fix any positive number €. We may choose some y, € § satisfying

[y =vell <ds(y) +e<r+e.

Consequently
Iy =xll = [lye =xll = llye =yl = lx = pll = r — &= [lx—ul| — £

and this yields dg(,) (x) > [|x —ul|| — €. As this holds for all & > 0, we have d,) (x) >
[|x —u|| and hence d,) (x) = ||x — ul| because u is in S(r) as observed above. Writing
by (2.22)

ds(r) () = |lx —ul| = [lx = p[| = r = ds(x),
the proof of the lemma is finished. O

We establish now the main result of this section from which some new character-
izations of uniformly r-prox-regular sets will be derived. Here, the point where the
proximal subdifferential of ds is considered is not required to stay in S contrarily to
Proposition 2.4.

Theorem 2.14. Let S be a nonempty closed subset in H and let r > 0. Assume that
S is uniformly r-prox-regular. Then the following holds:

for all x € H, with ds(x) <r, and all £ € 9¥ds(x) one has

(B) (6 =) < s =l (o) —ds(o),

for all X' € H with ds(¥') <r.
Proof.
Step 1. Firstly, we prove a stronger property for x € S, more precisely we prove the

following:
for all x € S and all £ € 9¥ds(x) one has

2
(P § (&' —x) < S|l —x|* +ds(x),

for all X' e H with ds(¥') <r.
Fix any x € S and any & € 9”d(%). Fix also any z € H satisfying dg(z) < r. As S is

uniformly r-prox-regular one can find some y, € Projg(z) # 0, that is, y; is in S and

[z —y:|l = ds(2). (2.23)
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Then,
[lyz = x| < [lyz — 2l + [lz =] < 2[]z —x]|

and hence by (P/) and the inequality ||&]| < 1, and also by the equality (2.23)
one gets

<§,Z*X> = <§ayzfx>+<§7zfyz>
< ol =l 4+ 1€ e
< 2 el +ds(e) — ds(v).

This completes the proof of (P/").

Step 2. Note that (see Part (ii) in Proposition 2.3) for every 0 < ¥ < r the enlarged
set S(r’) is uniformly (r — #')-prox-regular. Further, for any ' € H it can be seen
that the inequality dg()(u') < r— 1 holds if and only if ds(u') < r. Indeed, if we
suppose that dg,+)(u') < r — ', then there exists some z in H with ds(z) <’ and
|lw' —z|| < r—r, and hence

ds(u') < ds(z)+||u' —z|| < r.

Suppose now that ds(u') < r. In the case ' € S(’), we can write dg(,) (') =0 <
r—r'. In the other case u’ ¢ S(r'), we have by Lemma 2.1

dgoy(u') =ds(u') =1 <r—7.
The equivalence then holds, and hence the property (P('L r,)) may be written as

for all u € (), and all { € 9”dg,+)(u) one has

2
r=7)

for all u' € H withds(u') <r.

(PG (Gt —u) < ' = 1]® + i) (),

Now, fix any x € H with ds(x) < r and any & € 9¥ds(x). We distinguish two cases:
Case 1. If x € §, then by (P”) one obtains for all X' € H with dg(x') < r

2
(4 —x) < ;Hx'fx||2+d5(x’) —dg(x). (2.24)

Case 2. If x ¢ S, we put ¥/ := ds(x) > 0 in this case. Firstly, one observes that & €
9 dg(,+)(x). Indeed, one knows by Theorems 4.1 and 4.3 in Bounkhel and Thibault
[61] (see also Theorem 3.2 in [89] for the equality in the following relation) that
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9"ds(x) = N*(S(r),x) {C : [[C]] = 1} € 9"dy(y (x)

and hence as & is fixed in 9" ds(x), one then gets & € 9”dg,+(x). Applying (P(';',,/))

in the form obtained above one gets for any X’ € H with dg(x') < r

2
(&4 —x) < 7r,|\x’—x||2+d5(,1)(x’).

Consequently, for any x’ € H satisfying dg(x') < r and ¥’ ¢ S(+/) (that is, r' <
ds(x') < r) one gets according to Lemma 2.1

2
(&X' —x) < — [ —x|* 4+ ds(x') — dg(x). (2.25)
Now fix any x’' € H satisfying dg(x’) < r and x’ € S(#). We begin by noting that
(P” )) ensures that the inequality

(r—r

2
(Ey—x) < ——ly—x*. (2.26)

holds for all y € H with dg(y) < . Choose now, according to ||&]| = 1, some u € H
with ||| = 1 and such that (&, > =1.Puts:=ds(x) —ds(x') > 0. Then ' +tu €
S(r'), because dg(x’ +tu) < ds(x') + ¢ = dg(x) = r'. Therefore, (2.26) allows us to
write

(X —x) = (Ex +tu—x)— (& 1u) < Er/ |1+ tu—x||> —1. (2.27)

Observing that
12 1 — x| < [Jx" — ]| + 1 < 2| —x]]

we deduce from (2.27)

<§,x'fx> < /Hx'fx||2+d5(x’)—d5(x).

It then follows from (2.24), (2.25) and the last inequality that one has for all x € H
with dg(x) < r and all £ € 9¥dg(x)

Hx —x|]> +ds(x') —dg(x) for all ¥ € H with ds(x') <r.

(62" —x) <

Taking the continuity of both members of that inequality with respect to x’ into
account, we may replace the requirement ds(x’) < r by ds(x) < r. The proof of the
theorem is then complete. O



60 2 Regularity of Sets

The following corollary of the above theorem adds some further characterizations
of uniformly prox-regular sets to the lists in Clarke et al. [§9] and Poliquin et al.
[230].

Corollary 2.4. Let S be a nonempty closed subset of H and let r > 0. Then, the
following assertions are equivalent:

(a) S is uniformly r-prox-regular;

(b) the property (P!') holds for the proximal subdifferential of ds;

(c) the property (P!') holds for the Fréchet subdifferential of dg;

(d) the property (P!') holds for the basic (limiting) subdifferential of ds;

(e) the property (P!) holds for the generalized gradient (Clarke subdifferential)
Ofdg.

Proof. The implication (a) = (b) follows from Theorem 2.14 and (b) = (c)

holds because any & € gdg(x) is the weak limit of a sequence (&), such that
&, € dPds(x,) and (x,), converges to x. In the same way, the implication (c) implies
(d) is true. The implication (d) = (e) can be seen easily as a consequence of the
definition of (P!) and of the formula characterizing the generalized gradient of a
Lipschitz function as the closed convex hull of its basic (limiting) subdifferential.
So, it remains to see (e) = (a). We know that d€ds(x) is nonempty at any x
(see [88]). Supposing that (e) holds. This property tells us that any generalized
subgradient is a proximal subgradient. Therefore, for any x € H with ds(x) < r we
have 9”d(x) # 0. The implication is thus a consequence of corollary 4.3 in [230]
(see also Theorem 4.1 in [89]). O

Observe that the assertion () in the corollary entails that the generalized gradient
(Clarke subdifferential) and the proximal subdifferential (and hence also the Fréchet
subdifferentials) of ds coincide at all points x € H with dg(x) < r provided that S is
uniformly r-prox-regular. In fact, it is easily seen that this equality property of these
subdifferentials characterizes the uniformly r-prox-regular sets.

2.10 Arc-Wise Essential Tangential Regularity

This section is devoted to study a different type of regularity for closed sets in
Banach spaces. This concept has been introduced by Borwein and Moors in [34]
in R”. Let us start with the following definition.

Definition 2.6. A closed subset C of a Banach space X is arc-wise essentially tan-
gentially regular in X and we will write C € 2/r (X), if for each x € .7,((0,1),X),
the set

{re(0,1):x(t) €C and x'(r) € K(C;x(1))\ T(C;x(r))}

has null measure, where ., ((0,1),X) is the class of all locally Lipschitz mappings
x:(0,1) — X which are strictly differentiable almost everywhere on (0, 1). The sets
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K(C;x) and T€(C;x) denote the contingent cone and the Clarke tangent cone of C
at x respectively (see Chap. 1).

Remark 2.10. As one always has K(C;x) = T¢(C;x) = X, for each x € intC (the
topological interior of C), we can take x only in bd C (the boundary of C), in
Definition 2.6, that is, C is arc-wise essentially tangentially regular if and only if
for each x € #,((0,1),X) one has

u({te(0,1):x(t) €bdC and ¥(t) € K(C:x(r))\ TC(C:x(1))}) = 0.

We proceed now to establish a characterization of the class </ g (X).

Proposition 2.5. Let C be a nonempty closed subset of X. Then the set C is arc-wise
essentially tangentially regular if and only if for each x € .7,((0,1),X), both sets

{re(0,1):x(r) €C and ¥(t) € K(C;x(t))\ T(C; (x(1))}

and

{t€(0,1):x(t) €C and —¥'(t) € K(C;x(t))\TC(C;x(t))}
have null measure.

Proof. “ =7 Assume that C is arc-wise essentially tangentially regular, that is for
each z € .%,((0,1),X), one has

p({t €(0,1):z(t) €C and Z(r) € K(C;x(t)) \ T (C;x(1))}) = 0.
Fix any x € .7,((0,1),X) and put

E.:={te(0,1):x(r) €C and x'(t) € K(C;x(t))\ TC(C; (x(t))}
and

Eei=1{r€(0,1):x(t) €C and — () € K(Cx(1))\ TS (C; (x(1))}-

We will show that p(E, UE,) = 0. Since by hypothesis, we have u(E,) = 0, i
suffices to show that u(E,) = 0. To this end, define 4 : (0,1) — (0,1) by h(s) =
I—sandy: (0,1) — X by y(s) = (xoh)(s) =x(1 —s). Clearly, y € .,((0,1),X)

and everywhere y'(s) = —x'(h(s)). For s := 1 — one has
Ey = {h(s) € (0,1) : x(h(s)) € C and — ¥ (h(s)) € K(C;x(h(s))) \ T (C;x(h(s)))}
= {h(s) € (0,1) : y(s) € Cand y'(s) € K(C;y(s)) \ T(Cs(s))}

= h(Ey)7
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where E,:={t€(0,1):y(t) €C and y'(t) € K(C;y(t))\TC(C;y(t))}. Since y €
Z.((0,1),X), the set Ey, has null measure and hence t (E,) = 0. Therefore, the proof
of “ =" is finished.

“ <" This implication is obvious. O

Before proving the main theorem of this section which can be seen as a scalarization
of arc-wise essential tangential regularity, we need the following different type of
regularity for locally Lipschitz functions.

Definition 2.7. Let f be a locally Lipschitz function on a nonempty open subset
Q of X. We will say that f is arc-wise essentially strictly differentiable on 2 and
we will write f € o7 4(Q) if for each x € &Z¢€((0,1),8), the set {r € (0,1) : f is
not strictly differentiable at x(¢) in the direction x'(¢)} is Lebesgue-null in R. Here,
2/ €((0,1),Q) denotes the class of all absolutely continuous mappings defined from
(0,1) to Q.

Also, we recall that a locally Lipschitz function f from X into R is directionally
regular at x if f'(x;v) exists for all v € X and f°(x;v) = f'(x;v) (See Chap. 1 for
this definition and Chap. 3 for more details on directionally regular functions not
necessarily locally Lipschitz).

Theorem 2.15. Let C be a nonempty closed subset of a Banach space X.

(i) C is arc-wise essentially tangentially regular whenever the associated distance
function d¢ is arc-wise essentially tangentially regular.
(ii) If the norm ||.||x is uniformly Gateaux differentiable, then C is arc-wise

essentially tangentially regular if and only if dc is arc-wise essentially strictly
differentiable.

Proof.
1. Assume that d¢c € <7 4(X,R), i.e., for each x € 7,((0,1),X), the set

A:={t€(0,1):dc is not s.d. at x(¢) in the direction x'(¢)}

is a Haar-null set. We will show that C is arc-wise essentially tangentially
regular, i.e., t(B) =0 where B:= {r € (0,1) : x(r) € C and x'(t) € K(C;x(t))\
TC(C;(x(¢))}). It is enough to prove that B C A. Let ty ¢ A. Then dc is s.d.
at x(fo) in the direction x’(9) and hence d(.(x(to);x'(t0)) = dg (x(t0):x' (10)) =
d2(x(19); % (t0)) = 0. So ¥ (tg) € TC(C;x(t9)) and hence #y ¢ B. Consequently,
each fy ¢ A does not lie in B. This completes the proof of the inclusion B C A.

2. Assume now that ||.||x is a uniformly Géteaux differentiable norm and assume
that C is arc-wise essentially tangentially regular. Then, for each fixed x in
Z0((0,1),X) by Proposition 2.5 we have
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where

B, =B!UB?,
Bl :={rc(0,1):x(t) €C, and ¥ (t) € K(C;x(t))\ T¢(C;x(t))} and
B = {1 e (0,1): x(t) € Cand —¥ (1) € K(Cix(t))\ T(C;x(t))}.

Put
A:={t€(0,1):dcis nots.d. at x(¢) in the dir. x'(¢)}.

It is not difficult to check that
A={te€(0,1):x(t) € bdC,dc is not s.d. at x(t) in the dir. x'(¢)}.

Indeed, if ¢ € (0,1) with x(r) € (X \ C) UintC and dc is not s.d. at x(¢) in the
direction x'(r), then (—dc) is not s.d. at x(¢) in the direction x'(r) and so (—dc)
is not directionally regular at x(r) in the direction x'(r), which is impossible,
because x(¢) € (X \ C)UintC, and Theorem 8 in [31]. Put now D := {r € (0,1) :
X' (r) exists} hence

L(A\Dy) =0 (2.28)

and put also [ := [, U[; with I, (resp. I; ) denotes the set of all isolated points in
AN Dy relatively to the right topology (resp. the left topology). It is not difficult
to check that / is countable and hence (1) = 0. Fix 1o € (AND,s)\ 1. Then there
exist two sequences of real positive numbers (4,), and (g,), converging to zero
such that for n sufficiently large 7 + A, and o — &, lie in (AN Dy ) \ I and hence
x(tg + An) and x(to — &,) lie in bd C, for n sufficiently large.

Put
v = Ay Hx(to + An) —x(t0)] and wy :=g, " [x(to — £,) —x(t0)].

Clearly, v, — x'(tp) and w, — —x'(t9) and for n sufficiently large x(fp) + A,vy
and x(19) + &wy lie in bd C. It follows by the sequential characterization of the
contingent cone given Proposition 1.6, that x'(f9) and —x'(1) lie in K(C;x(to))-
Now, we distinguish two cases. Firstly, if ¥ (fy) € K(C;x(t)) \ T¢(C;x(t9)), then
to € By. Secondly, if X' (ty) € T¢(C;x(tp)), then —x/(ty) € K(C;x(to)) \ T<(C;x(19))
(because, if —x'(ty) € TC(C;x(ty)), we would have

de(x(10):x (19)) = —d(x(t0): = (10)) = 0,

so dc would be s.d. at x(fp) in the direction x/(¢y), which would contradict that
fo € A). Hence 1y € By. Thus (Dy NA)\ I C By and hence

w((Dy NA)\ 1) =0. (2.29)

Finally, according to (2.28) and (2.29), we obtain u(A) = 0. This ensures that
dc € ; 4(X,R) and hence the proof is finished. O
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Remark 2.11. As observed by Borwein and Moors [34] all sets that are directionally
tangentially regular except on a countable set are arc-wise essentially tangentially
regular. Thus, all closed convex sets and smooth manifolds are arc-wise essentially
tangentially regular.

2.11 More on the Regularity of Sets

In Sects. 2.5-2.7, we have scalarized some geometric notions of regularity of sets
such as (TR), (FNR), and (PNR), via the distance function whenever the point is in
the set. In this section we are interested in the following natural question: Given a
closed nonempty set S and a point X & S, is it possible to characterize the regularity
of dg at X, which is well defined, in terms of some geometric notion regularity of the
set S, or in other words is it possible to “geometrize” the regularity of dg at points
outside the set S. We restrict our study in this section to two concepts of regularity.
We recall the following result from [71] which will be used in the present section.

Theorem 2.16. Let S be a nonempty closed subset of a normed vector space X and
let x & S with ds directionally regular at x and Projg(x) # 0. Then

9Cds(x) = NC(S(r);x) N {x* € X* : ||x*|| = 1}.

2.11.1 Fréchet Case

In this subsection, we will show that for every subset S of a reflexive Banach space
X and every x ¢ S, with Projg(x) # 0, the Fréchet subdifferential regularity of dg
at x implies the Fréchet normal regularity of the set S(r) at x, where r = dg(x). In
addition, if dy is directionally regular at x, we have the equivalence.

In this subsection, we will put r = dg(x) for some point x ¢ S. We begin this case
with the following lemma which will be used in the proof of the next theorem. The
lemma will be also used in the proximal case.

Lemma 2.2. Let X be a normed vector space, S be a nonempty closed subset of X.
Then for all X' & S(r) one has

dg(py (&) = ds(x') —r.

Proof. Fix any X' & S(r). Consider any y € S(r), that is, ds(y) < r, and consider also
any € > 0. We may choose some y; € § satisfying

ly—vell < ds(y)+e<r+e.
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Consequently

ly =l > llye = x| = llye =yl > ds(x) = lye = y|| > ds(x') —r—e.

As the inequality ||y — x| > ds(x') — r — € holds for all y € S(r) and all € > 0 we
deduce
ds( (x) > ds(x') = r.

Let us prove the reverse inequality. Fix any y € S and consider the real-valued
function / defined on [0, 4-e0) by A(s) := dg(sx’ + (1 — s)y). Observing that 2(0) =0
(because y € S) and h(1) > r (because x’ ¢ S(r)), we may apply the classical
intermediate value theorem to get some so € (0,1) such that h(sp) = r. Putting
7:= 50X + (1 —s0)y, we have ds(z) = r and

I =yl = Il =zl + == I|-
Therefore, because y € S we obtain
I =yl > |l =zl +ds(z) = X' =zl +r
and as z € S(r), it follows that
W = yl| > dyp (¥) + 7
This yields the inequality ds(x') > dsr) (x') + r that completes the proof of the

lemma. O

Now we establish the following result on the relationship between the Fréchet
subdifferential of the distance function dy at a point x ¢ S and the Fréchet normal
cone of S(r) at x. This result has been stated in [167] but the proof therein seems to
need some further arguments. In the proof below, we use the previous lemma and
strong ideas in the proof of Proposition 2.16 in Kruger [167].

Theorem 2.17. Let X be a Banach space, S be a nonempty closed subset of X, and
let x & S. Then,

dds(x) C N(S(r);x) N {x* € X* 1 ||x*|| = 1}. (2.30)

If, furthermore, X is a reflexive Banach space and ||.|| denotes a Kadec equivalent
norm on X, then equality holds in (2.30).

Proof. We begin by showing (2.30). Fix x* in gds(x) and fix also € > 0. By
definition there exists & > 0 such that

(x" X' —x) <ds(xX') —ds(x) + €[|x' —x||, for all x'€x+5B.
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As ds(x') — dg(x) <0 forall X’ € S(r), one obtains
(x",x —x) < gl — x|

for all x’ € (x+ 8B) NS(r), which ensures that x* € N (S(r);x).

Now, we show that ||x*|| = 1. Fix € > 0. As x* € dds(x), there exists § > 0 such
that for all ¥’ € x+ 6B

(x* ¥ —x) <ds(x') — ds(x) +g|x' —x]|. (2.31)

Fix now, o := min{1, € } and choose x4 in S such that

’1+d
[lx — xo|| < ds(x) + a?.

Put ¥ := x + a(xg — x). Since [|¥ — x| < afx — xql| < ads(x) + o> <
o(1+ds(x)) < 8, one gets (by (2.31))

(" = x) < ¥ x| = [l ol + o + et |x — x|

(1= a)l|x = ol — lx = xal| + 0 + £r]lx — xall

—otf|x —xq| + o + eorf|x —xa.

Thus,

IN

(x*,xq —x> —|lx = xa || + a+€]lx — xq]|

IN

=l = x| + €(1 + [l — xal]),

and hence

T2 e ) 2 -4 )
o gl — | > 11+ — ).
[l — x| [l —xa| ds(x)

This ensures that ||x*|| > 1. Thus, as one always has gds(x) C B, then ||x*]| < 1 and
hence ||x*|| = 1. This completes the proof of (2.30).

Now, we assume that X is a reflexive Banach space and that the norm ||.|| of X is
Kadec. Fix x* in N(S(r);x), with |x*|| = 1 and fix € > 0. On the one hand, observe
first that x* € gds(r) (x) by Theorem 2.3. So, there exists d; > 0 such that for all
X ex+6B

<X*ax/ _x> < dS(r) (x/) - dS(r)(x) + Ellx/ —XH.

By Lemma 3.2 one gets for any X' € (x+ 6;B) \ S(r)

(x*,x' —x) <ds(x') — ds(x) + €[ x" —x]|. (2.32)
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On the other hand, as x* € N(S(r);x), there exists & > 0 such that for all ¥’ €
(x+6B)NS(r)
(x"x' —x) < ;Hx/ —x|. (2.33)
Since [[x*|| = 1, we can choose u € X, with |[u|| = 1, such that (x*,u) = 1.
Fix now &3 € (0,8,/2) and ¥’ € (x+ &B)NS(r) and put £ := ds(x) —ds(x') > 0.
Then, X’ + tyu € S(r) N (x+ 6;B) because

ds(x' +tyu) <ds(xX')+ty =ds(x) =r

and
I+t —x|| < I —xl| + 20 < 2[1x" — x| <285 < 5.
By (2.33) one gets
€
(x* X +1pu—x) < §||x/—|—tx/u —x|| < g|x —x],
and hence

<x*,x’ —x> = <x*,x’+tx/u —x> - <x*,tx/u>
< el —x|| —ty
< gllx’ — x| +ds(x) — ds(x). (2.34)

According to (2.32) and (2.34), one obtains that for all X' € x+ 6B with § :=
min{d;, 03} one has

(x* % —x) <ds(x') — ds(x) + €| x' —x]|.

Sox* € §dg (x) and hence the proof is complete. O

In order to establish the result on the Fréchet normal regularity of S(r), we need
to recall the following result of Borwein and Giles [31].

Theorem 2.18. Let X be a reflexive Banach space, S be a nonempty closed subset
of X and x ¢ S. Let ||.|| denote a Kadec equivalent norm on X. If dds(x) # 0, then
Projg(x) # 0.

Now we are in position to state and prove the main result of this case.

Theorem 2.19. Let X be a reflexive Banach space, S be a nonempty closed subset
of X, and x € S. Let ||.|| denote a Kadec equivalent norm on X.

(i) If the function ds is Fréchet subdifferentially regular at x, then S(r) is Fréchet
normally regular at x. Further, Projs(x) # 0 and ds is directional regular at x.

(ii) Conversely, if S(r) is Fréchet normally regular at x, ds is directionally regular
at x, and Projg(x) # 0, then dy is Fréchet subdifferentially regular at x.
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Proof. (i) Assume that dg is Fréchet subdifferentially regular at x, i.e. §d5(x) =
dCds(x). As one always has dCds(x) # 0, one has Proj(x) # @ by Theorem 2.18.
Furthermore, dy is directionally regular at x. Thus, by Theorem 2.16, we obtain

9%ds(x) = NC(S(r);x) N{x" € X* 1 |x*|| = 1}. (2.35)

Now, fix any x* € N©(S(r);x) with x* # 0. By (2.35) and Theorem 3.2, one has

x*

— € 9%s(x) = dds(x) C N(S(r);x) N{u* € X* : ||u*|| = 1},

[l

which ensures that x* € N(S(r);x) and hence N©(S(r);x) C N(S(r);x). Since the
reverse inclusion always holds, the proof of (i) is complete.

(ii) Now, we assume N(S(r):x) = NC(S(r):x) as well as the other hypothesis in
(ii) of the statement of the theorem. Thus, by Theorem 3.2 once again one has

dds(x) = N(S(r)ix) N {x* € X*: ||| = 1}
= NC(S(V);x)ﬂ{x* eX* x| =1}

Since ds is directionally regular at x and Projg(x) # 0, one also has by Theorem 2.16
9%dg(x) = NC(S(r);x) N{x* € X* : ||x*|| = 1}.

Consequently, 9¢ds(x) = dds (x) and hence the proof is complete. O

Remark 2.12. As X is reflexive, the Mordukhovich regularity of ds at x could be
used in the previous theorem in place of Fréchet subdifferential regularity.

2.11.2 Proximal Case

In this subsection, we will assume that X is a reflexive Banach space. We will also
assume that the norm ||.|| on X is Kadec and we will put r = dg(x) for some point
x¢S.

We have already seen that Fréchet normal regularity is not equivalent to proximal
normal regularity. So, the present subsection is devoted to study similar properties
of proximal normal regularity as in the previous subsection, essentially we will give
conditions under which the proximal normal regularity can be characterized in terms
of the distance function at points outside the set.

The following result has been established by Clarke, Stern, and Wolenski (see
[89]) in the context of Hilbert spaces. Their proof is strongly based on the scalar
product of the Hilbert space. Here we prove it in the general reflexive Banach space
setting with a method in the line of the proof of Theorem 3.2.
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Theorem 2.20. Let S be a nonempty closed subset of X and x & S. Then,
dPds(x) = NP(S(r);x) n{x" e X*: |x*|| = 1}.
Proof. We begin by showing the inclusion
9 dg(x) C NP(S(r);x) N {x* € X*: x| = 1}. (2.36)
Fix x* € 9¥ds(x). Then there exist ¢ > 0 and § > 0 such that for all X’ € x+ 6B
(x* ¥ —x) <ds(x') — dy(x) + o ||« —x||*.
As ds(x') — dgs(x) <0 forall ¥’ € S(r), one gets

(2 —x) < ol — x|,
for all X' € (x+ 6B) NS(r), which ensures that x* € N(S(r);x). On the other hand,
as in the proof of Theorem 3.2, we can check that ||x*|| = 1. So, the proof of the

inclusion (2.36) is complete.
Return now to the proof of the reverse inclusion

NE(S(r);x) N {x* € X* 1 ||x*|| = 1} € 9Pds(x).

Fix x* € N?(S(r):x) with ||x*|| = 1. By Theorem 2.7, one has x* € 9"dg,(x) and
hence there exist 6; > 0 and &; > 0 such that for all ¥ € x+ 6;B

(x* 2 —x) < dg() (X') — () (x) + 01 ]« —x]|%.
By Lemma 3.2, one gets
(x* ¥ —x) <ds(x') — ds(x) + o1 |]x' —x|]%, (2.37)

forany x’ € (x+&B)\ S(r). On the other hand, as x* € N¥(S(r);x), there exist 6, > 0
and & > 0 such that for all ¥’ € (x+ &B) N S(r)

(x"x' —x) < oo ||X — x| (2.38)
Since [[x*|| = 1, we can choose u € X, with |[u|| = 1, such that (x*,u) = 1.

Fix now & := min{d;,8,/2} and x’ € (x+ 6B) N S(r) and put t, := ds(x) —
ds(x’) > 0. Then (X' +tyu) € (x+ 6;,B) N S(r)(as in the proof of Theorem 3.2) and
hence as ||x’ +zyu —x|| < 2||x’ — x]| one gets by (2.38)

<x*,x/ —x> = <x*,x’ +tou —x> - <x*,tx/u>

< Oy||X + tyu—x|* —ty

<40y — x|*+ds(x') — ds(x). (2.39)
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According to (2.37) and (2.39), one obtains that for all ' € x+ 6B one has
(x"x' —x) <ds(x') — ds(x) + o]« —x?,

where 0 := max{01,40,}. So x* € d'ds(x) and hence the proof is finished. O
Theorem 2.21. Let S be a nonempty closed subset of X, x & S.

1. If the function ds is proximally subdifferentially regular at x, then S(r) is
proximally normally regular at x. Further, Projg(x) # 0 and ds is directionally
regular at x.

2. Conversely, if S(r) is proximally normally regular at x, ds is directionally regular
at x and Projg(x) # 0, then ds is proximally subdifferentially regular at x.

Proof.

1. Assume that dg is proximally subdifferentially regular at x, i.e.,
9" ds(x) = 9%ds(x). (2.40)
As 9%ds(x) is always nonempty, then 9”dg(x) # 0. Thus, by Theorem 2.18, one
has Projg(x) # 0. On the other hand, by (2.40) we have the directional regularity
of ds at x. Therefore, by Theorem 2.16, the following equality holds
9Cds(x) = NC(S(r);x) N {x* € X* 1 ||x*|| = 1}.
Thus (by (2.40) and Theorem 2.20),
NE(S(r)x)n{x* e X* o ||x*|| = 1} = NP(S(r)sx) N {x* e X*: ||x*|| = 1}.
Consequently,
NP(S(r)sx) = NE(S(r)i),
which ensures that S(r) is proximally normally regular at x.
2. Now, we assume that N (S(r);x) = NC(S(r);x). Thus, by Theorem 2.20 once
again one has
dPds(x) = NP(S(r)x) n{x* e X* : ||x*|| =1}
=NES(r)x)N{x* e X*:|Ix*|| =1} (2.41)

On the other hand, since dg is directionally regular at x and Projg(x) # @, one has by
Theorem 2.16

9Cds(x) = NC(S(r)ix) N {x" € X* ¢ ||| = 1}. (2.42)
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Thus, by (2.41) and (2.42), we conclude that 9Cds(x) = 9" ds(x) and hence the proof
is complete. O

2.12 Commentary to Chap.2

In this chapter, we present various concepts of regularity for sets and the possible
relationships between them.

The results in Sect.2.5 are due to Burke et al. [71]. Most results presented in
Sects.2.6-2.8 and 2.11 are taken from Bounkhel and Thibault [61]. Section 2.9 is
devoted to the presentation and study of the very important concept of uniform prox-
regularity in Hilbert spaces. The results stated in that section are proved in Bounkhel
and Thibault [58]. Concerning this concept and its extensions to Banach spaces,
we refer the reader to the following list of recent papers [22-24] and to the recent
survey [96]. We have to point out, that a recent and very intersesting application
of this concept to a real life phenomena is given in [186—189]. This application
concerns the modeling of evacuation situations. The role of uniform prox-regularity
in this application appears to be crucial. Indeed, the set of configurations in their
model cannot be convex at all and it has been proved in [187-189] to be uniformly
prox-regular.

In Sect.2.10, we present a concept of regularity of sets introduced in finite
dimensional settings in Borwein and Moors [33] and extended in Bounkhel [39]
to Banach spaces. The results presented here are taken from [39]. The extension of
this concept to set-valued mappings is introduced and studied recently in Bounkhel
[41].

For interested readers on more regularity concepts for nonsmooth sets, the
following list of references can be consulted [10, 22-24, 29, 36-39, 41, 44, 55, 61,
63,71,72,88-91, 93,94, 100-102, 104-106, 120, 133, 136, 137, 149, 160, 178, 190,
192,193,226-230,235,241,258].



Chapter 3
Regularity of Functions

3.1 Introduction

It is well known that the smoothness of functions and mappings is preserved under
some operations like addition, composition, etc., but contrarily to these operations
there are many other operations of prime interest in analysis, like maximization
and minimization that fail to preserve smoothness. So, it would be very natural
to ask how the classical concept of differentiability can be enlarged in order to
deal with such situations. As an answer to that question Clarke [86—88] introduced
a general concept of generalized gradient (also known as Clarke subdifferential)
for any extended-real-valued function defined on a finite dimensional space X. He
defined first the generalized gradient of a locally Lipschitz function f at a point
X with the help of Rademacher’s theorem. This allowed him to consider a subset
S C X and for % € S the normal cone N©(S;%) to S at ¥ as the closed cone generated
by the generalized gradient at i of the distance function dg to S. Then he defined the
generalized gradient of any extended-real-valued function f at a point X, where f is
finite with the formula

ICF(F) = {x* € X*: (x*,—1) € NC(epi 37, ()} (%)

Note that this approach also works for any normed vector space X. An important
fact to record about this generalized gradient is that it enjoys general calculus
rules (for instance, compositions, sums, maximum, etc.) that makes it applicable in
mathematical programming, optimal control and several other mathematical fields.
A prototype formula is given by

I°(f +8)(%) C If (%) +9 (%), (%)

whenever f and g are locally Lipschitz.
Rockafellar in [236] showed the route to extend the definition for functions
defined over any topological vector space X. He defined a generalized directional

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 73
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derivative f7(%;-) for any extended-real-valued function f and showed that f7(%;-)
coincides with fO(%;-) defined by Clarke, whenever f is locally Lipschitz. With this
directional derivative he defined the generalized gradient of f at X as the set of all
x* € X* such that (x*,h) < fT(x;h) for all h € X and showed that it is equal to
the set given by (x) when X is a normed space. Rockafellar also extended formula
(%*) under a natural qualification condition to the case g is directionally Lipschitz.
Several crucial properties of directionally Lipschitz functions are established in
[145].

The equality in (x«) (as those for composition, maximum, etc.) requires in Clarke
[88] as well as in Rockafellar [236,237] the functions to be directionally regular at x
(i.e. fT(%;-) coincides with the lower Dini directional derivative) and so makes clear
the importance of this notion.

Another natural dual concept of regularity in Nonsmooth Analysis Theory is
that of subdifferential regularity. This means that the generalized gradient (Clarke
subdifferential) of f at X coincides with a prescribed subdifferential of f at x. For
example, the primal lower nice functions introduced by Poliquin [228] are regular in
this sense with respect to the proximal subdifferential (we refer to [228-230] for the
importance of these functions in Nonsmooth Analysis Theory). Our primary interest
in this chapter is to study the relationships between these concepts of regularity for
functions.

Let f be any extended-real-valued function on a real normed vector space X
whose topological dual space is X* and let X be any point where f is finite. The
generalized directional derivative f1(&;-) is defined by

f1(&h) = limsup inf 1! [f(x+1h)—a]
(X‘a)ifff h—h
110

= sup {timsup (inf ! [f(x+10) ] )|
He N '(h) | (xo)lp® WeH
110

where (x, &) | ;X means (x, o) € epif :={(z,) € X xR; f(z) < B} and (x,00) —
(%,f(x)) and 4" (h) denotes the filter of neighborhoods of 4.

If f is lower semicontinuous (l.s.c.) at &, the definition can be expressed in the
following simpler form

f1(%h) = limsup inf 77! [f(x+1h) = f(x)],
xﬁfi W —h
110

where x —/ ¥ means x — ¥ and f(x) — f(%).
If f is Lipschitz around X, then fT (%; h) coincides with the generalized directional
derivative fO(%;-) defined by

F2(%h) =limsupt ' [f(x+1h) — f(x)].

x—x
110
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Even if f is not necessarily Lipschitz around X we will put

F2(%h) = limsupt ' [f(x+1th) — a].
(r.a)l %
rwf
The lower Dini directional derivative of f at X is defined by

[ (®h) =Tliminfr ' [f(£+ k') - £(%)],
ht?()h
and when f is Lipschitz around X one can check that this definition coincides with
the definition of the lower Dini directional derivative given in Sect. 1.3, that is,

f(®h) = lilﬁ(i)nft’l [f(x+1h) — f(5)],

that is one can take the direction fixed in the differential quotient in the definition of
I

Our study of regularity for functions will be given for a large class of non locally
Lipschitz functions introduced in 1978 by Rockafellar [236]. This class of functions
is large enough, it contains the indicator function of epi-Lipschitz subsets (which
is never locally Lipschitz). Following Rockafellar [236], a function f is said to be
directionally Lipschitz at ¥ with respect to a vector / if

limsup + ! [f(x+1h) — a] < +oo,
(o) p%
(t,W)—= (0% h)

and this is reduced when f is l.s.c. at X to

limsup ' [f(x+1th') — f(x)] < +eo.
(1.h")= (07 h)
xﬁfx
If this relation holds for some h, one says that f is directionally Lipschitz
atx. Observe that f is Lipschitz around ¥ if and only if it is directionally
Lipschitz at X with respect to the vector zero (or equivalently with respect to every
vector in X).
The generalized gradient (respectively, the Dini, the Fréchet subdifferential) of f
at x (with f(x) finite) is defined by

9Cf(x)={x" € X" : (x*,h) < fT(x;h), forallheX},
<respectively,

O~ flx)={x"e€X": (x",h) < f~(x;h), forallheX},
gf(x) = {x* ex* :liminff(XI) — W - @Y ) > 0} )

X —x [l — x|




76 3 Regularity of Functions

It is not hard to check that these definitions coincide with those given in
Sect. 1.3 for locally Lipschitz functions. We recall from Sect. 1.3 that the proximal
subdifferential 9 f(x) is the set of all x* € X* for which there exist §,0 > 0 such
that for all ¥’ € x+ 6B

(2 —x) S ) — () + ol —a %

By convention 9€f(x) = 0~ f(x) = gf(x) = dPf(x) = 0 if f(x) is not finite. Note
that one always has 97 f(x) C df(x) C 9~ f(x) C 9 f(x).

One says that f is directionally regular at X with respect to a vector i € X if one
has f1(%h) = f (%;h). When this holds for all 4 € X one says that f is directionally
regular at x.

Now, let us recall some definitions and results that will be used in all this chapter.
A Banach space X is called an Asplund space if every continuous convex function
defined on a convex open subset U of X is Fréchet differentiable on a dense Gg
subset of U (see [106]). Recall (see Diestel [108]) that the dual unit ball B, is weak
star sequentially compact, whenever the space X is Asplund or admits an equivalent
norm that is Gateaux differentiable away from the origin.

Definition 3.1. Let f: X — RU {40} be l.c.s. and ¥ € domf and let 9% f be any
subdifferential of f (for instance € f, 9~ f, df, 9 f, and 9 f). We will say that o*
is topologically closed at % if, for every net (x;,x}) ey in 9% f such that X —W X
and x; —/ % one has (¥,x*) € 9*f, where —"" denotes the w*-convergence in
X* and (y,y*) € 0* f means that y* € 9% f(y). When the set J is replaced by N, we
say that 0¥ f is sequentially closed at .

We will also say that the function f is Dini subdiﬁ‘erenticilly regular (respectively,
Fréchet, proximally) at ¥ whenever 0~ f() (respectively, df (), d¥ f(¥)) coincides
with 9€ £ ().

We finish this section by recalling the following results (by Zagrodny [262]
and Rockafellar [236]). As it appears in [262] the following Zagrodny mean value
theorem holds for any subdifferential concept although the proof in [262] was given
for the generalized gradient (Clarke subdifferential).

Theorem 3.1. Let X be a Banach space, f: X — RU{+oo} be Ls.c. on X and
d*f be any subdifferential of f. Let a,b € domf (with a # b). Then there exist
xp — c€a,b) = {rb+ (1 —r)a:re[0,1)} and x;, € I* f(x,) such that

f(b) = f(a) <lim(x;.b—a)

and

16 —cll
16— all

[f(b) = f(a)] <1im (x;,b—xy).
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Proposition 3.1. Let f be any extended-real-valued function on X and X be any
point where f is finite. If f is directionally Lipschitz at X, then

(i) for every h € int dom f(%;-)

f1(&h) = fO(x:h) = limsup 17! [fx+1h)—al;
(x,a)) px
(t,h’)a(()fﬂh)

(ii) intdom fT (%,.) is the set of all vectors h with respect to which [ is directionally
Lipschitz and f1(%,.) is continuous over int domf™ (%;-);
(iii) f1(%h) = liminf Oz 1) for everyh € X.
!

3.2 Directional Regularity of Functions

In this section, we are going to prove (under some general assumptions) that the
directional regularity is equivalent to the closedness of the Dini subdifferential. We
begin by showing that the directional regularity of f at X coincides with the Dini
subdifferential regularity of f at X whenever the generalized gradient of f at x is
nonempty.

Proposition 3.2. Let X be a real normed vector space, f: X — RU{+eo} be Ls.c.
and % € domf with d€ f(%) # 0. Then the following assertions are equivalent

(i) f is directionally regular at x;

(ii) f is Dini subdifferentially regular at Xx.

Proof. The implication (i) = (ii) is obvious. So, we will prove the reverse
implication (ii) = (i). Fix any h € X. Suppose that 9~ f(X) = d€f(%). As the
inequality £~ (%;4) < fT(%;h) always holds, one has

f1(&@h) =sup{(x*,h) : x* € 9 f(%)}
= sup{(x",h) : x* € 9~ f(X)}
<[ (&h)
< f(xh).

This ensures that f is directionally regular at X and proves the reverse implication. [

As a direct application of this proposition one obtains that the primal lower nice
functions introduced by Poliquin [228] are directionally regular at all points of the
domains of the subdifferentials. Indeed it is shown in [228] that all subdifferentials
coincide for these functions.

Consider now the following lemma which has its own interest. It will allow us to
prove the main propositions of this section.
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Lemma 3.1. Ler X be a real normed vector space, f: X — RU {+oo} be Ls.c.
and x € domf. Suppose that f is directionally Lipschitz at X. Then, for all h €
int domf"(%;-) one has

limsup f1(x;h) < f(%h).

x—f%

Proof. Fix any h € int domfT(%;-). As f is directionally Lipschitz at %, one has (by
(i) in Proposition 3.1)

f1(&h) = limsups ! [f(x-+1h) = f(x)],
x%fi
110

and there exists 6 > 0 such that f is directionally Lipschitz at each x € U(f,%,0) :=

{xeX:xex+06Band|f(x)— f(X)| < 8}. Let y > f1(x;h). By definition of upper
limit, there exists 0 < &’ < § such that

[ f k)~ £()] <,

forallx € U(f,x,6") and all t € (0,8"). Fix any xo € U(f,%,6'/2). Then we have

t T [fx+th) — f(0)] <7,

forallx € U(f,xo,06'/2) and all € (0,8"), and hence as f is directionally Lipschitz
at each pointx € U(f,*,8’) one has

fT(xo:h) = limsupt ™' [f(x+th) — f(x)] <.

x%fxo
110

Thus, since this inequality holds for all xo € U(f,%,8'/2) and all y > fT(%;h), then
taking upper limits as xo —/ ¥ gives

limsup /1 (xo; 1) < f1(x: 1),

X()*)f)?

which completes the proof. g

Proposition 3.3. Let X be a real normed vector space, f: X — RU{+e} be Ls.c.
and % € domf. If f is directionally Lipschitz at %, then d€ f is topologically closed
at x.

Proof. This follows immediately from Lemma 3.1 and the equality
OCf(%) = {x": (x*,h) < f1(%h) for all heintdomf! (%) },

because f is directionally Lipschitz at x. O
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Proposition 3.4. Let X be a Banach space, f: X — RU {+oo} be ls.c. and
X € domf. Suppose that f is directionally Lipschitz at x. Then the following
assertions are equivalent

(i) f is directionally regular at % with respect to any vector h € int domf" (%;-);
(ii) limsup f~ (x;h) < f~(%;h), for all h € int domfT(;-).
x—/ %
Proof. The implication (i) = (ii) is immediate from Lemma 3.1 and the inequality
f~(x;h) < fT(x;h). Let us prove the reverse implication. Assume (ii) and fix any
h € intdom fT(%;-). As we always have (see[136])

(& h) < sup <limsup ( inf f~ (x,h))) ,

e>0 \ xfg \h€h+eB
then
f1(&h) <limsup f~ (x;h)
x—fx
< f (®mh)(by (ii)
< f1(%h).

This ensures the directional regularity of f at X with respect to & and hence the proof
is complete. o

Throughout the following two lemmas we assume that f : X — RU {400} is
lower semicontinuous on X, ¥ € domf and 9*f is a subdifferential of f in an
appropriate Banach space X and that satisfies 9% f C dC f (for instance, we take d f
(respectively, 0~ f, ¥ f) whenever X is an Asplund space (respectively, a Banach
space with a Gateaux differentiable (away from the origin) renorm, a Hilbert space)).
The following two lemmas will be also needed in the next section to establish
characterizations of Fréchet and proximal subdifferential regularity.

Lemma 3.2. If f is directionally Lipschitz at ¥ with respect to & € X, then there
exists B € R such that for every sequence (x,,x;)neN in d* f, with x,, —/ %, there
are ng € N and a neighborhood H of & such that for all n > ngy one has

(xp,hy <P for all heH.

Proof. As f is directionally Lipschitz at ¥ with respect to /, there exist § € R, § >0
such that

t ' [f(x+1th)— f(x)] <B.forallt € (0,8),h € h+6B,xeU(f,%,8). (3.1
Let (xy,x)nen in 0 f, with x, —/ . Then there exist ny € N such that x, €

U(f.%,8), for all n > no. Fix any hg € h+ $B and any n > ng. Then by (3.1)

i1 [f(x+1h) — f(x)] < B,forallt € (0,8),h€hy+ gB,x € U<f,xn,§),
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which ensures that
4 -0
S (xn,ho) < B, for all n>ny and all hy € h+ EB.
Thus, as x’ € 9% f(x,) C dCf(x,), one has

-8
(x3,h)y < f1(xy,h) < B, for all n>ny and all heh+§B,

which completes the proof. O

Lemma 3.3. If f is directionally Lipschitz at ¥ and ICf(X) # O, then for each
h € int domf"(%,.) there exist a sequence u, —' ¥ and a bounded sequence
(1} )neN in X* such that

(i) u; € d%f(uy) for alln € N;
(i) f1(x,h) <limsup (u;,h).

Proof. Let h € int domf"(%,.). As d€ f(%) # 0, one has
ST(ER) = sup{(x*,h):x" € I°f(%)} > —eo, (3.2)
and by (i) in Proposition 3.1 one also has

f1(®R) = limsupt ' [f(x+1th) — f(x)].
x%f}?
110

Let us consider sequences x,, —/ % and #, — 07 such that

f‘r (i’l:l) = lirIlnt,TI [f(xn + tnljl) _f(xn)} . (3.3)

For each n € N, we put a, := x,, and b,, 1= x;,, + t,h. Note that, for n large enough,
f(x,) is finite and that f(b,) is also finite because f is directionally Lipschitz at &
with respect to h. Then by Theorem 3.1, there exist a sequence ¢, — ¢, € [an, )
and a sequence (x} , Jken in X* thatx; € 0% f(cxn) for all k € N and

ty [ (o +tah) — f(x)] < lim (x,.h). (3.4)

oo

Thus, for each n € N, there exists s(n) € N such that

: * 1. * T 1
h,En <xk,mh> < <xs(n),n’h> + n_-l—l’ (3.5)
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and
1
n+1

”Cs(rz) n

Put uy := xj,), and uy, := ¢y, Then, uy € 9% f(u,) for each n € N, which

N
ensures (i). .

As f is directionally Lipschitz at X with respect to / (see (ii) in Proposition 3.1),
then by Lemma 3.2 above, there exist € R and ng € N such that for all & around

and all n > ng

<u;‘l,h> <B.
By (3.2) and (3.3), there exist n; € N and o € R such that for all n > n

o <t [f(un+tuh) — fu)] < (s, h) + (by (3.4) and (3.5))

n+1’
and hence o —1/(n1+1) < (u;,h) forall n > ny. Put N := max{ng,n; } and oy :
0 — —. Choose 8 > 0 such that (us;, ><ﬂforallh€h+5Bandalln>N

n+

Then, for alln > N and all b € B, one has

(ur.b) < 5[ F-35) — (ur )]
1
<< [B a1
So foralln >N,
gl < m = B0

which ensures that the sequence (u};),en is bounded. Furthermore, (ii) is ensured by
(3.3), (3.4) and (3.5), and hence the proof is finished. a

Now, we are ready to prove our main characterization of directional regularity for
directionally Lipschitz functions.

Theorem 3.2. Assume that X is a Banach space admitting an equivalent norm that
is Gateaux differentiable away from the origin. Let f : X — RU {+e} be Ls.c.
on X and directionally Lipschitz at X € dom f with 9€ f(X) # 0. Then the following
assertions are equivalent

(i) f is directionally regular at x;
(ii) @~ f is topologically closed at X and dom f1(%;-) = dom f~(%;-);
(iii) 9~ f is sequentially closed at ¥ and dom f(%;-) = dom £~ (%;).
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Proof. Let us prove first the implication “(i) = (ii)”. The assumption (i) evidently
implies

dom fT(%-) = dom f~(%;)

and 9~ (%) = @ f(¥). So Proposition 3.3 ensures that 9~ f is topologically closed
at ¥ and this finishes the proof of the first implication. Since the implication “(ii) =
(iii)” is obvious, it remains to show the third one “(iii) = (i)”. Fix any vector
h € int dom f7(%;-). We apply Lemma 3.3 with the Dini subdifferential 9~ f and we
obtain a sequence x, —/ ¥ and a bounded sequence (x?),en in X* such that

() x, €9 f(xy) foralln e N;
() f1(%h) <limsup,_, . (x;.7).

As the space X admits an equivalent norm that is Gateaux differentiable away
from the origin, the closed united ball of X* is weak star sequentially compact and
hence we may suppose that the sequence (x;),eN converges with respect to the weak

star topology to some x* € X*. Therefore, by the sequential closedness of 9~ f we
have x* € d~ f(X), and hence by (b) and Proposition 3.1

&R = f1(@h) < (x*,h). (3.6)

Note that the analysis above ensures that 9~ f(%) # 0. Fix now & € dom f1(%;-),
consider the lower semicontinuous convex function ¢ defined by

o(h):= sup{<x*,h> Xt e 87f()?)},

and note that
@(h) < f~(%h) < f1(&h) for all heX. (3.7)

Fix v € int dom f7(%;-) and put &, := h+t(v—h) fort € [0, 1]. By (3.7) we have i, €
dom ¢ for all 7 € [0, 1] and hence the function 7 — @(h;) is continuous on [0, 1] (see
Theorem 10.2 in [240]). Moreover for each t € (0, 1] we have &, € int dom f7(%; )
and (3.6) ensures that there exists x;' € d~ f(X) with

fo(i;hz) :fT(f;ht) < <xt*ahl> < o(h).
Therefore, by Propositions 3.1 and 3.4
S1(%h) =liminf /(% 1)
h—h
< liminf f°(%;h;)

—0t

< lim (k)

t—0t
= o(h)
< fT(x:h).
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So f1(%h) = f~(%;h) for all he dom fT(X;~)_. As dom f1(%;-) = dom £~ (%;-) by
assumption, we get f1(%;4) = f~ (%) for all i € X and the proof is complete. O

We close this section with the following result, which gives the equivalence between
the various notions of Dini regularity given above and also the closedness of the Dini
subdifferential, when the function is assumed be locally Lipschitz. Its proof follows
directly from Propositions 3.2 and 3.4 and Theorem 3.2.

Corollary 3.1. Assume that X is a Banach space admitting an equivalent norm that
is Gateaux differentiable away from the origin. Let f : X — R be a locally Lipschitz
function around X € domf. Then the following assertions are equivalent

(i) f~(-3h) is upper semicontinuous at % for all h € X;
(ii) f is directionally regular at X;
(iii) f is Dini subdifferentially regular at X;
(iv) 0~ f is topologically closed at x;

(v) 0~ f is sequentially closed at X.

3.3 Fréchet and Proximal Subdifferential Regularity
of Functions

As in the previous section, we use the general results established in Lemmas
3.2 and 3.3, to prove the equivalence between the topological closedness of the
Fréchet subdifferential (respectively, proximal subdifferential) and the Fréchet
subdifferential regularity (respectively, proximal subdifferential regularity) of f
whenever it is directionally Lipschitz.

Theorem 3.3. Let X be an Asplund space, [ : X — RU {+eo} be Ls.c. on X with
X € dom f and let s(%;-) be the support function of d f (%), that is

s(@:h) = sup{(y*,h):y" € If(%) }.

Suppose that f is directionally Lipschitz at X. Then f is Fréchet subdifferentially
regular at % if and only if df is topologically closed at % and dom f'(%;-) =
dom s(x;-).

Proof. The implication “==-" follows from Proposition 3.3. So we will prove the
reverse implication “<=". Fix any & € int dom fT(%;-). As in the proof of Theorem
3.2 we apply Lemma 3.3 to obtain an element x* € d f(%) that satisfies fT(%;7) <
(x*,h), and hence df(¥) # 0. Thus, for each & € int dom f'(%;-) there exists x* €
df (%) such that

f1(&h) < (x*,h) < s(x:h) = sup {(y*ft>;y* € If(%) } : (3.8)
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Put D := dom fT(%;-). It is obvious that the function s(%;-) is convex and lower
semicontinuous. Fix v € int D and & € D and put A := h+ (v — h) for each
t € [0,1]. Observe that ; € int D for each ¢ € (0, 1] and that the function ¢ — s(X; ;)
is continuous on [0,1] (see Theorem 10. in [240]). So, we have (see (iii) in
Proposition 3.1)

f1(®h) = liminf f°(%; 1)
W —h

< liminf f°(%; i)

t—0t

< lim s(%; /) (by(8))

t—0t

= s(X;h).

Therefore, f1(%;h) < s(%;h) for all h € dom f1(%;-). As dom f1(%;-) = dom s(;-),
the inequality above holds for each / € X, which ensures that the support function of
dC (%) is not greater than the support function of d f(%). Since d (%) is weak-star
closed (because of the topological closedness of d f at %) we get that 9€ £ (%) C P) f(x)

and hence 9€ f (%) = P) f(%) (the reverse inclusion being always true). So the proof
is complete. g

In the following theorem, we prove that if X is assumed to be reflexive, the Fréchet
subdifferential regularity of f at ¥ is also equivalent to the sequential closedness
of the Fréchet subdifferential. This equivalence is an open problem in the case of
nonreflexive Banach spaces.

Theorem 3.4. Let X be a reflexive Banach space, f: X — RU{+eo} be Ls.c. on
X with X € dom f and let s(%;-) be the support function of d f (%), that is

s(%h) = sup{<y*,h>;y* € gf()?) }

Suppose that f is directionally Lipschitz at X. Then the following assertions are
equivalent:

(i) f is Fréchet subdifferentially regular at X;

(ii) /a\f is topologically closed at % and dom f1(%;-) = dom s(%;-);
(iii) gf is sequentially closed at X and dom f1(%;-) = dom s(%; ).
Proof. We have only to prove the implications: “(ii) = (iii)”” and “(ii) = (1)”. As
the implication “(ii)) = (iii)” is obvious. So we will prove the implication “(iii)=—
(1)”. To do that we follow the same idea used in the proof of Theorem 3.2 and we
obtain

f1(&h) < s(%h) for all heX.
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This ensures that the support function of d€f(%) is not greater than the support
function of 9 f(%). Since d f(%) is weak-star closed (because of X is reflexive and
the Fréchet subdifferential is convex strongly closed set in X*) we get that € f (&) C
P) f(%) and hence 9€f (%) = P) f(X) (the reverse inclusion being always true). So the
proof of the implication ““ (iii)==> (i)” is complete. O

We conclude the chapter with the theorem below, which concerns the proximal
subdifferential regularity when X is assumed to be a Hilbert space. We omit the
proof since it follows the arguments in Theorem 3.3.

Theorem 3.5. Let X be a Hilbert space, f: X — RU{+oo} be Ls.c. on X with
% € dom f and let s(%;-) be the support function of d¥ f(%). Suppose that f is
directionally Lipschitz at X. Then f is proximally subdifferentially regular at X if
and only if I f is topologically closed at ¥ and dom f1(%;-) = dom s(%;-).

Remark 3.1. Note that in contrast to Theorem 3.4 we cannot add in Theorem 3.5
the sequential closedness of the proximal subdifferential as a characterization of
the proximal subdifferential regularity because the proximal subdifferential is not
closed in general even in finite dimensional spaces.

3.4 Commentary to Chap.3

In this chapter, we present various concepts of regularity of functions and we study
the possible relationships between them. Most results are proved in Bounkhel and
Thibault [60]. Other concepts of regularity for functions are introduced and studied
by different authors. For more studies on the regularity of functions, we refer the
reader to the following list of references: [22-25,30-34,36,38,39,44,46,48,55, 60,
61,71,72,88,89,91,94,97,98,102, 104, 105, 121, 133,134,136, 137, 145, 147, 148,
183,190, 192,193,226, 228-230, 236,237,239,241,242,244,251,254-256,258].



Chapter 4
Regularity of Set-Valued Mappings

4.1 Introduction

Let M : EZ2F be a set-valued mapping defined from a Hausdorff topological vector
space E into a normed space F and let (¥,y) be a point in E x F. There are many
ways to define the regularity for set-valued mappings. For instance, we can define
the regularity of M at (%,y) in gphM the graph of M in a geometrical point of
view (via tangent and normal cones) or as the regularity of some scalar function
associated with M.

The scalarization of any geometrical property of a set-valued mapping M requires
the appropriate choice of the scalar function associated with M. As we have seen
in the chapter reserved for sets, the appropriate scalar function associated with a
subset S in a normed vector space was the distance function ds. In our case here,
the distance function to the graph of M has no sense because E is assumed to be
a Hausdorff topological vector space. So, the distance function to the graph of M
cannot be used for such study and the important results established in Chap. 1 cannot
be applied. Another natural scalar function that can be associated with the set-valued
mapping M is the distance function to images Ay : E X F — RU{+ec} defined by
Ap(x,y) = d(y,M(x)) for all (x,y) € E x F (the distance between y and M(x)).
This function is well defined because F is assumed to be a normed vector space.
Moreover, it is generally more convenient to handle with Ay. For example, when M
is a usual mapping f, one has A (x,y) = ||y — f(x)]|.

The function Ay has been successfully used in optimization theory by a number
of authors including Clarke [86—88], Castaing and Valadier [79], Rockafellar [238],
Thibault [247], Ioffe [139], Bounkhel [44,45] and Bounkhel and Thibault [59, 62,
63]. The aim of this chapter is to show how the function Ay, recalled above allows
to characterize the tangential regularity of the set-valued mapping M for general
topological vector spaces E. To do that we need to prove in the next section some
important results on the scalar function Ay,.

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 87
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5_4,
© Springer Science+Business Media, LLC 2012
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4.2 On the Distance Function to Images A,; Around Points on
the Graph

Let M be a set-valued mapping from a Hausdorff real topological vector space E into
areal normed vector space F. The graph gph M (resp. the effective domain dom M)
of M : EXXF is the set gph M := {(x,y) € E X F :y € M(x)} (resp. dom M := {x €
E : M(x) # 0}). The set-valued mapping M is said to be closed if its graph is closed.
Consider the function Ay, defined on E X F by

Ay (x,y) = d(y,M(x)),

where the right term is +oo whenever M(x) = 0, i.e., x & dom M.
If E is a normed space, it is easily seen that for all (x,y) € E X F

dgph M(xay) < AM(X,y) < WM(xay)a

where dgph p(x,y) 1= d((x,y),gph M) and )y, denotes the indicator function of
gph M i.e. yy(x,y) = 0if (x,y) € gph M and +oo otherwise.

Throughout this section E will be a Hausdorff topological vector space.

In [247], Thibault established a useful characterization of the generalized
directional derivative of the function Ay at (%,y) when E is a normed vector
space. His characterization provides that we can replace ((x,y), &) la,, (%,7) in the
definition of A;,I(i,y‘; ) by (x,y) —M (%,7), i.e., we may take into account only
the pairs (x,y) in the graph of M. In the following theorem, we show that the same
characterization holds in the case when E is a topological vector space.

Theorem 4.1. Let M be a set-valued mapping from E into F with (%,7) € gph M.
Then for all (h,k) € E X F

Al (%,7;h,k) = limsup inf7~! {AM(x—l—th,y—&—tl_c)}

(wy)=M(xy) h—h
110

and

A (%, 7:h,k) = limsup 77! [AM(x+t}_z,y+tl_<)].

(xy)—M (z.3)
110

Proof. Fix any (h,k) € E x F. We only show the first equality, because the second
one is obtained with H = {h} in the proof below. We denote by f the right-hand
side of this equality and we begin by proving the following inequality

Al (%, 5:0.%) < B. @.1)
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Obviously, we may suppose 8 < -+oo. Consider H x K € .4 (h,k) and € > 0. By
the definition of 3, there exist § € (0,€) and X x Y’ € A(%,¥) such that for all
t € (0,8) and for all (x,y) € (X x Y")Ngph M there is h € H with

1Ay (x+th,y+1k) < B+e. (4.2)

Choose €' € (0,min(g,5,1)) and Y € 4 (7) such that Y +2¢'Br C Y’, and fix any

t € (0,&) and any (x,y,a) € (X xY x (—€',€')) Nepi Ay. As o > Ay(x,y) =
d(y,M(x)) we have M(x) # 0 and hence we can choose y' € M(x) satisfying

ly =Yl <22+ Ay (x,y) < €+ o < 2€, (4.3)

and hence y' € y+2¢'Br C Y +2€'Br C Y/, which ensures that (x,y') € (X xY')N

gph M.
Therefore, by (4.2) there exists & € H such that

1 Ay (x+1h,y +1k) < B+ e,
and hence
B+2e >t Ay(x+1hy +1k)+¢
>t Ay (x+th,y +tk) + 1]
> 1 [Au et thy +1R) + |y =l = Aux,y)] - (by (4.3)
>t [ Ay (x4 thyy +1k) — @,

which proves (4.1).
Now, we prove the reverse inequality

B < Ay (%.5:h,K). (4.4)

We may suppose A (%, 7 51,k) < 4. Let & > 0 and H € 4 (h). Put K = k+ £Bp.
There exists X x Y € 4/(%,y) and 8 > O such that for all (x,y,a) € (X xY x
(—0,0)) Nepi Ay and for all # € (0, 8) there is (h,k) € H x K with

- - €
t’l[AM(x+th,y+tk) — o <A;,I()E,)7;h,k)+§.

Fix any (x,y) € (X x Y)Ngph M. As Ay (x,y) = 0 we have (x,y, Ay (x,y)) € (X X
Y x (—68,06))Nepi Ay and hence, by the last inequality above, there exist 2 € H and
k € K such that

- = €
17! [Am(x+th,y+1k) — Ay(x,y)] < A;,[(X,)?;h,k)wL >
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Therefore, as we always have

Ay (x+th,y+tk) < Ay (x+th,y +tk) +t||k — k||,
then

_ . - e .
T [ Av(x+thyy +1R)] < AL (% 7:h,k) + ||k — K| +3 <AL &7k +e.

This proves the inequality (4.4) and the proof is complete. o
The proof of the following theorem is straightforward and hence it is omitted.

Theorem 4.2. Let M be a set-valued mapping from E into F with (%,5) € gph M.
Then for all (h,k) € E x F

Ay (%, 5.5, K) = liminfr~! AM(Xthh,ertl_c)} .
h—h
110

These two above theorems allow us to describe the Clarke tangent cone
T¢(gphM;x,7) and the contingent cone K(gphM;%,5) to gphM in terms of the
function Ay,.

Theorem 4.3. Let M be a set-valued mapping from E into F with (X,y) € gph M.
Then,

T¢(gph M;%,5) = {(hk) € Ex F: A} (%,5:h,k) = 0}
and
K(gph M;x,5) = {(h,k) €E X F : Ay(X,y;h,k) =0}.

Proof. We will prove the first equality (the proof of the second one being similar).
As Ay <y it follows from Theorem 4.1 that

0<ALET) < w50
and hence
TC(gph M;%,5) C {(h,k) €E X F: A}, (%,3:h,k) =0}
since (h,k) € T¢(gph M;%,¥) if and only if l//;,l(i,y;h,k) =0.

Now assume that A;,I (%,9;h,k) = 0. Consider any positive real number & and any
H € 4 (h). By Theorem 4.1 once again we have

limsup [infflAM(xHh,yH/}) —0.
() oMy hEH
tl0
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So there exist X x Y € .#/(%,7) and A > 0 such that for all (x,y) € (X xY)Ngph M
and r € (0,A) there exists 4 € H such that

' Ay(x+thy+tk) <e e d(y+tk,M(x+1h)) <te
and hence we may choose k € F with y+tk € M(x+th) and ||(y+tk) — (y+1k)| <
te. Therefore, for each (x,y) € (X xY)Ngph M and ¢ € (0,2) there exists (h,k) €
H x (k+ €BF) such that

(x,y) +1(h,k) € gph M.

O

This shows the reverse inclusion and the proof is complete.

Recall (see Chap.1) that the convexified (Clarke) normal cone N© (S;%) to
subset S C E at ¥ € S is the negative polar cone of TC(S;%), that is NC(S;%
{x* €E*; (x*,h) <0, VheT(S;x)}.

The description of T7C(gph M;%,7) in Theorem 4.3 ensures for (%,7) € gph M

I e

Al (%,5:0,0) =0, (4.5)

because the Clarke tangent cone always contains the zero vector. Note that this result
can also be derived from the first equality in Theorem 4.1.

Corollary 4.1. Assume that E is locally convex and M is a set-valued mapping from
E into F and (%,3) € gph M. Then

N€(gph M;%,5) = cl,» (R0 Ay (%,7)).
Here, cl+ denotes the closure with respect to the w*— topology in E* X F*.
Proof. The second member is obviously included in the first one. To prove the

reverse inclusion we will prove that the polar cone of cl,« (R+8CAM(X, ) is
included in the polar cone of N¢(gph M;#,5). Note first that

(cly (R49%AN(%,5)))" = (0%Au(%,5))°.

So, consider any (h,k) € (QCAM()E,)?))O. Then, we have
("), (hk)) <0 for all (x*,y*) € I°Au(%,5),
and hence (since dC Ay (%,7) # 0)

Ay (&30, k) = sup{{(x*,y"), (h,k));  (x",y") € IAu(%,5)} <0.
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This ensures that A;,[()E, v;h,k) = 0, and hence, by Theorem 4.2, we obtain
c o= C _ _\\0
(h,k) € T (gph M;%,3) = (N“(gph M;%,5)) . .

Following Aubin [6], a geometric notion of derivative for set-valued mappings is
associated with each notion of tangent cone.

Definition 4.1. Let R(gph M;%,y) be any tangent cone (K(gph M;x,y) or
TC(gph M;%,7)) to gph M at (%,5) € gph M. The R-derivatives of M at (%,7) €
gph M is the set-valued mapping DgM(%,7) defined from E into F by

gph (DrRM(X,¥)) := R(gph M; X, 7).

We will denote by Ag s the distance function associated with the R-derivative
of M at (x,y) defined on E X F by

AR,M(x’y) = ADRM()?,)?) (xay) = d(vaRM(va)(x))'

The next results of this section provide a relationship between the generalized
directional derivative (resp. the lower Dini directional derivative) of Ay and the dis-
tance function Azc ), (resp. Ag ) associated with the T-derivative (respectively,
K-derivative) of M at (%,5).

Theorem 4.4. Let M : EXF be a set-valued mapping with (%,7) € gph M. Then for
all (h,k) e EXF

AL (@530, k) < Agc (1K)

Proof. Fix (h,k) € E x F. We may assume that ATc’M(i_z,/_c) < +-oo. Consider € > 0.
There exists v € DycM(%,5)(h) (i.e. (h,7) € T¢(gph M;%,7)) such that

€

9=l < Age () + 5

(4.6)

Let H € .4 (h) and V = v+ $Bp. Then by the definition of the Clarke tangent
cone, there exist X € A(X), Y € A (¥) and 6 > 0 such that

((x,y)+t(HxV))Ngph M #0 forall (x,y) € (X xY)Ngph M, € (0,5),
and hence, there exist 4 € H and v € V such that
(x,y) +t(h,v) € gphM, ie.,v et [M(x+1th) —y)]. (4.7)
Moreover, we always have

t Ay (x+thy+1k) =t 'd(y+tk,M(x+1th)) =d (k,t ' [M(x+1th) —y]).
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Then for every (x,y) € (X x Y)Ngph M and every ¢ € (0,6) there is (h,v) € H XV

such that
7 Ay (x+th,y+1k) < |[k—v||(by (4.7))
< k=]l + (|7 ]|
- £
< k=l + <
< e+ %,
and hence
sup inf sup inf 1~ Ay (x4 th,y +tk) < ||k — 7| +

He () VS HE) (ey)e(xx<r)ngph m hE€H
6>0 1€(0,5)

According to (4.6) and Theorem 4.1 we conclude that
A;(}E,y, /:l,/;) S ATC,M(]TI, ]_C) + E.

So the proof is complete.

| M

a

Theorem 4.5. Let M : EZXF be a set-valued mapping with (%,y) € gph M. Then for

all (h,k) eExF
AI\TI()E))_}»E’I;) S AK,M(B’I;)‘

Proof. Let (h,k) € E x F. Assume that Ag y(h,k) < -+oo (the other case is obvious)
and fix £ > 0. There exists ¥ € DkM(%,¥)(h) (i.e. (h,7) € K(gph M;,7)) such that

- - - € s = €
[V — k|| < d(k, DkM(%,3)(h)) + 5 = Ag m(h, k) + 5 -
2 2

(4.8)

LetH € A (h),V =7+ 5Bp,and A > 0. As (h,7) € K(gph M;x,5), there exists

t € (0,4) such that
[(%,9)+t(Hx V)| Nngph M # 0,
and hence, there are h € H and v € V with
v et Mz +1th)—73).
Moreover, for these & and v we always have
t 7 Ay (R4 th,5+1k) = d(k,t " [M(Z+th) —3)])

< Jlk—v] (by (4.9))
< k=7 +[[v—v||

< A m(h,k)+e. (by (4.8)).

4.9)
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So, for all H € .4/ () and A > 0, there exists € (0,1) and i € H such that
1 Ap(F+th,5+1k) < A m(hk) + &,
and hence by Theorem 4.2

Ay (R 5 hk) = sup inf ¢ Ay (R+th,5+1k) < Ag m(h,k) + €.
HEN ) &)
>

This completes the proof. O

Remark 4.1. Observe that the set-valued mapping M : E=3F with M(x) = S for any
x € E (where S is a fixed subset of F) satisfies for all 2 € E

DgM(%,3)(h) = K(S:5) and  DypcM(%,5)(h) = T(S:¥),

where y € S.
Borwein and Fabian [36] showed that in any infinite dimensional Banach space
F there exist a closed subset S and y € S such that

d(K($:9)) # dg (¥;-)-

For this subset S and the set-valued mapping M associated as above, it is then easily
seen (using the equalities above) that

AK,M(')') > Allj[(ia)_}»a)

So for infinite dimensional spaces F the inequality in the statement of Theorem 4.5
cannot be replaced by an equality.

4.3 Tangential Regularity of gph M and Directional
Regularity of Ay,

First, we are going to study some cases where the equality
Agm () = Ay (5 35) (4.10)

holds. This will be a bridge between the tangential regularity of the graph of a set-
valued mapping M at a point (%,7) € gph M and the directional regularity of the
function Ay, at the same point. It allows us to scalarize the tangential regularity of
M at (%,7) € gph M with the help of the scalar function Ay.
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In all the sequel of this section, we assume that E is a topological vector space.
Let us recall that the contingent cone to a closed set S C E at ii € S has also a
characterization in terms of nets (a generalization of Proposition 1.6 part 1 for any
topological vector space, see e.g. Penot [184]).

A vector v € K(S; ) if and only if there exist a net (¢;) jcs of positive real numbers
converging to zero and a net (v;) jey in E converging to v such that

X+tyv;es, foreach jelJ.
Let us begin with the case when F is a finite dimensional space.

The proof of the following theorem is adapted from the proof of Fact 1 in
Theorem 2.1.

Theorem 4.6. Let F be a finite dimensional vector space and let M : E=F be
any set-valued mapping defined from E into F with (X,5) € gph M. Then for all
(h,k) e EXF

A}l}(“fa)_]’hvk) = AK,M(hvk)'
Proof. Let (h,k) € E x F. The inequality

Ay (%,9:h,k) < Ak p(h, k)
always holds by Theorem 4.5. So, we will show the reverse inequality

Ag m(h,k) < Ay (%5 h,k).

We may suppose that Ay, (X,¥;h,k) < eo. Let us consider (by Theorem 4.5) a net
(tj,hj)jes in (0,4e0) x E converging to (0,4) and such that

Ay (51, k) = }]_ig}d(k,tjfl (M(x+1;h;) —7]).
For each j € J we choose
vi €7 [M(Z+1jhj) - 5] (4.11)
with
d (ot M+ 15h) = 5] ) = k= vy~
Then,

Ay (%, 5:h,k) > limsup [k —v;]. (4.12)
jeJ
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Since we have supposed that A, (,7;/,k) < oo, there exist a real number f§ > 0
and jj such that

lvill <B, forallj= jo.

Thus, as F is finite dimensional, some subnet converges to some v € F. Therefore,
(4.11) ensures that (h,v) € K(gph M;%,) i.e. v € DxkM(%,7)(h). So it follows from
(4.12) that

Ay (%,5:1,K) > ||k —v]| > d(k, DkM(%,5) (h)) = A (. k),

which completes the proof. O

This theorem suggests to consider the following compatibility of the function Ay,
with respect to the contingent cone. We will say that a set-valued mapping M : E=F
is contingentially metrically stable at (%,y) € gph M if

Ay (X, 53 hk) = Agm(hk)  forall (hk) € E XF,

and we will denote by ¢ (,7) the collection of all such set-valued mappings.

By Theorem 4.6 all set-valued mappings M defined from a Hausdorff topological
vector space E into a finite dimensional normed space F is in JZ(%,¥), for each
(¥,y) € gph M.

Another general example of set-valued mappings in ¢ (X, y) is given by Theorem
4.7 below concerning implicit set-valued mappings. Let E be a topological vector
space and F and G be two Banach spaces. Let f : E X F2G be a mapping
that is strictly Fréchet differentiable at (%,y) with respect to the second variable,
that is, there exist a neighborhood X of &, a continuous linear mapping V, f(x,7)
from F into G and a mapping r : X X F X F — G such that for all (x,y,y)
EXXFXF

fe,y) = f(xy) =Vaf (@3 =)+ ly=ylr(xy.y)

and lim r(x,,y') = 0. We also assume that f is Gateaux directionally
(eyy' )= (%3.5)

differentiable at (¥,7) with respect to the first variable, that is, there exists a (not

necessarily linear) continuous mapping D, f(%,¥;-) from E into G such that for all

heE

lim ¢ ' [f(&+th.9) - f(£,9)] = Dif(X,5:h).

W —ht—0t
We are going to consider the implicit set-valued mapping M : E=3F defined by

M(x):={y€eF: f(x,y) €eC}, (4.13)
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where C is a closed convex subset of G with Z:= f(%,7) € C. We suppose that the
following Robinson qualification condition

0 € core[ImV, f(£,5) — (C—2)] (R.C.)

is satisfied. Recall that a point g is in the core of a subset S in G if for each z € G
there exists some real number € > 0 such that {¢+t(z—¢q):t € [—¢€,€]} CS.

Theorem 4.7. Under the assumptions above, the implicit set-valued mapping M
given by (4.13) is in (X, 7).

Proof. By Theorem 4.2 in Borwein [35] (note that Theorem 4.2 in [35] is presented
for normed vector spaces E but its proof is actually valid for any topological vector
spaces E using nets in place of sequences), the regularity condition (R.C.) implies
that there exist two real positive numbers § and y and a neighborhood X of ¥ such
that forall y € y+ 6B and all x € X

d(y,M(x)) < yd(f(x,y),C). (4.14)

Consider any (h,k) € E x F with Dy f(%,5;h) + Vof (%,7)(k) € K(C,Z). Then for
every positive number # small enough we have by (4.14)

t Ay (R +th,5+1k) <y 'd(f(R+1th,5+1k),C). (4.15)
Note that it is not difficult to see that
F(&+th,5+1k) = f(£,5)+1(D1f(%,3;h) + Vof (£,5) (k) +p(1)),

with lim p(z) =0 and hence for w := D f(X,5;h) + Vo f (%,5) (k)

t—0t

liminfr ~'d (f(¥+th,5+1k),C) = liminft 'd(Z+1(w+p(1)),C)

t—07t t—07t

= liminfr'd (Z+1w,C) =0,

t—0t
because w € K(C;Z). So taking (4.15) and the definition of A,, into account, we get

A, (X,5;h,k) = 0 and hence by Theorem 4.3 the vector (h,k) is in K(gph M;X,y).
As it is easily checked that the reverse inclusion always holds, we obtain

K(gph M;%,5) = {(h,k) € E X F : D1 f(x,7;h) + Vaf (%,7) (k) € K(C;2)}. (4.16)
Define now another set-valued mapping Q : F =G as follows

o(v)=Vyf(x,y)(v)—K(C,z) for all veF.
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This set-valued mapping has a closed convex graph and the regularity condition
(R.C.) implies that 0 € core[ImQ]. So, by Theorem 1 in Robinson [233] there exists
n > 0 such that

nBs C O(Br).

Since 0 € Q(0), by Theorem 2 in Robinson [233], for all z € G with ||z|| < 17 and all
y € F, one has

d(y.07'(2) < (n—lzI) " (1 +IyIDd (= Q1)) 4.17)

Now, we are ready to prove that M € . (%,7) i.e. Ay, (X,5;h,k) = Ag p(h, k) for
all (h,k) € E x F. As in the proof of Theorem 4.6, it is enough to show the inequality

Ax(hk) < Ay (%5:0,k)  for all  (h,k) €E X F. (4.18)
As the functions (h,k) — Agpm(h,k) and (h,k) — A, (%,y:h,k) are positively
homogeneous, we begin by proving (4.18) for all 7 € E with ||Dy f(%,5:h)| < 1
and all k € F. Fix (h,k) € E x F with ||Df(%,5;h)| < in. Without loss of
generality, we may suppose that Ay, (%, 7;h,k) < +-eo. Let us consider anet (¢;,h;) jes

in (0,4e0) x E converging to (0, %) and such that
Ay (%33 h,k) = limd (k.17 [M(2+1h}) = 1) .
For each j € J we choose v; such that (hj,v;) € t;l [eph M — (%,7) ] and
ke —vjll <d (ke [M(E+1h)) = 5]) +1). (4.19)
As Ay, (%,7;h,k) < +oo, there exist a real number 8 > 0 and jy € J such that
vl <B  forall j=jp.
On the other hand, we have
Agm(h,k) = d (k,DkM(%,9)(h)) < d(v;,DkM(%,9)(h)) +[[k—v;].  (4.20)
Using (4.16), (4.17) and the definition of Q we can easily check that
DiM(%.3)(h) = (Vaf (£.5)) " (K(C:2) — D1 f(%.5:h))

=0 (= Dif(%,5:h)).
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Thus, according to (4.17), we have for j > jo

| N (1+v;l)
d(v;, DkM(%,3)(h)) < n— DG h)|

<2011+ B)d (VoS (£,9)(v;),K(C:Z) — Dy f(%,5:1)).
4.21)

d(Vaf (%) (v;),K(C;2) — D1 f(%,3:h))

Because of our assumptions on the mapping f and since

(hj,vj) € 17" [gph M — (%) ],
we have for some € — 0"

C3 fE+1h,5+1v;) = f(%5) + ;D1 f(£,5:h) + 1,V f (£,5)(v}) +1j€),
for all j > jo and hence
Dy f(%,5;h) + Vo f (£.3)(v;) +¢ €1, 1(C—2) C K(C:2).
Therefore, for all j > jj
d(Vof (%,5)(v;),K(C;2) = D1 f(%,3:1)) < |l&]],

and hence using (4.21), we get that d(vj,DKM()E,y) (h)) tends to zero. So by (4.19)
and (4.20) we conclude that

AK,M(hvk) < hn}d(vjaDKM(fa)_})(h)) + limsup Hk - Vj” < Aﬂjl(ia)_};hvk)7

IS jeJ
which finishes the proof of (4.18), for all k € F and all h € E with || D, f(%,5;h)| <
%n. By positive homogeneity one easily obtains that

Agm(h k) < Ay (x,5;hk)  for all  (h,k) € EXF,

and hence the proof of the theorem is complete. O

In the following theorem, we prove that for each set-valued mapping M defined
from a Hausdorff topological vector space into a real normed vector space, the
directional regularity of the function Ay at a point (%,y) € gph M implies the
tangential regularity of the graph gph M at the same point (X,y). Moreover,
the converse also holds whenever M € 7 (%, 7).

Theorem 4.8. Let E be any Hausdorff topological vector space and F be any
normed vector space and let M : ESF be any set-valued mapping defined from
E into F with (%,7) € gph M. Assume that Ay is directionally regular at (%,3). Then
gph M is tangentially regular at (%,7). Moreover, if M € J# (X,¥), then the converse
is also true.
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Proof. Assume that Ay is directionally regular at (%,y), i.e.,
Ay (%,5:h,k) = AL (%, 7;h,k)  forall (h,k)€E xF.
Then, by Theorem 4.3, one has
K(gph M;x,5) = {(h,k) € E X F;A;(%,5;h,k) = 0}
= {(h,k) € E x F; A}, (%,5:h,k) = 0}
= T¢(gph M3%,5),
and hence gph M is tangentially regular at (X, y).
Now, we assume that gph M is tangentially regular at (¥,7) and M € JZ(%,¥).
Let (h,k) € E X F. As gph M is tangentially regular at (¥,), one has
Arm(h,k) = Ak (hk) (4.22)
and as M € % (%,y) one also has
Ak (k) = Ay (%,5: 1, k). (4.23)
On the other hand, one knows by Theorem 4.4 that
Ay (% 5:h,k) < Agc py (k)
and hence according to (4.22) and (4.23) one gets
Ay 5:h,k) < A (hK) = Ay (h,K) = Ay (%,5:1.K).
So
Al (%70 K) < Ay (%,5:h,K),

and since the reverse inequality is always true, the proof is complete. O
The following corollary is a direct consequence of Theorem 4.6 and Theorem 4.8.

Corollary 4.2. Let E be any Hausdorff topological vector space and F be a finite
dimensional vector space and let M : E=F be any set-valued mapping defined from
E into F with (x,¥) € gph M. Then gph M is tangentially regular at (%,¥) if and only
if the function Ay is directionally regular at (%,5).

Remark 4.2. Using Remark 4.1 it is easily seen that Theorem 4.8 and Corollary 4.2
do not hold for all set-valued mappings when F is infinite dimensional.
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Now, let us recall the Aubin property (also called local Lipschitz-like prop-
erty, pseudo-Lipschitz property) for set-valued mappings (see Aubin [7] and
Mordukhovich [192]).

Definition 4.2. Assume that £ and F are normed vector spaces. A set-valued
mapping M : EXXF is said to have Aubin property with ratio / at (¥,7) € gph M
(for a real number [ > 0) if there exist neighborhoods X C dom M of X and Y of y
such that

YNM(X') C M(x)+1||x—x|Bp, forall x,x' €X.

In [238], Rockafellar has proved that M has Aubin property with ratio / at (%,7) if
and only if there exist neighborhoods X C dom M of ¥ and Y of § such that

d(y,M(x)) <d(y', M)+ |ly =Yl +]x—=x||, forall (x,y),(x,y') € X xY.

We finish this section by giving a characterization of the generalized gradient
(Clarke subdifferential) of the function Ay at (¥,y) € gph M when M € J# (%, 7).

Theorem 4.9. Let E be a Hausdorff topological vector space and F be a normed
space, and let M : EZZF be any set-valued mapping defined from E into F and
(x,¥) € gph M. Suppose that M € J¢ (X,7) and gph M is tangentially regular at
(%,5). Then one has

AL (%, 53k k) = Apc py(h,k)  forall (hk) €Ex F (4.24)
and
9 Au(%,3) = (E* x Bp+) NN (gph M; %, ). (4.25)

If, furthermore, E is a normed vector space and M has Aubin property with ratio |
around (X,¥), then one has

9 Ay (%,5) = (IBg-) x Bp» NNC(gph M; %, 7). (4.26)

Proof.
1. Let (h,k) € E x F. By definition of .7 (%,7) and by Theorem 4.8 one has
Ay (%521, k) = Ay (%337 k) = Aga (),
and hence, since gph M is tangentially regular at (¥,), one has AL (%,3;h,k) =
Arp(h,k).
2. Let us prove the equality (4.25). Let (x*,y*) € (E* x Bp+) NN®(gph M;%,¥). Put

p(h.k) = Hkll + |<x*’h>| and  @(hk) = <_ (X*ay*)v (hvk)>7



102 4 Regularity of Set-Valued Mappings

for all (h,k) € E x F. It is easily seen that the inequality ||y*|| < 1 ensures that
for all (h,k) and (W k') in E x F

oW k) < o(hk)+p(h—H k—K).
Note that ¢(0,0) = 0 and
oW, K)>0 for all (k' ,K')eTC(gph M:%,¥)

because (x*,y*) € N(gph M;x,7). Then for any (h,k) € E x F and any (K ,k) €
T¢(gph M;%,¥) one has

@(0,0) < @(h' k') < @(h,k)+p(h—1 k=K,

and hence
0=0(0,0) < @(h,k)+ 6(h,k), 4.27)

where
8(h,k) :=inf{p(h—h k—K): (W k') € TC(gph M;%,5)}.
Observe that for any k' € DycM(%,7)(h) (i.e. (h,k') € T®(gph M;%,5)) one has

and hence
8(hk) <inf{||k—K| : k' € DycM(%,7)(h)} = Arc y (k).
So it follows from (4.27) and (4.24) that for all (h,k) € E X F
(&5, (1K) < Agc py () = Al (%, 5;h, ).
This ensures that (x*,y*) € d°Ay(,¥), and hence
(E* x Bp+) NN (gph M;%,5) C d€Ay(%,7). (4.28)

Consider now any (x*,y*) € €Ay (%,7). By Theorem 4.1 one has for all / in
Eand k,kK in F

Al (%350, k) < Al (%, 5:0,K ) + [k — K|
and hence for & = 0 and K = 0 (since A};(¥,7:0,0) = 0 by (4.5))

(v, k) < AL (%,5,0,k) < [IK]|.
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This ensures that ||y*|| < 1 and hence we get that
(") € (E* x Bp+) NN (gph M:. ),

because d€Ay(%,7) is always included in N©(gph M;%,7) by Corollary 4.1. So
the converse inclusion to (4.28) is also established.

3. Assume further that E is a normed vector space and M has Aubin property with
ratio / around (¥,7). Then for each (x,y) and (x',y") around (¥,7) with (x,y) €
gph M one has

An(,Y') <Y =yl + 1]l =],
which ensures by Theorem 4.1 that
AV (%, 5;h,k) < ||| +1||]|, forall (h,k)€ExF
and hence
d€Au(%,5) C (IBg+) x Bp.

So (4.26) follows from (4.28) and (4.25).
O

Remark 4.3. In this section, we have proved the equivalence between the directional
regularity of Ays and the tangential regularity of gph M for a set-valued mapping M
defined from a Hausdorff topological vector space E into a normed vector space F
in two different cases. The first case is when F' is assumed to be a finite dimensional
space and M is any set-valued mapping. The second case is given by a general
implicit set-valued mapping.

4.4 Tangential Regularity of Lipschitz Epigraphic Set-Valued
Mappings

In the previous section, we have studied the equivalence between the tangential
regularity of a set-valued mapping M : E=F and the directional regularity of the
scalar function Ay, associated with M. In this section, we will provide a general new
important class of set-valued mappings for which the equivalence above holds in a
weaker sense.

The class of set-valued mappings that we will explore (in this section) in
connection with the tangential regularity is that of Lipschitz epigraphic set-valued
mappings. We owe its consideration here to the part of the proof of Proposition 3.3
in Ioffe [141] establishing that the approximate and the geometric normal cone to
an epi-Lipschitz set (of a Banach space) coincide.
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Before defining this class, recall that a closed subset S of F is epi-Lipschitz
around a point X € S if it can be represented near i as the epigraph of a Lipschitz
function. Rockafellar showed in [235] that S is epi-Lipschitz around x if and only
if there exist some vector i € F, neighborhoods H € .4 (h), X € .# (%) and a real
number € > 0 such that

SNX+tH C S,

foralls € [0,¢].
This geometrical characterization allows us to adapt the concept for set-valued
mappings as follows.

Definition 4.3. Let M : EZ3F be a set-valued mapping with closed values that is
lower semicontinuous at ¥. We will say that M is Lipschitz epigraphic around (%,7) €
gph M if there exist a vector i € F, neighborhoods H € 4 (h), X € ¥ (%), and
Y € .4 () and a real number & > 0 such that

M(x)NY +tH C M(x),

forall x € X and 7 € [0, ).

An adaptation of the proof of the geometrical characterization of epi-Lipschitz
sets (Theorem 3 in [235]) by Rockafellar allows us to obtain a similar character-
ization for Lipschitz epigraphic set-valued mappings. We give it in the following
proposition.

Proposition 4.1. Let M : E=F be a set-valued mapping with closed values that is
lower semicontinuous at %. Then M is Lipschitz epigraphic around (%,y) in gph M
if and only if, either (%,¥) € int gph M, or there exist a topological direct sum F =
GO Rhwithy =7+7h (7€ G and 7 € R), a function f : E x G=R, neighborhoods
X XZ of (%Z) in ExX G and I of 7 and a real positive number | > 0 such
that

(i) f is upper semicontinuous at (%,7) and f(%,7) = F;
(i) |f(x,2) — f(x,2)| <ll|z—72|| forall z,Z € Z and x € X (here |.|| denotes
the norm induced on G by the norm of F);
(iii) forY :=Z+1Ih and for all x € X

M(x)NY ={z+rh: (z,r) € (ZxI)Nepi f(x,")},

iLe.,

M(x)NY ={z+rh: (z,r)€(ZxI) and f(x,z) <r}.

Proof. Necessity. This implication can be checked in a straightforward way.

Sufficiency. Assume that (%, ) ¢ int gph M. Let &, X, Y and § as given by Definition
4.3. Choose a topological complement G of the one-dimensional subspace R/ of F
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so that F appears as the topological direct sum F = G @ Rk and § may be written
as y = z+ 7h for some Z € G and 7 € R. Choose a symmetric convex neighborhood
V of zero in G endowed with the topology induced by that of F and a positive
number § < min(3, 1) such that Y := (+V) @ (7 — 8,7 + 8)h is included in ¥
and H :=V @ (1 — 38,1+ 8)his included in H. So, Definition 4.3 says that for all
t€[0,0]andx € X

M(x)NY'+tH' C M(x). (4.29)

According to the lower semicontinuity of M at (,) there exists a neighborhood X’
of X with X’ C X such that for all x € X’

M(x)N [(Hgv) ® (f— g,f—f— g) E] £ 0. (4.30)

Put

06 _ &
1 := <r—§7r+§>

and consider the following function f defined on E x G by

flo,y):=inf{rel: z+rheM(x)}. (4.31)

19
First, we wish to show that for Z := Z + §V and for every (x,z) € X' x Z the set

{rel: z+rheM(x)}isnonempty, which will ensure that f takes finite values

)
over X x Z. Fix then any (x,z) € X’ x Z. There exists, by (4.30), some 7' € 7+ §V
and some

such that 7 + ’h € M(x). Therefore,

/ o 7 7 ) é / é é‘
z+<r+4)hz +rht (=)t ph e ME)NY' + V4 h
:M(x)mY’+§[V+l‘1]

/ 5 U

CMx)NY +ZH

C M(x). ( by (4.29))
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This ensures that one has {r €/: z+rh € M(x)} # 0 and this nonemptiness
allows to write

f(x,y)inf{rGR: r>ff§ and z+rl_zEM(x)}. (4.32)

We turn now to prove (i), (if) and (iii) of the statement of the theorem for the
function f defined above. Fix any (x,z,r) € X' x Z x I with (z,r) € epi f(x,). Then
f(x,z) <r and hence for any s € I with s > r we can find (by (4.31)) p € I with

z+ ph € M(x) and such that f(x,z) < p <s. Thus
z+sh=z+ph+(s—p)he M(x)NY'+(0,8)H Cc M(x) (by (4.29))

and as M(x) is closed we obtain z+ rh € M(x). So, we have proved that for Y” :=
Z&1h

{z+rh: (z,r) € (ZxI)Nepi f(x,-)} CM(x)NY".

As the reverse inclusion is obvious, the proof of (iif) is complete.
Now we show (ii). It is enough to prove the following

floz+v) < flxz)+1,

forallx € X', z€ Z, v €V and t € [0,6] with z+1v € Z. Fix (x,z) € X' x Z and
fix also r € I with z+rh € M(x). For all v € V and ¢ € [0, 6] with z+17v € Z one
has by (4.29)

(z+tv)+ (r+t)h= (z+rh) +t(v+h) € M(x)NY' +tH C M(x).

1)
Since r+t>r>r— 5 one concludes (by (4.32)) that f(x,z+1tv) < r+1 for all

r € I with z+rh € M(x). Hence, it follows from (4.31) that f(x,z+1v) < f(x,z) +1.

We finish the proof by showing (i). As z+ 7h € M (%), one has f(%,z) < 7. So,
suppose by contradiction that f(x,Z) < 7. Choose (by (4.31)) ' € I and real numbers
€ >0andn € (0,6/2) such that 7+ r'h € M(), the closed ball Z. in G centered at
Z with radius € is included in Z and I := (¥’ — €,/ 4+ €) C I and also such that

f®2) <r+e+20e<i—n.

Then, as M is lower semicontinuous at &, there exists a neighborhood X, C X’ of x

such that (Zg + Ich) N M(x) # 0 for all x € X. For every (x,z) € Xe X Z¢ one can
choose (7" +"h) € (Z¢ + I:h) "\M(x) and by (ii) and (4.31) one has

fl,2) < f)+1z=7"|| <" +2le <V +e+20e <F—7
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and hence, for I := (F — 1,7+ 1) one gets X X Zg x Iy C epi f which ensures
by (iii) that X, x (Zg @Ini_z) C gph M. This contradicts that (¥,Z + 7h) = (%,7) ¢
int gph M. So f(%,Z) = . Using the same arguments as in what precedes, one can

easily see that f is upper semicontinuous at (¥,Z). So the proof of the theorem is
complete. a

Theorem 4.10. Let M : EZXF be a set-valued mapping that is Lipschitz epigraphic
around a point (%,5) € gph M and lower semicontinuous at X. Then M is tangentially
regular at (%,¥) if and only if there exists some equivalent norm on F such that Ay
(associated with that norm) is directionally regular at the same point (%,5).

Proof. We may assume that (¥,y) is not in the interior of gph M (because otherwise
the result is trivial). By Proposition 4.1 we may also suppose that F = G x R and
v = (Z,7) and that near (¥, 7) the set-valued mapping M is given for all x € X by

M) (ZxD)={(z,r) e Zx1: f(xz) <r},

where X, Z, I and f are as in the statement of Proposition 4.1.

Step 1. We begin by proving the following inequality (which holds for any set-valued
mapping defined from a Hausdorff topological vector space E into F' endowed with
any norm || - )

A (%,Z,73h,k,5) < A yy (B k,5)  for all (h,k,5) € ExGxR.
Here we use the notation
Ape yy(k,s) = d((k,s);DTcM(x,z, f)(h)). (4.33)

Fix (h,k,5) € E x G x R. We may assume that Azc ;(h,k,5) < +oo. Consider & > 0.
There exists (v,&) € DycM(%,z,7)(h) (i.e. (h,7,&) € TC(gph M;%,Z,7) ) such that

17,3) — (&.5)) < Age py (R o) + 5. (434

Let H € A (h),V € 4 (v), and J € A (&) such that ||(v,t) — (v, &)] < § for

all (v,o) € V x J. Then, by the definition of the Clarke tangent cone, there exist
Xe N (%), Ze N(Z),A € N(F),and & > 0 such that

((x,2,5)+t(HxV xJ))Ngph M # 0

forall (x,z,s) € (X xZx A)Ngph M, and allt € (0, ), and hence there exist h € H,
v eV, and a € J such that

(x,2,8) +t(h,v,c) € gph M, ie., (vya)et ' [M(x+th)—(z75)]. (4.35)
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Moreover, we always have
1 Ay (x+th,z+tk,s +15) = tild((z +th,s+15); M (x + th))
:d@kmeM@+my4;m)

Then for every (x,z,s) € (X x Zx A)Ngph M and every € (0, 8) there is by (4.35)
some (h,v,0) € H x V x J such that

1 A (e thy 2+ 1K s+ 15) < (v, ) — (K,9)]
<o) =@ a)|+[(7,a) - (k3]
_ o - S
<o) = &)+ 5,
and hence we have by (4.34)
1 A (x+th,z+ thys +15) < Ar(h,k,5) + e

Therefore, we deduce that for ¥ := A7y (h, k, )

su inf su infflAM x+th,z+tl_c7s+t§ <7+eg,
g A (%2) P heH =
7\ XXZeN (%2 X.2.8 o c
He N (h) AN (F),6>0 . )E(Xté(ztfg;)%ph "

and according to Theorem 4.4 we conclude that
AY(%,Z 7R E,3) < Apc g (hiK,9).

So the proof of Step 1 is complete.

Step 2. Let [ be a Lipschitz constant of f as given by Proposition 4.1 and let || - ||
be the norm on G x R defined by ||(z,7)| := [||z|| 4 |r| for all (z,r) € G x R. In this
second step, we will prove that, with respect to this norm || - ||, the following equality
holds

Ay (%,2,F;h,k,5) = Ag m(h,k,5)  forall (h,k,5) € E x G xR,
where Ag pr(h,k,s) is defined in a similar way as in (2.5) with DrM(%,Z,7)(h) in
place of DxkM(x,z,7)(h).
By the same techniques used in the previous step, we can prove (in fact with

respect to any norm on G X R) the following inequality

Ay (%,2,75h,k,5) < Ag m(h,k,5) forall (h,k,5)€ExGxR. (4.36)
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So, we proceed to showing the reverse inequality

Ag m(h,k,5) < Ay (%,7,7;h,k,5)  forall (h,k,5) € ExGxR. 4.37)
We may assume that the second member is finite. Consider any real number p > 0
and any (z,r) € (Z,7) + pB. As the set-valued mapping M is lower semicontinuous

at (%,Z,7) € gph M, there exists a neighborhood U € .4(%) such that for all x € U
one has

M(x)N ((Z,7) + pB) # 0.

Letany (') € M(x) with | (£, — (2,7 > 3p. Choose (2/, ') € M(x) N ((Z,7) +
pB) and observe that

I r") = @0l > 1. r) = @Rl = lzr) = @A
>3p—p=2p
> (@) = EAI+IE" ")~ @R
> r") = @z 1)l
> d((z,r),M(x) N ((z,7) +3pB)).

One deduces that one has for any x € U
d((e,r),M()) > d((zr),ME) N () +3pB) ).
and hence (the reverse inequality being obvious)
d((e,r),M()) =d( (&), M) N () +3pB) ). (4.38)

Fix now any neighborhood X x Z x I € .4'(X,Z,7) as in Proposition 4.1 and fix
also p > 0 such that (Z,7) +3pB C Y x I. Choose § > 0 and a neighborhood H €

A (h) such that ¥+ (0,8)H C X NU (where U is the neighborhood of ¥ given in
what precedes ) and

(z+(0,8)k) x (7+(0,8)3) C (z,7) + pB.
Fix7 € (0,6) and h € H. Then, for all z € Z and r > 0 with

(z, f(X+1h,2) +r) € (,7) +3pB
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one has
I(z+ 1k, f(%,2) +15) — (z, f(R+th,2) +r)|| = U|Z+tk—z|| + | f(E+1h,z) — f(£,2) — 15+
> U|z+th—z||+ f(R+1th,z) — f(£,2) —t5+r
> (U|z+th—z| + f(&4th,z)) — f(%,2) —15.
From the Lipschitz property of f in (i) of Proposition 4.1, we deduce that
I(z+ 1k, f(%,2) +15) — (2, f (X + th,2) + )| > f(X+1h,Z+1k) — f(X,2) —15.
So, (4.38) and this inequality imply that
fld((z+t/'c, Pt t§),M(i+th)) = fld((z+ 1k, F+15), (Z x I) Nepi f(%+1h, -))
>t f(R+th,Z+1k) — f(%,2)] -5,
which gives (taking (i) of Proposition 4.1 and the definition of f~ (-;-) into account)
Ay (%2, 7.k, 5) > f(%,Zh,k) — 5. (4.39)
To finish this step, it is enough because of (4.39) to show the following inequality
f(®zh,k) =35> Ak m(h,k,5)  forall (h,k,5) ¢ K(gph M;%,Z,7).
Indeed, if we take (h,k,5) € K(gph M;x,z,7), then (k,§) € DgM(X,Z,7)(h) and
hence Ak um(h,k,5) = 0, which is always not greater than Ay, (%,Z,7;h,k,5). Fix
now (h,k,5) ¢ K(gphM;x,Z,7). As (X xZxI)Ngph M = (X x Z xI)Nepi f by
Proposition 2.1, we have
K(gph M;x%,Z,7) = K(epi f;%,Z,f(%,2)) =epi f (%,Z;-,). (4.40)
So (h,k,5) ¢ epi f~(%,%;-,-), thatis f~ (¥,Z;h,k) > 5. This implies in particular that

|f~(%,Z;h,k)| < o because the first member of (4.39) has been supposed to be finite.
Furthermore, one has

By (4.40), we know that (k, f~ (X,Z; h,k)) lies in DgM (%, Z, f(%,Z)) (h), which allows
to conclude that

fEERE) — 52 d((k,9), DeM (5,2, £ (5.2)(R) ) = Ak (b, 5).

This completes the proof of the second step.
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Step 3. We finish the proof of the theorem by proving the following : If M is
tangentially regular at (¥,Z,7) € gph M, then the scalar function Ay (associated with
the norm | - || in Step 2) is directionally regular at the same point. It is sufficient to
prove the assertion above because the converse of this assertion holds for any norm
on G x R.

Assume that M is tangentially regular at (%,Z,7) € gph M. Let (h,k,5) €
E x G x R. Then one has

ATC,M(EJ_(’S_) = AK,M(E,IE,ST),
and by Steps 1 and 2 one has
A (5,270, k,5) < Apc y(,k,5),

and

Thus , one gets

So,
Al(%,2,F

because the reverse inequality is always true. This completes the proof of the
theorem. O

Corollary 4.3. Let S be a nonempty closed subset of a normed vector space F and
X € S. Assume that S is epi-Lipschitz at X . Then the two following assertions are
equivalent:

(i) S is tangentially regular at X;
(ii) there exists an equivalent norm on F such that the associated distance function
ds is directionally regular at X.

Proof. The proof of this corollary is a direct application of Theorem 4.10 with
M(x)=Sforallx€E. O
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4.5 Tangential Regularity of Images

Throughout this section £ will be a normed vector space. It is well known that any
convex set-valued mapping M : EZ2F (i.e. gph M is convex) has convex image sets
M (x), but the converse is not true.

In this section we establish a similar result for the tangential regularity. We show
that if the graph of a set-valued mapping M with Aubin property, is tangentially
regular, then it has tangentially regular image sets. The converse is obviously not
true in the general setting.

Theorem 4.11. Let M : EF be a set-valued mapping defined between two
normed vector spaces E and F and let (%,¥) € gph M. Assume that M has Aubin
property at (%,5). If M is tangentially regular at (%,¥), then M(X) is tangentially
regular at y.

Proof. It is not difficult to see that the following assertions ensure the conclusion of
the theorem:

(1) (0,k) € K(gph M;x,y) if and only if k € K(M(%);7);
(2) If (0,k) € TC(gph M;%,7), then k € TC(M(%);7).

So, we begin by showing the first one.

1. Fix (0,k) € K(gph M;x,7). There exist a sequence (h,,k,) — (0,k) in E X F
and a sequence t, J. O such that

ky €t [M(Z+1,h,)—F] forall neN.
As M has Aubin property at (¥,), for n sufficiently large we have
kn € 1, [M(Z) + 1l | || B — 3],

where / is a Lipschitz constant of M as in Definition 4.2. So, there exists a
sequence b, € B such that for n sufficiently large

¥+ tu(ky + 1| hn]| b)) € M(%).
By taking w, = k, + [||h||b,y, which converges to k, we conclude that k €
K(M(x):9).
Assume now that k € K(M(X);¥). Then there exist sequences k, — k and
ty 4 0 such that
V+tnky, € M(X) ie. (X+tpyhn,y+t,ky) € gph M, with h, = 0.

Thus, (0,k) € K(gph M;(%,7)), which completes the proof of the first assertion.
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2. Using the sequential characterization of the Clarke tangent cone in Proposition
1.6 and the same techniques in the proof of (1), it is not difficult to show the
second assertion (2). O

4.6 On the Distance Function to Images Around Points
Outside the Graph

For a set-valued mapping M : E2F and a given real number r > 0 we define the
r-enlargement set-valued mapping M, : E=SF by M, (x):={y€ F: Au(x,y) < r}.
It is obvious to see that, gph M, = {(x,y) € E X F : Ay(x,y) < r} and the
0-enlargement set-valued mapping My coincides with M, whenever M is a closed
valued mapping.

In this section, we present general results on the scalar function Ays. We establish
some relationships between a set-valued mapping M : EZXF and its associated
r-enlargement set-valued mapping M,, where r := Ay/(%,¥) and (X,y) € E X F. An
important result in this section is a characterization of the Clarke (resp. Bouligand)
tangent cone to gph M, in terms of the generalized directional derivative (resp.
lower Dini directional derivative) of Ay for any closed set-valued mapping M :
E=F defined from a Hausdorff topological vector space E into a normed vector
space F. First, we state the following proposition needed in the sequel. Its proof is
straightforward and hence it is omitted.

Proposition 4.2. Let M be any set-valued mapping from E into F with ¥ € dom M
andy € F. Then

Ay (%, 5.5, k) = liminfr~! [AM(JE+th,y+t/_<) —AuE )],
h—h
t}0

forall (h,k) €E xF.
The following theorem provides:

e A relationship between the lower Dini directional derivatives of Ay and of Ay,
at (x,y) and the distance function Ak um, associated with the K-derivative of M, at
the same point (%, ).

e A description of the contingent cone to gphM, in terms of the functions Ay; and
of AM, .

Theorem 4.12. Let M : EZSF be a set-valued mapping with (X,7) € E X F. Then,
1. forall (h,k) €E x F

Ay (%,5:h,k) < Ay (330, k) < Ak, (h,k);
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K(gph M,;%,5) = {(h,k) e EXF : Ay (%,y;h,k) <0}
={(hk) eEXF: Ay (%,5;h,k) = 0}.
Proof.
1. By Theorem 4.5 one always has

Ay, (X551, k) < Ak u, (. k),
we will show the first inequality, i.e.,
Ay (&, 5:h,k) < Ay (%,5:h,k)  for all (h,k) €E xF.
To this end, it is sufficient (by Proposition 4.2) to claim the following:
Ay (x,y) — Ay (%,7) < Apg, (x,y) — Ay, (%,5) forall (x,y) €EEXF. (4.41)

Fix any (x,y) € E x F, any z € M;(x), and any € > 0. As d(z,M(x)) =
Ap(x,z) < r, one can find 7 € M(x) such that ||z —Z|| < r+ €. Thus,

Au(x,y) =d(y,M(x)) < d(z,M(x))+ [lz—y||
< llz=Z[[+llz=yll
<|lz=yll+r+e=|z—y|+Au(xy) +e.
Therefore, as z is taken arbitrary in M, (x), one gets
Ap(x,y) — Au(X,5) < d(y, My (x)) + € = Ay, (%,5) + &,

for any € > 0. This ensures (4.41) and hence the proof of the first part of the
theorem is complete.
2. By the first part, one has the following inclusions

K(gph M,;x,7) C {(h,k) EEXF: Ay (%,5;h,k) =0}
C {(h,k) e ExXF: Ay(xy;hk) <0}
So, we will show the following one
{(h,k) e ExF: A, (x,y;hk) <0} C K(gph M,;x,7). (4.42)

Fix any (h,k) in E x F with A,;(%,3;h,k) < 0. Consider any real positive numbers
€ and 6 and any H € .4 (h). Then, by Proposition 4.2, we have

inf 17! [AM(Xthh’,ertk) —Au(%,5)| <
i

NN
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So, there exist iy € H and #y € (0,5) such that

! [AM(X-F toho,y + tok) — AM(Xa)_’)} <e.
Therefore,
d(F + tok, M (X + toho)) < r+1o€,

and hence, we may choose some ko € F with ¥+ 79kg € M (X +tohg) and ||ko —
k|| < €+ rty . Then there exists b € Bf such that ko = k+ &b +1, 'rb. Therefore

Ay (X +toho, 7+ to(k+ €b)) = Ay (X +toho, ¥ +toko — rb) <,
which ensures that
(X+1toho,y+1to(k+ b)) = (%,7) + to(ho,k + €b) € gph M,..
This shows that (h,k) € K(gph M,;x,5), which completes the proof of the

inclusion (4.42). So, the proof of the theorem is finished. a

An important result can be deduced from the first part of the above theorem, by
taking M(x) = S for every x € E. We give it in the following corollary generalizing
Theorem 11 in [71]. Note that in Theorem 11 of [71] the authors only showed the
direct inclusion of the first equality of this corollary.

Corollary 4.4. Let S be a nonempty closed subset of F. Then for every y & S,
one has

K(S(r)s) = ke F i dg (k) <0} = {ke F i dg, (7:0) =0},

where S(r):={y € F: ds(y) <r}andr:=ds(y).

Now, we turn to establish similar results for the Clarke tangent cone to gph M, at
a given point (¥,y) € E x F and the generalized directional derivative of Ay at the
same point (¥, ).

Theorem 4.13. Let M : E=F be any set-valued mapping defined from E into F
and let (X,y) € E X F. Then

(@)
{(h,k) €ExF: Al(x,5:hk) <0} C TC(gph M,;%,7). (4.43)

If Ay is directionally regular at (X,y), then equality holds in (4.43) and M, is
tangentially regular at (%,5).
(b) Assume that E is locally convex and Ay (%,5) # 0. Then one always has

({(h,k) EEXF: Al(%5:hk) < 0})0 =l (R+3CAM()E,)7)) :
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Proof.

(a) Let any (%,y) and any (h,k) in E X F with AL(x,y;h,k) < 0. Consider any
positive real number ¢ and any H € .4 (h). By the definition of AL (%,5;h,k),
there exist X x Y € #/(%,7) and § > 0 such that for all (x,y,0) € X x Y x (r—

8,7+ 8))Nepi Ay and for all # € (0,8) there are h € H and k € k+ AELBF
AM(x+th,y+tk)—a§t§. (4.44)

Fix any (x,y) € (X xY)Ngph M,, any ¢ € (0,8). As (x,y) € gph M,, i.e.,
Ap(x,y) < r, one has (x,y,Ap(%,5)) € (X XY x (r—8,r+38)) Nepi Ay. So,

_ €
by (4.44) there exist h € H and k € k+ ZBF such that

€ €
Ay (x+th,y+1tk) < t§+r, ie, d(y+tk,M(x+th))< tEJrr.

€
Hence, we can take k' € F with y+ k' € M(x+1th) and ||k — k|| < 3 +17r

)
Then, there exists b € Br such that K’ = k" +1~1rb with k” = k+ Eb’ and hence

Ay (x+1th,y+1K") < Ay (x+th,y + 1K) + ||k = K| = t[|K" = K| <,

which ensures that (x,y) +(h,k”) € gph M,, with ||K” — k|| < €. Therefore, for
every (x,y) € (X X Y)Ngph M, and every € (0,0) there exists (h,k”) € H x
(k+ €BF) such that

(x,) +1(h,K") € gph M,.

This ensures that (,k) € T (gph M,;%,7), which completes the proof of (4.43).
Now, assume that Ay is directionally regular at (%,y), i.e., A, (%,7;-,-) =
A;,I (%,7;-,-). Then one has
K(gph M,;%,5) = {(h,k) e EXF : Ay (%3;h,k) <0} (by Theorem4.12)
= {(h,k) €EXF: Al(%7:h,k) <0} (dir. reg.)
C T(gph M;%,5) (by (4.43))
C K(gph M,:%,3).
This ensures the equality of all the sets above and the tangential regularity of
M, at (%,7).
(b) Wedenote T := {(h,k) € EXF: AL (%,3;h,k) < 0}. First note that the second

member is included in the first one. Indeed, consider (x*,y*) in d€Ay (%,7) # 0,
then (by the definition) one has
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((,57), (h,K)) < Ay (%,3:h,k),
for all (h,k) € E x F. Therefore,
((@,y"), (k) <0, for all (hk)€T,

which ensures that (x*,y*) € T°.
Now, we return to prove the reverse inclusion. As the function (/,k) —

A;,,()E, ¥;h,k) is lower semi-continuous and sublinear, the set 7 is a closed
convex cone and hence the bipolar (7%)° coincides with 7T, i.e., (T°)? = T.
Therefore, we will prove that the polar cone of cl,,« (R} d€Ay(%,7)) is included
inT. o 0

Note first that (clw* (R+8CAM()E,)7))) = (QCAM(XJ))) . So, consider any

(h.k) € (9°Au(%.5))) " Then we have
{(x*,y"),(h,k)) <0, for all (x*,y")€ d“Ay(%,¥),
and hence (since dC Ay (%,7) # 0)
Ay (%3:hk) = sup{ ("), (hK)) : (+"y") € 9°Au(,9)} <.

This ensures that (/,k) € T and the proof of the second part of the theorem is
complete. O

Corollary 4.5. Let M be any set-valued mapping defined from E into F. Assume
that E is locally convex.

(a) If (x,¥) € gph M, then
TC(gph M:5,5) = {(hk) €Ex F: Ay(%.5:h.k) =0},
and
N€(gph M:%,7) = cl,» (R %Ay (%,7)).

(b) If (%,7) ¢ gph M with d€Ap(%,7) # 0 and Ay is directionally regular at (%,5),
then

T(gph M,3%,5) = {(h,k) EE x F: A}(%,5:h,k) <0},
and

N€(gph M,;%,7) = cl,,« (R, 3 Ay (,7)).
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The next results in this section depend upon the non-emptiness of the set
Projy .y (v) :={y' € F: Au(x,y) = [ly—'[}. When F is a finite dimensional
space, Projy(y) (y) is always nonempty as long as M(x) is nonempty and closed.
We begin with the following preliminary result. In this proposition, Ay, (%,¥;h,k)
will denote the directional derivative of Ay at (%,¥) in the direction (h,k), i.e.,
Ay (%, 73 h,k) = ltif(l)lfl [Am(X+th, 7+ tk) — Ay (%,7)], whenever this limit exists.

Proposition 4.3. Let M : EF be any set-valued mapping with (%,7) & gph M and
let § € Projy s (). Then,

(1 —1)Am(X,5) = Au (X, 7+t (F—9)), (4.45)

for all t € 0,1]. Moreover, A;;(%,7,0,5 —¥) exists and equals —Ay(X,5) and we
have

0 Au(%y) CEx{y" e F": |y =1}
Proof. To see (4.45) simply observe that
AM(Xay) = AM(iay—i_t(y_y) _t(y_)_;))
< Au(&y+1(5 =) + 1[5 -l
= AM(iay—i_t(y_y)) +IAM()E))_7)7
and so (1 —1)Ap(%,5) < Ay(x,y+1(§—7)). Conversely,
Au (%5 +1(F—7)) = Au(T5+ (1 —1)(F— 7))
< Au(%,3) + [1—1][ly— 5]
The fact that A}, (%, 70,5 —7) exists and equals —Ay (¥, 7) follows immediately from
(4.45). We turn now to show that for every (x*,y*) € d~ Ay (X,¥) one has [|y*|| = 1.
As the inequality ||y*|| < 1 always holds, we will prove the reverse inequality,
ie., |[y*]] > 1. Let t, | O be a sequence achieving the limit in the definition of
A[Q(X).)_GO?.V*)_)) Then,
Ay (%.3:0.5 = 5) = limt, [Ay (£.5+ (5~ 9)) — Au(5,5)]
— time; [(1 1) Au(E.5) ~ An(%.5)] (by (4.45))

= —AM()E,)_I).
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By the definition of the Dini subdifferential, one gets

((x*,3),(0,5 —9)) < Ay (£,5:0,5 —3) = —Au(%,5) = —[|5— 3,

~
<1

*

5=yl

finished. O

and so (y ) > 1, which ensures that ||y*|| > 1 and hence the proof is

<
~

The following proposition is a direct consequence of the Part (b) in Corollary 4.5
and the above proposition. It extends Theorem 2.16 due to Burke et al. proved in
[71] from sets to set-valued mapping.

Proposition 4.4. Let M : EXXF and (%,5) ¢ gph M. Assume that E is locally convex
and that Ay is directionally regular at (%,5) and Projyz)(¥) # 0. Then one has

ICAp(%,5) € NC(gph M7, 5) N (E* x [y* € F*: |y*] = 1}).

We finish our results in this section with the following theorem.

Theorem 4.14. Let M : E=F and (X,Y) ¢ gph M. Assume that Projy ;) (5) # 0.
Then one has

K(gph M:%.5) C K(gph My:%,5),  for every § € Projy(s (5).

If, furthermore, M, is tangentially regular at (X,y), then the inclusion holds for the
Clarke tangent cone, that is,

T¢(gph M;%,7) C T (gph M,;%,7), for every y e Projy ) (5)-
Proof. We begin by showing the first inclusion. Fix any (%,y) ¢ gph M with
Projy(;) (7) # 0 and any § € Projy ;) (7). Fix also (h,k) € K(gph M;,5). Consider
VxW e A(0,0)in E x F and A > 0. There exists € (0,A) such that
[(%,5)+1(V x W+ (h,k))] Ngph M # 0.
Then there is (v,w) € V x W such that (&,5) +¢(v+h,w+k) € gph M, i.e., §+1w+
tk € M(X+tv+th). Hence, y+tw+tk € M(X+tv+1th)+5— 3.
Therefore,
Ay (X4 tv+th,5+tw+tk) < |[7— 3| = Au(X,7),
which ensures that (¥+tv +th,y+tw+tk) € gph M, and hence

[(%,9) +1(V x W+ (h,k))] ngph M, # 0.

This proves that (h,k) € K(gph M,;%,57).
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The second inclusion is an immediate consequence of the first one and the
tangential regularity of M,. O

Remark 4.4.

1. In Theorem 4.13, we have shown that for every (%,7) € E x F, the set-valued
mapping M, (with r := Ay(%,7)) is tangentially regular at (¥,¥), whenever the
scalar function Ay is directionally regular at (%,¥). The converse, in general, is
not true. Indeed, we have showed in Sect. 4.3 that when (%, 7) lies in gph M and
dim F = oo, the converse may fail. When (%,¥) ¢ gph M, the converse will not
be valid even in the finite dimensional setting. Consider the constant set-valued
mapping M : R"=R" defined by M(x) :={y € R": ||y|| > 1}, forallx € R".
It is not difficult to see that Ay is not directionally regular at (¥,0) ¢ gph M ( for
all ¥ € R") while M, (with r := Ap(%,0) = 1) is tangentially regular at (¥,0).

2. The two inclusions in the statement of Theorem 4.14 may be strict, even in the
finite dimensional case and under the directional regularity of Ay,. To see this, it
is enough to take M as in Example 4.1 below.

3. Note also that, in general, when (X,7) ¢ gph M, the set-valued mapping M, is
better behaved than the set-valued mapping M, that is, M, can be (even in the
finite dimensional case) tangentially regular at (%,7), but M is not tangentially
regular at (¥,¥) € gph M, for every § € Projy 5 (7). In order to give the reader
some insight into the problem, we use the Example 18 of [71].

Example 4.1 Let M be a constant set-valued mapping from any Hausdorff topolog-
ical vector space E into R? defined by M(x) = S for any x € E, where

S:={(1,y2) €R*:  yy=yysin(1/y1),y1 >0}U{(0,0)}.

Put (%,7) := (%,(—¥1,0)) € E x R? with §; > 0. Then one has (%,7) ¢ gph M =E x §
and

M,(x) = S(r) :=={(v1,y2) ER*: Ap(x,(v1,y2)) = ds((v1,y2)) < 1},

with 7 := Ay (x, (=31,0)) = ds((—¥1,0)) = 3. It is not difficult to check that d is
directionally regular at § = (—¥;,0) and hence Ay is also directionally regular at
(%,¥). This ensures by Theorem 4.13 that M, is tangentially regular at (¥,7). On the
other hand, it is easy to see that Projy g (¥) = {7}, with § := (0,0) and M is not
tangentially regular at (%,5).

4.7 Application of Ay;: Calmness and Exact Penalization

Our primary goal in the present section is to make clear that the scalar function Ay,
can also be a powerful tool in the study of the calmness property of optimization
problems. Recall that this concept was developed by [86, 88] (while suggested by
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Rockafellar; see[86] page 1721). It was always required to establishing the existence
of multipliers. Several variations of the original definition have been proposed and
studied (see, for instance, [69,70,251,260]). Here, we are interested in the one used
by Burke [69,70]. We will adapt his definition for a general perturbed problem with
a constraint defined by a set-valued mapping and we will prove that it is equivalent
to the existence of an exact penalization in terms of the distance function associated
with the set-valued mapping defining the constraint of the problem. Like in [70], we
compare this definition of calmness with the one given in Definition 6.4.1 in [88].

Consider the problem (&), which consists in minimizing the function f over all
X € E satisfying 0 € M(x),

minimize  f(x)
(#) { subject to 0 € M(x),

where M : EZ3F is a closed set-valued mapping between two normed vector spaces
E and F and f : E — RU{+eo} is an extended real-valued function. We begin with
the definition of calmness.

Definition 4.4. Let f, M, E, and F be as in the statement of (4?) and consider the
following perturbed problem

minimize f(x)
subject to y € M(x).

@) |

Let S : F3E be the feasible set-valued mapping associated with (), i.e.,
Siy):={xedom f: ye M(x)}
andlet V : F — RU{—oo, +oo} be the value function for the family (), i.e.,
V(y):=inf{f(x): yeM(x)}.

Let (x,y) € gph S.

1. Following Burke [70], we will say that the problem (%) is calm at ¥ if there are
constants & > 0 and € > 0 such that for every pair (x,y) € gph M with x € ¥+ eBg
we have

f(®) <) +ally =l (4.46)

The constants & and € are called the modulus of calmness and radius of calmness
for (&) at %, respectively.
2. Following Clarke [88], the family of the perturbed problems (.2,) will be said to

be calm if its value function satisfies liminf M > —oo,

y=0 ¥l

I This remark has been communicated to us by B. Mordukhovich.



122 4 Regularity of Set-Valued Mappings

Remark 4.5.

1. Observe that if () is calm at X, then X is necessarily a local solution to ().
2. If the family (27, is calm, then (%) is calm at any point of its solution set.

For any problem (£7,) and any real number oc > 0 we will associate the function
Py defined by

Poy(x) = f(x) + 0 du (x,y).

In the following theorem we state our main result in this section. It establishes
a relationship between the calmness property and the existence of an exact
penalization of the general perturbed problem (%) in terms of the distance function
to images associated with the set-valued mapping M defining the constraint of the
problem.

Theorem 4.15. Let (%,7) € gph S. Then (%) is calm at X with modulus 0 and
radius € if and only if X is a local minimum of radius € for the function Py 3, for all
o > @, that is, Py 5(X) < Py 3(x), for all x € £+ €Bg and all o > @.

Proof. (=) Let 8 > 0. Given any x € X+ Bz Ndom M # @ such that ||y —y|| <
d([F,M(x)) + 6 with y € M(x). Thus, if o > &, we obtain from the calmness
hypothesis that

f(®) < fx) +ally -7
< f(x) + 0d (5, M(x)) + 018
Hence,
Pos(%) = f(%) < Pas(x) + 0.

Since 8 > 0 was taken arbitrarily, the implication is established.
(<) Let (x,y) € gph M with x € X+ €Bg. Then,

J (%) = Pa5(¥) < Pas(x)
= f(x) + oAy (x,3)
< S (x) + 0l (x,y) + ally — |
= f(x)+ally -5l

Hence, () is calm at ¥ and the proof of the theorem is complete. a

The proof given above is an adaptation of the proof of Theorem 1.1 in [70]. In which,
the author established the same result for a particular perturbed problem: (2,) with
M(x)=g(x)—C.
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Recall now that in the definition of calmness used by Clarke [88], the variable y
is required to satisfy ||y — || < € for inequality (4.46) to hold. In the following result
we compare that definition to Definition 4.4.

Theorem 4.16. Let (%,7) € gph S and &, € > 0. Assume that M is lower-Hausdorff
semi-continuous at (%,y) in the following sense, for any € > 0, there exists a
neighborhood X x Y of (x,¥) such that M(X) Y C M(x) + €'Bp, for each x €
X Nndom M. If the problem (%) is calm at X with modulus 0 and radius € > 0
in the sense of Clarke [88], that is, for every pair (x,y) € gph M with x € ¥+ €Bg
andy € y+ eBF we have

fE) < f)+ally =l

then there is € € (0,€] such that % is a local minimum of radius € for the function
Py 3, and consequently, () is calm at X with modulus & and radius & > 0 in the
sense of Definition 4.4.

Proof. Let & € (0, %) and o > . Since M is lower Hausdorff semi-continuous at
(%,¥), there exists € € (0, €] such that, for Y := j+ 3€Bg, one has

M) NY € M(x)+ EBF,

forevery x € X+ EBE. We can easily show that forall x € x+€Bg and ally € y+ €BF
we have Ay (%,y) = d(y,M(X)NY). Consequently,

Au(%y) = d (3 M(x) + 5Br ) = d(3M(x) - 5.
Now, given x € (¥+ Bg) Ndom M and choose y, € M(x) such that
[y =3Il < d(y,M(x)) + 8&.
Then, (x,yy) € gph M with y; € 4 €Br. Indeed
Iy =31l < d(5.M()) + 68 < d(5.M(3)) + 5 + 5F <.
Thus,

J(®) < f(x)+ allyx =5l
Sf(x)‘f'a”)’x_)_’H
< f(x)+ad([F,M(x))+ adé.

Taking the limit as é | O one gets

Poy(X) = f(%) < f(x) + @dm(x,5) = Poz(x),
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forall x € (¥+&Bg) Ndom M. As Py 5(x) = 4o whenever x ¢ dom M, then the last
inequality still holds for all x € X 4+ €Bg, which means that x is a local minimum
with radius & for Py 5. The fact that the problem (%) is calm at X with modulus &
and radius € follows immediately from Theorem 4.15. O

4.8 Commentary to Chap.4

Set-valued mappings are of special interest in variational analysis and optimization.
The regularity concept of set-valued mappings is needed, in particular, to analyze
the behavior of sets of feasible and optimal solutions to constraint and variational
systems with respect to parameter perturbations. This chapter is devoted to the
study of some concepts of regularity for set-valued mappings. First, we prove some
important results on the distance to images around points on the graph (Sect.4.2)
and outside the graph (Sect. 4.6). These results are used (Sects. 4.3—4.5) to study the
possible relationships between different types of regularity for set-valued mappings.
The importance of the regularity of set-valued mappings is shown in Sect. 4.7 by
giving an application to the study of calmness property to set-valued mappings.
The results stated in this chapter are proved in [44,45,59,63]. A different type of
regularity for set-valued mapping is the so called metric regularity. This concept has
been used successfully in nonlinear analysis and its applications, especially to opt-
mization and related problems. This concept is completely different from the ones
studied in our book. We refer the reader to the books [192,193] of Mordukhovich for
a complete study of that concept and its applications. For more studies on set-valued
theory and its applications to parametric variational Analysis, the reader is referred
to the books [8,9,38,79, 103, 192,193,241, 244] and the references therein, as well
as to the following list of papers: [6,7,28,35,41,44,59,62,63,69-71,111,126, 133,
136, 137, 139, 142, 149-151, 168, 169, 173, 176, 177, 179, 181, 183, 184, 190, 195-
200,203-206,226,233,238,242,247,260].
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Chapter 5
First Order Differential Inclusions

5.1 Nonconvex Sweeping Processes and Nonconvex
Differential Inclusions

5.1.1 Introduction

In this section, we study, nonconvex sweeping processes. We consider the following
differential inclusion:

p x(t) € =N*(C(t);x(1)), ae. t>0,
(P1) {x(O):xoec(O), x()ec@), V>0,

where C is an absolutely set-valued mapping taking its values in Hilbert spaces,
that is,

ey (v) = deqry (0] < [v(t) =v(E)] (5.1)

where v : R — R is an absolutely continuous function, and N*(C(t);x(t)) denotes
a prescribed normal cone to the set C(r) at x(¢). The problem (P;) is the so-called
“sweeping process problem” (in French, rafle). It was introduced by Moreau in [207,
208] and studied intensively by himself in many papers (see for example [207—
209]). This problem is related to the modelization of elasto-plastic materials (for
more details see [210,211]). The existence of solutions of (P;) was resolved by
Moreau in [209] for convex-valued mappings C taking their values in general Hilbert
spaces. In [255,256], Valadier proved for the first time the existence of solutions
of (P) without convexity assumptions on C for some particular cases in the finite
dimensional setting. Since, many authors have attacked the study of the existence
of solutions for nonconvex sweeping processes (see, for instance, [16,58,61,75,92,
248] and the references therein). The next subsection is mainly concerned with the
following problem: Under which conditions the solution set of (P;) can be related
to the solution set of the following convex compact differential inclusion (P)?

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 127
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5_5,
© Springer Science+Business Media, LLC 2012
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%(t) € —(1)|*dei (x(2)), ae. t>0,
® {0 et

where v is an absolutely continuous function and 8#dc(,) (+) stands for a prescribed
subdifferential of the distance function dc ) associated with the set C(t).

This problem was considered by Thibault in [251] for convex-valued mappings
C in the finite dimensional setting. His idea was to use the existence results for
differential inclusions with convex compact values which is the case for (P,) to
prove existence results of the sweeping process (Py). It is interesting to point out
that his approach is new and different from those used by the authors who have
studied the existence of solutions of the sweeping process (P} ).

5.1.2 Equivalence Between Nonconvex Sweeping Process
and a Particular Nonconvex Differential Inclusion

Our main purpose of this subsection is to show, for a large class of set-valued
mappings, that the solution set of the two following differential inclusions are the
same:

%(t) € =NC(C(t);x(t)), ae. t>0, (1)
(P1) x(0) =x € C(0), (2
x(t) e C(t), vt >0, (3)

and

(1) € —[(1)[0 () (x(1)), ae.t>0, (4)
® oo 2

i.e., a mapping x(-) : [0,+e0) — H is a solution of (P;) if and only if it is a solution
of (Pz).

It is easy to see that one always has (P») +(3) = (P;). Indeed, let x(-) : [0, +o0) —
H be a solution of (P) satisfying (3). Then a.e. 7 > 0 we have

(1) € —[¥(1)|90%de () (x(1)) € =N(C(1):x(1)),

and hence x(-) is a solution of (P;).

The use of (P,) as an intermediate problem to prove existence results of the
sweeping process (P;) is due to Thibault [251]. His idea was to use the existence
results for differential inclusions with compact convex values which is the case of
the problem (P;) to prove an existence result of the sweeping process (P;). Note
that all the authors (for example [16, 92]), who have studied the sweeping process
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(P1), have attacked it by direct methods for example by proving the convergence of
the Moreau catching-up algorithm or by using some measurable arguments and new
versions of the well known theorem of Scorza—Dragoni.

Recall that, Thibault [251] showed that, when C has closed convex values in
a finite dimensional space H, any solution of (P;) is also a solution of (P;) and as
(P») has always at least one solution by Theorem V1. 13 in [79], then he obtained the
existence of solutions of the convex sweeping process (P ) in the finite dimensional
setting. His idea is to show the viability of all solutions of (P,), i.e., any solution of
(P,) satisfies (3) and so it is a solution of (P;) by using the implication (P) + (3) =
(P1). Recently, Thibault in [248] used the same idea to extend this result to the
proximal smooth case.

In this section, we will follow this idea to extend his result in [251] to the
nonconvex case by using powerful results by Borwein et al. [31] and recent results
by Bounkhel and Thibault [58] (see also Sect.2.6). We begin with the following
theorem.

Theorem 5.1. Any solution of (P) with the Fréchet normal cone satisfies the
inequality ||x(t)|| < |v(t)| a.e. t > 0.

Proof. Let x(+) : [0,4c0) — H be an absolutely continuous solution of (P) with the
Fréchet normal cone, that is, —(t) € N(C(t);x(¢)) a.e. 1 > 0, x(0) = xo € C(0), and
x(t) € C(t) ¥t >0.Fix any ¢t > 0 for which %(¢) and v(r) exist and fix also € > 0.
If x(r) = 0, then we are done, so let suppose that x(z) # 0. By the definition of the
Fréchet normal cone, there exists 0 := d(¢,€) such that

(—i(t),x—x(t)) < elx—x(t)| Vxe (x(c) + SB)NC(). (5.2)

On the other hand there exists a mapping 6 : R — H such that lim+ 0(r) =0 and
r—0

x(t—r) =x(t) —r&(t) — r0(r), for r small enough. Fix now r > 0 small enough such

%}, [16(r)]] < 6/3 and |v(t —r) —v(¢)| < 6/3. By (5.1)
and (3) one has x(t —r) € C(t —r) C C(t) + |v(t — r) — v()|B. So there exists x; €
C(t) and b, € B such that x(t — r) = x, — & where & = |v(r — r) — v(¢)|b;. Therefore
X =x(t—r)+& =x(t)—ri(t) —r0(r)+& € (x(t)+06B)NC(r), since ||x; —x(1)|| =

| =ri(t) = r6(r) + &l < RO+ |0 ()| + &1l < 8/3+ g vt —r)=v(t)| < 6.
Thus, by (5.2)

that 0 < r < min{1,

(—x(t), —ri(t) —rO(r) + &) < el|rk(t) +r6(r) = &||
and hence

H(= (), =(0) = 6() + 17" &) < er [ |5(0) + 00|+~ vl =) —v(0)]
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and so

(1), 1)) < (—x(t),0(r) —r &) +e [||x(r) +O(r)|[ 4+ vt —7) —v(t)|]
< 5N [180) 47~ Iv(e = 1) = (o)
e [J50) + () |+~ vl — 1) = v(0) .

By letting &,7 — 0%, one gets ||x(¢)||> < ||x(¢)||[v(t)| and then ||%(z)|| < |[v(¢)|. This
completes the proof. O

The following corollary generalizes Theorem 5.1 of Colombo et al. [92].

Corollary 5.1. Assume that C(t) is Fréchet normally regular for every t > 0. Then
any solution of (Py) satisfies the inequality ||%(t)|| < |v(¢)| a.e. t > 0.

We recall from Chap. 1 the following notion of regularity of sets.

Definition 5.1. Let S be a nonempty closed subset of H and let x be a point in S.
We will say that S is Fréchet normally regular at x if one has N(S;x) = N¢(S;x).

We summarize from Chap. 2, in the following proposition, some results needed in
the rest of the present section.

Proposition 5.1. Let S be a nonempty closed subset in H and let x € S. Then,

(i) dds(x) = N(S;x)NB,;
(ii) If S is Fréchet normally regular at x, then it is tangentially regular at x. If, in
addition, H is a finite dimensional space, then one has the equivalence.

Note that in the infinite dimensional setting, one can construct subsets that are
tangentially regular but not Fréchet normally regular (see Chap. 1).

Now, we prove that, under the Fréchet normal regularity assumption, any solution
of (P;) must be a solution of (P,).

Theorem 5.2. Assume that C(t) is Fréchet normally regular for every t > 0. Then
any solution of (Py) is also a solution of (Ps).

Proof. Let x(-) be a solution of (P}), that is, x(0) = xo € C(0), x(r) e C(t) Vt >0
and —x(t) € N¢(C(t);x(t)) a.e.t > 0. Then, by the Fréchet normal regularity one
has —x(r) € N(C();x(1)) = N(C(t);x(t)) a.e.t> 0. By Theorem 5.1 one has
[%(0)[| < [v(r)| a.e.t > 0.1f (1) =0, then —i(r) € [v(2)|0dc( (x(2)), because x(r) €
C(t). So we assume that %(¢) # 0 (and hence v(r) # 0). Then, by Proposition 1.1 (i),
one gets

sk € FICRx)NB. = ety (1) € Ody (3(1).

Thus, %(t) € f|v(t)|8cdc(t) (x(¢)), which ensures that x(-) is a solution of (P,) and
so the proof is finished. g
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Now we proceed to prove the converse of Theorem 5.2, for a large class of
set-valued mappings. We recall (see Chap. 1) the notion of Gateaux directional
differentiability. A locally Lipschitz function f : H — R is directionally Gateaux
differentiable at % € H in the direction v € H if }iﬁn(])fl [f(x+1v) — f(%)] exists. We
call such a limit the Gateaux directional derivative of f at X in the direction v and
we denote it by Vg f(%;v). When this limit exists for all v € H and is linear in v
we will say that f is Gateaux differentiable at X and the Gateaux derivative satisfies
Vef(%v) = <VGf()E) , v> for all v € H. We recall (see Chap. 1) that f is directionally
regular at X in a direction v € H provided that the generalized directional derivative
f2(x%;v) of f at % in the direction v coincides with £~ (¥;v) the lower Dini directional
derivative of f at ¥ in the same direction v.

Theorem 5.3. Let h: [0,4o0) — (0,4) be a positive function. Assume that for
every absolutely continuous mapping x(+) : [0,4+e0) — H the following property (A)
is satisfied: for a.e. t > 0 and for any x(t) in the tube U(h(t)) :={ucH: 0<
de)(u) < h(t)} one has

i) Proje (x(t)) # 0 and dc() is directionally regular at x(t) in both directions x(t)

and p(x(t)) — x(t) for some p(x(t)) € Projc, (x(t)).
Then every solution z of (P2) in C(t) + h(t)B for all t > 0 must lie in C(t) for
allt > 0.

Before giving the proof of Theorem 5.3, we prove the following Lemmas.

Lemma 5.1. Let S be a closed nonempty subset of H and u is any point outside S
such that Projg(u) # 0. Assume that ds is directionally regular at u in the direction
i —u, for some ii € Projs(u). Then, 9%ds(u) C {E €cH: [|&] =1}.

Proof. Fix any u ¢ S with Projg(u) # 0 and any & € 9€ds(u). As the inequality
IE]] <1 always holds, we will prove the reverse inequality, i.e., ||| > 1. Firstly,
we fix i € Projg(u) # 0 and we show that

(1— 8)ds(u) = ds(u+8(a—u)), for all &€ [0,1]. (5.3)
Observe that one always has
ds(u) < ds(u—+ 8 — u)) + 8||a— ul| = ds(u+ 8 — u)) + dds(u),
and so (1 — 8)ds(u) < ds(u+ 8(i— u)). Conversely,
ds(u+8(—u)) = ds(i+ (1 - 8)(u—i) < (1—8)|[a—ul| = (1— 8)ds(u).

Now, let &, be a sequence achieving the limit in the definition of d (u;it — u) the
lower Dini directional derivative of dg at u in the direction i — u. Then, by (5.3),
one gets

dg (i —u) = li’1ln5,j1[ds(u+ Suii—u)) — dg(u)]
=lim &, '[(1 — &,)ds(u) — ds(u)],
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and hence dg (u;it — u) = —ds(u). Finally, by the directional regularity of ds at u in
the direction it — u and by the definition of the generalized gradient one gets

(& ii—uy <d§(usii—u) = dg (u;ii —u) = —ds(u) = —[|a—ul,

and so

which ensures that ||| > 1. O

The following lemma is a direct consequence of Corollary 9 in [31]. We give its
proof for the convenience of the reader.

Lemma 5.2. Let S be a closed nonempty subset of H, u ¢ S and v € H. Then the
following are equivalent:

1. {9%s(u),v) = {d2(u;v)};
2. dg is directionally regular at u in the direction v;
3. ds is Gateaux differentiable at u in the direction v.

Proof. The equivalence between (1) and (3) is given in [31]. The implication

(1) = (2) is obvious. So we proceed to proving the reverse one, i.e., (2) = (1). By

Theorem 8 in [31] one has —ds is directionally regular at u, hence (—ds)°(u,v) =

(—ds)~ (u,v) and hence dg (u, —v) = —dg (u,v). By (1) one has d(u,v) = dg (u,v).
s (u,

Therefore, one obtains dg(u, —v) = —dg(u,v). Now, as we can easily check that
(9%ds(u),v) = [—d9(u,—v), ds(u v)], then one gets (9 ds(u),v) = {d2(u;v)}. This
completes the proof of the lemma. O

Proof of Theorem 5.3. We prove the theorem for all ¢ € [0, 1] and we can extend the
proof to [0,+<) in the evident way by considering next the interval [1,2], etc. We
follow the proof of Proposition I1.18 in Thibault [251]. Let z be a solution of (P,)
satisfying z(t) € C(t) 4 h(¢)B for all ¢ € [0, 1]. Consider the real function f defined
by f(t) = dc()(z(t). The function f is absolutely continuous because of (5.1). Put
Q:={re€]0,1]:z(¢) ¢ C(¢)}. Q is an open subset in [0, 1] because Q2 = {r € [0,1] :
f(t) > 0}. Assume by contradiction that Q # 0. As 0 ¢ € there exists an interval
(a,B) C Q such that f(or) = 0 (it suffices to take (o, B) any connected component
of (0,1)N Q). Since f,v and z are absolutely continuous, then their derivatives exist
a.e. on [0,1]. Fix any 7 € (&, 8) such that f(¢),v(¢) and z(¢) exist. Observe that for
such ¢ and for every 6 > 0 we have

St +8) = ()] = 8 Mdegso) (2t +8)) —dcg (2(1))]
= & de(1s)(2(t) + 82(1) + 8€(8)) — deyrs)(2(t) + 82(1))]
+8 " e 1.5)(2(1) + 82(t)) — dege) (2() + 82(1))]
+8 e (2(t) + 82(1)) — g (2(1))],
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where £(6) — 07 as § — 07 and hence
S f(t+8)— f(1)] < e(8) + 8 v(t +8) — (1)l
+ 8 dey (2(1) + 82(t)) — degy (2(1))].

Thus, for such # we have

F(0) <po(o)] +limsup 8~ de (2(1) + 82(1))

50t

— deg (2(1))] < [9(0)| +dPyy) (2(1);2(0)).

Now, as z is a solution of (P,) we have i) € acdc(,)(z(t)) and hence

()]

(T 400 ) € (et Gl0).20)) = (a4 (20} (by Lemma 5.2,

On the other hand as z(¢) € U (h(r)) and by hypothesis (A) and Lemma 5.1 one gets

5 o |)| = 1 and hence |2(1) | = [¥(¢)]. Therefore,

i) . > lz)* .
(t))=— =—[v(t)|.

020 = (a0 ) =~

Now, for such ¢ € (o, 8) we have f(¢) < 0. So, as f is absolutely continuous we

0
have f(0) = f(o) +/ f(£)dt <0 for every 8 € (o, B). But by the definition of f
o
we have f(0) > 0 for every 6. Thus, f(0) = 0 which contradicts that (o, ) C Q.
Hence, 2 = 0. This completes the proof. O
Now, we have the following corollary.
t
Corollary 5.2. Put h(t) := 2/ [v(s)|ds and assume that the hypothesis (A) holds.
0
Then for every solution z of (Py), one has z(t) € C(t) for all t > 0.

Proof. Ttis sufficient to show that every solution of (P,) satisfies the hypothesis (A).
Indeed, let z be a solution of (P;). Then for a.e. 7 > 0 one has ||z(¢)|| < |v(¢)]. So, by
(5.1) one gets

et &(0) < 1) =) + () ~v(O) < [ WGs)as+ [ 1ats)as < o),

This ensures that z(¢) € C(r) + h(t)B. 0
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Using Corollary 5.2 one gets the non-emptiness of the set of solutions of both
problems (P;) and (P;) in the finite dimensional setting and that these two sets
of solutions are the same. Note that this result is more strongly than the existence
results of the problem (P;) proved in [16, 92], because it is not necessary that a
solution of (P;) is in general a solution of (P,). Note also that their existence results
for the problem (P;) have been obtained, respectively, for any Lipschitz set-valued
mapping C taking its values in a finite dimensional space, and for any Lipschitz
set-valued mapping C having locally compact graph and taking its values in a
Hilbert space. Their proofs are strongly based on new versions of Scorza—Dragoni’s
theorem.

Theorem 5.4. Assume that dimH < o and the hypothesis (A) holds with h(t) :=
1

2 / [v(s)|ds. Then both problems (Py) and (Ps) have the same set of solutions which
0

is nonempty.

Proof. By corollary 5.2 and the implication (P,) + (3) = (Py), it is sufficient to
show that (P2) admits at least one solution. Indeed, we put f; (x) := —[v(t)|dc()(x)
and we observe that this function satisfies all hypothesis of Lemma II.15 in Thibault
[251] (we can apply directly Theorem VI.13 in Castaing and Valadier [79] as in the
lemma I.15 in [251]). Then one gets by this lemma that (P;) admits at least one
solution. a

In order to give a concrete application of our abstract result in Theorem
5.3, we recall the definition of uniform prox-regularity for subsets which is a
generalization of convex subsets as it was defined in Clarke [89] (see Chap. 1 for
other characterization of uniform prox-regularity).

Definition 5.2. Let S be a closed nonempty subset in H. Following Clarke et al.
[89] we will say that S is uniformly r-prox-regular if dg is continuously Gateaux
differentiable on the tube U(r) :={u e H: 0 <ds(u) <r}.

!
Corollary 5.3. Pur h(z) := 2/ [v(s)|ds and assume that C(t) is uniformly r(t)-
0

prox-regular for all t > 0 with h(t) < r(t). Then for every solution z of (P2), one has
z(t) € C(t) forallt > 0.

Proof. 1t is easily seen by Lemma 5.2 that under the uniform r(z)-prox-regularity
of C(¢) for all t > 0 with h(r) < r(¢), the hypothesis (A) holds. So, we can directly
apply Corollary 5.2. O

We close this section by establishing the following result. It is the combination
of Theorem 5.2 and Corollary 5.2. It proves the equivalence between (P;) and (P»)
for any set-valued mapping C satisfying the following hypothesis (A’):

< Given a positive function /i : [0,+e) — (0,+e0). For every absolutely
continuous mapping x(-) : [0,4e) — H and for a.e. + > 0 the two following
assertions hold:
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1. C(¢) is Fréchet normally regular at x(¢) € C(t);
2. forevery x(t) € U(h(t)): Proje(,)(x(t)) # 0, dc( is directionally regular at x(7)
in both directions x(r) and p(x(¢ )) x(t), for some p(x(t)) € Proje( (x(t)). >

!

Theorem 5.5. Assume that (A’) holds with h(t) := 2 / [v(s)|ds. Then, (Py) is
0

equivalent to (P).

Remark 5.1. Note that under the uniform r(z)-prox-regularity of C(¢) for all >0
with h(r) < r(t), we can show (see Clarke et al. [89] for the part 1 in (A”)) that the
hypothesis (A’) holds too. So we obtain the following result, also obtained in [248].

1

Theorem 5.6. Put h(t) := 2/ [v(s)|ds and assume that C(t) is uniformly r(t)-
0

prox-regular for all t > 0 with h(t) < r(t). Then, (Py) is equivalent to (P,).

5.1.3 Existence Results: Finite Dimensional Case

Throughout this subsection, H will be a finite dimensional space. Our aim here is to
prove the existence of solutions to (P;) and (P,) by a new and a direct method and
under another hypothesis which is incomparable in general with the hypothesis (A)
given in the previous section.

We begin by recalling the following proposition (see e.g. [90])

Proposition 5.2. Let X be a finite dimensional space. Let F : X=X be an upper
semicontinuous set-valued mapping with compact convex images and let S C dom F
be a closed subset in X. Then the two following assertions are equivalent:

(i) ¥x €S, ¥p € Projg(x), O'(F(x), fp) >0;
(ii) ¥xo € S, 3 a solution x(-) : [0,+e) — H of the differential inclusion x(t) €
F(x(t)) a.e. t > 0 such that x(0) = xo and x(t) € S for allt > 0.

Here Proj(x) denotes the set of all vectors & € H such that ds(x+ &) = ||€ ]|
We prove the following result that is the key of the proof of Theorem 5.7.

Lemma 5.3. Let C : R.=H be a set-valued mapping satisfying (5.1). For all
(t,x) € gphC and all (q,p) € RyIAc(t,x) one has

G(F(tax)v_(%p)) >0,

for the set-valued mapping F : Ry x H=R, x H defined by F(t,x) := {1} x
{—B(1)0%dc()(x)}, where B : Ry — Ry is any positive function satisfying [v(t)| <
B(t) a.e. t > 0. Here Ac : Ry x H — Ry denotes the distance function to images
associated with C and defined by Ac(t,x) := d¢(p)(x).
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Proof. 1t is sufficient to show the inequality above for only (gq,p) € §Ac(t,x).

Assume the contrary. There exist (7,X) € gphC and (g, p)(# (0,0)) € dAc(f,%)
such that

o(F(f,%),—(q,p)) <O0. 5.4

Fix € > 0. By the definition of the Fréchet subdifferential there exists 1 > 0 such
that for all |r —7] < 7, and all ||x — %|| < 1 one has

gt =)+ (p,x — ) < dg)(x) + et — 1]+ [|x — &) (5.5)

Taking t =7 in (5.5) one obtains p € §dc(t-) (%).
By (5.1) there exists for any r € Ry, some x; € C(¢) such that

[l — x| < [v(z) = v (D).
Taking now x = x; in (5.5) for all 7 sufficiently near to 7 one gets
Gt —1) < (= p,x — %) +e(je =]+ [l — 7]
<|pllv(e) =v(@®)| + (e =] + v(1) = v(D)]),
and hence

gl < [Ipllv@)] <1IplB(). (5.6)

|"3|

If p =0, then g = 0, which is impossible. Assume that p # 0, then € gdc(,-) (%),

i

which ensures that

(1-pi7r) eFi,
Thus, by (5.4) one gets

(18075 ) ~@p)) <0

and hence || || () < |G|, which contradicts (5.6). This completes the proof. O
Now, we are ready to prove the main result of this section.

Theorem 5.7. Assume that there is a continuous function f3 : [0,+e0) — [0,+o0)
satisfying |v(t)| < B(¢) a.e. t > 0 and that the set-valued mapping G : (t,x) —
ddc()(x) is u.s.c. on R x H. Then there exists the same solution x(-) : [0, +e) — H
Sfor both problems (Py) and (P,), that is, (P) and (P,) have the same nonempty set
of solutions.

Proof. Fix xo € C(0). Put S := gphC and F(¢,x) := {1} x {—B(t)§dc( y(x)}. Tt is
well known that Projg(z,x) is always included in the Fréchet normal cone N(S:(1,x))
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and hence by Proposition 5.2 part (i) one gets Projg(z,x) C R+§Ac(t,x) for all
(t,x) € S. Therefore, Lemma 5.1 yields

O-(F(tvx)v*(qvp)) > 07

for all (¢,x) € S and all (g,p) € Projg(r,x). Now, as G is u.s.c. on R x H and f8
is continuous, then F is u.s.c. on R x H and hence it satisfies the hypothesis of
Proposition 5.2 and then there exists a solution (s(+),x(+)) : [0,4<) — R x H of the
differential inclusion

(8(2),%(z)) € F(s(2),x(1)), ae. t>0,
(5(0),x(0)) = (0,x0) €S,
(s(t)pc(t)) es, Wt>0.

Fix any ¢ > 0 for which we have x(¢) € C(s(¢)) and

($(),2(1)) € F(s(1),x(1)) = {1} x {=B(5(6)) D)) (x(1))}-

Then,

(t)=1 and R
(1)) € =B(s(1))ddc(s(r)) (x(1))-

Thus, as 5(0) = 0 we get s(¢) = ¢. Consequently, one concludes that x(¢) € C(r) and
x(r)e-p (t)gdc(t) (x(1)) € N(C(t),x(t)). This ensures that x(-) is a solution of (P,).
To complete the proof we need by Theorem 5.5 to show that C(¢) is Fréchet normally
regular for all ¢ > 0. Indeed, consider any 7 > 0 and any X € C(f). Then the u.s.c.
of G ensures that gdc(zj(') is closed at x in the following sense: for every x, —

and every &, — & with &, € §dc® (x,) one has & € §dc® (%). Thus, by Theorem
5.1 in [61] and Corollary 3.1 in [60] one concludes that C(z) is Fréchet normally
regular. O

In order to make clear the importance of this result we give a concrete application.
To this end, we need some new results by Bounkhel and Thibault [58] concerning
uniformly prox-regular subsets (see Chap. 1).

Theorem 5.8. Assume that C satisfies (5.1) and C(t) is uniformly r(t)-prox-regular
Sor all t > 0 with r(t) bounded below by a positive number. Then the graph of G is
closed and hence G is u.s.c. on R x H.

Now another existence result of solutions of uniformly prox-regular case in the finite
dimensional setting of both problems (P;) and (P>) can be deduced from Theorem
5.7 and Theorem 5.8. We give it in the following theorem.

Theorem 5.9. Under the hypothesis of Theorem 5.8, there exists a solution of both
problems (Py) and (Ps).
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5.2 Existence of Viable Solutions of Nonconvex First Order
Differential Inclusions

5.2.1 Introduction

In this section, we consider the following class of differential inclusion (DI):
x(t) € G(x(t)) + F(t,x(t)), ae. [0,T],

where T > 0 is given, F : [0,7] x H=H is a continuous set-valued mapping,
G : H=H is an upper semicontinuous set-valued mapping such that G(x) C 9%g(x),
with g : H — R is a locally Lipschitz function (not necessarily convex) and H
is a finite dimensional space. Here, d€g(x) denotes the generalized gradient (or
Clarke subdifferential) of g at x (see the definition given in Chap. 1). By using some
new concepts of regularity in Nonsmooth Analysis Theory, we prove under natural
additional assumptions the existence of viable solutions for (DI), i.e., a solution x
of (DI) such that x(¢) € S, for all # € [0,T], where S is a given closed subset in
H. Our main existence result in Theorem 5.11 is used to get existence results for a
particular type of differential inclusions introduced by Henry [138] for the study of
some economic problems.

5.2.2 Existence Criteria of Viable Solutions of Nonconvex
Differential Inclusions

It is well known that the solution set of the following differential inclusion

x(r) € G(x(t)), a.e. [0,T] (T >0),
d 5.7
x(0) =xp € RY,
can be empty when the set-valued mapping G is upper semicontinuous with
nonempty nonconvex values. In [67], the authors proved an existence result of (5.7),
by assuming that the set-valued mapping G is included in the subdifferential of
a convex lower semicontinuous (l.s.c.) function g : RY — R. This result has been
extended in many ways.

1. The first one was by [17], where the author replace the convexity assumption
of g by its directional regularity in the finite dimensional setting. The infinite
dimensional case with the directional regularity assumption on g and some other
additional hypothesis has been proved by [17,18].

2. The second extension was by [2]. An existence result has been obtained for the
following nonconvex differential inclusion
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x(t) € G(x(t)) + f(t,x(1)), ae. [0,T] (T >0),
{x(O) =x0 € RY, (58)

under the assumption that G is an upper semicontinuous set-valued mapping
with nonempty compact values contained in the subdifferential of a con-
vex lower semicontinuous function, and f is a Caratheodory single-valued
mapping.

3. The third way was to investigate the existence of a viable solution of (5.7) (i.e.,
a solution x(-) such that x(r) € S(¢), where S is a set-valued mapping). The first
existence result of viable solutions of (5.7) has been established by Rossi [243].
Later, Morchadi and Gautier [191] proved an existence result of viable solution
of the inclusion (5.24).

4. The recent extension of (5.7) and (5.24) is given by [110]. The author proved an
existence result of viable solutions for the following differential inclusion

(DI {x(r) € G(x(t)) +F(t,x(t)), ae. [0,T] (T >0),

x(t) €S,
when F : [0,T] x H=H is a continuous set-valued mapping, G : H=H is an
upper semicontinuous set-valued mapping such that G(x) C 9°°"g(x), where
g :H — Ris a convex continuous function and S(7) = S and the set S is locally
compact in H, with dimH < e,

Our aim in this section is to establish an extension of the existence result of (5.7) that
cover all the other extensions given in the finite dimensional setting, like the ones
proved by [2, 17,67, 110]. The infinite dimensional case has been proved recently
in [51]. We will prove an existence result of viable solutions of (DI) when F is a
continuous set-valued mapping, G is an u.s.c. set-valued mapping, g is a uniformly
regular locally Lipschitz function over S (see Definition 5.3), and S is a closed subset
in H, with dim H < +-oo.

In all the sequel, we will assume that H is a finite dimensional space.

We begin by recalling the following lemma proved in [110].

Lemma 5.4. Assume that

(i) S is nonempty subset in H, xy € S, and Ko := SN (xo + pB) is a compact set for
some p > 0;
(ii)) P:[0,T] x H=H is an w.s.c. set-valued mapping with nonempty compact
values,
(iii) For any (t,x) € I x S the following tangential condition holds:

11%nfh*1ds(x+hp(t,x)) =0. (5.9)

Let a € (0,min{T, W’i—l)}), where M := sup{||P(t,x)|| : (t,x) € [0,T] x Ko}
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Then for any € € (0,1), any set N' = {1 : t(') =0<--- <1, =a}, and any ug €
F(0,x0), There exist a set N ={t; : 1o =0 < --- <t, = a}, step functions f, z, and x
defined on 0,a] such that the following conditions hold for everyi € {1,...,v}:

1L {t('),...,tl’((l.)} C {1,...,t;}, where k(i) is the unique integer such that k(i) €
{0,1,...,v/ =1} andt,i(i) << tllc(i)+1"
2.0<tiy1—tj<a,forall j€A0,...,i— 1}, where

o = emin{1,t{ — 10, ...t —t,_ };

3. f(0) =uo, f(t) = f(6()) € F(6(),x(6(r))) on [0,t;] where 6(t) =1t; if t €
[t), tj+1 forall j€{0,1,....i—1} and 0(t;) = t;;
4. 2(0) =0, 2(0) =z(tr1) ift € (1), T < i =L and |l2(1)]| < 26(M+ 1T

5. x(t) —x0+/ f(s)ds+z(z), forallt € [0,1;], x(t;) = xj € Ko and
[lxj = x| <t —17[(M+1), (5.10)

for j,j' €{0,1,...,i}.
Now, we introduce our concept of regularity that will be used in this section.

Definition 5.3. Let f: H — RU {4} be a l.s.c. function and let O C dom f be a
nonempty open subset. We will say that f is uniformly regular over O if there exists
a positive number 8 > 0 such that for all x € O and for all & € 9” f(x) one has

(EX —x) < f(X) = fx)+ Bl —x]|?, for all X € 0.

We will say that f is uniformly regular over a closed set S if there exists an open set
O containing S such that f is uniformly regular over O.

The class of functions that are uniformly regular over sets is so large. We state here
some examples.

1. Any l.s.c. proper convex function f is uniformly regular over any nonempty
subset of its domain with § = 0.

2. Any lower-C? function f is uniformly regular over any nonempty convex
compact subset of its domain. Indeed, let f be a lower-C? function over a
nonempty convex compact set § C domf. By Rockafellar’s result (see for
instance Theorem 10.33 in [241]) there exists a positive real number 3 such
that g := f+ & S|l [|* is a convex function on S. Using the deﬁn1t10n of the
subdifferential of convex functions and the fact that 9 f(x) = dg(x) — Bx for
any x € S, we get the inequality in Definition 5.3 and so f is uniformly regular
over S.

One could think to deal with the class of lower-C2 (see [241] for the definition
of lower-C? property) instead of the class of uniformly regular functions. The
inconvenience of the class of lower-C> functions is the need of the convexity
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and the compactness of the set S to satisfy the Definition 5.3 which is the exact
property needed in our proofs. However, we can find many functions that are
uniformly regular over nonconvex noncompact sets. To give an example we need
to recall the following result by Bounkhel and Thibault [58] proved for Hilbert
spaces H (see Chap. 1).

Theorem 5.10. Let S be a nonempty closed subset in H and let r > 0. Then S is
uniformly r-prox-regular if and only if the following holds

for all x € H, with ds(x) < r, and all & € Pdg(x) :
8
(P) { (&X' —x)< m”xl—xﬂz‘f‘dﬂx/) —ds(x),

forall X' € Hwith ds(x') <.

From Theorem 5.10 one deduces that for any uniformly r-prox-regular set S (not
necessarily convex nor compact) the distance function ds is uniformly regular over
S+ (r—r)B:={xeH: ds(x) <r—r'}foreveryr € (0,r].

Some properties for uniformly regular locally Lipschitz functions over sets that
will be needed in the next theorem can be stated in the following proposition.

Proposition 5.3. Let f: H— R be a locally Lipschitz function and let O # S C
dom f. If f is uniformly regular over S, then the following hold:

(i) the proximal subdifferential of f is closed over S, that is, for every x, — x € S
with x, € S and every &, — & with &, € ¥ f(x,,) one has & € 97 f(x);
(ii) dCf(x) = I f(x) forall x € S;
(iii) the proximal subdifferential of f is upper hemicontinuous over S, that is, the
support function x <v, 8Pf(x)> is u.s.c. over S for every v € H.

Proof.

(i) Let O be an open set containing S as in Definition 5.3. Let x, — x € S with
X, € S and let &, — & with &, € 7 f(x,). Then by Definition 5.3 one has

(En, X —xn) < f(X) = f(x) + BIIX —x,4]|?,  for all X' € 0.
Letting n to +oo we get
(Ex —x) < f(X)— f(x)+BII¥ —x||*, for all X' € O.

This ensures that & € 9° f(x) because O is a neighborhood of x.

(ii) Letxbeany pointin S. By the part (i) of the proposition we get ¥ f(x) = 9 (x),
where d f (x) denotes the basic (or limiting or Mordukhovich) subdifferential of
f atx (see Chap. 1). Now, as f is Lipschitz at x we get by Theorem 6.1 in [90]
¢ f(x) =codf(x) =cod” f(x) = 9 f(x). The part (iii) is a direct consequence
of (i) and (i) and so the proof is complete. O

Now we are in position to prove the main theorem in this section.
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Theorem 5.11. Let S C H and let g : H — R be a locally Lipschitz function that is
uniformly regular over S with a constant 3 > 0. Assume that

(i) S is a nonempty closed subset;
(ii) G : H=H is an u.s.c. set-valued mapping with compact values satisfying
G(x) C d%g(x) for all x € S;
(iii) F :[0,T) x H=H is a continuous set-valued mapping with compact values;
(iv) For any (t,x) € I x S the following tangential condition holds

lir}ﬁ%nfh’lds(x+h(G(x) +F(t,x))) =0. (5.11)

Then, for any xo € S there exists a € (0,T) such that the differential inclusion (DI
has a viable solution on [0, a.

Proof. Let L > 0 and p be two positives scalars such that g is Lipschitz with ratio
L over xo + pB. Put Ky := SN (xo + pB) is a compact set in H. Let M and a be two
positives scalars such that ||F(z,x)|| + ||G(x)|| < M, for all (¢,x) € [0,T] x Ko and
a € (0,min{T, 75<}). Let No = {0,a} and &, = 5, form=1,2,....

First, the uniform continuity of F' on the compact Ky ensures the existence of
& > 0 such that

|l(#,x) = (&, x)|| < (M +2)8, = S (F(t,x),F(t',x)) < &n, (5.12)

for 7,¢' € [0,a], x,x’ € Ko, where ||(¢,x)|| = |¢| + ||x||. Here J# (A, B) stands for the
Hausdorff distance between A and B define by

' (A,B) := max { supdg(a), supdA(b)}.
acA beB

Now, applying Lemma 5.4 for the set-valued mapping P := F + G, the scalar
egn,m=1,2,..., the set Ny = {0,a}, and the set S, one obtains foreverym=1,2,...
the existence of a set N, = {/" : ' =0 < --- <13} = a}, step functions y,(-), fu(*),
Zm(+), and x,,,(+) defined on [0,a] with the following properties:

(i) Ny CNpyr1,m=0,1,...;
(i) 0 <!, —t" < oy, foralli € {0,..., v, — 1}, where

L . m—1 m—1 m—1 m—1 :
Oy = Emmln{1,6m,t1 7t0 ;---7tvn171 tvmll}’

(iii) fn(t) = fn(Om (1)) € F (O (1), Xim (O (1)) and ym (1) = yim (O (1)) € G(xm (O (1)))
on [0,a] where 6,,(t) = /" if t € [t]",¢]1 ), for all i € {0,1,...,v,, — 1} and
Onla) =a;

(iv) zn(0) =0, 2 (t) = zm(ti1) if 1 € (ti,t;41], 0 <i < v, — 1 and

llzm(@)]| < 2&n(M +1)T; (5.13)
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3

V) xm(t) :x0+/0 (Ym(s) + fin(8))ds+ 2 (t) and x,, (60 (2)) € Ko, forall ¢ € [0,a],
and fori,j € {0,1,..., v}

[ (2") = xm (7)1 < 16" —27'[(M + 1). (5.14)
Observe that (5.14) ensures that for i, j € {0, 1,..., v,y }
(" 2 (7)) = (2 sxem (G| < [ = 17 /(M +2). (5.15)

We will prove that the sequence x,,(-) converges to a viable solution of (DI). First,
we note that the sequence f;, can be constructed with the relative compactness
property in the space of bounded functions. We don’t give the proof of this part
here. It can be found in [109, 110, 123, 124]. Therefore, without loss of generality
we can suppose that there is a bounded function f such that

lim sup || fin(z) — f(¢)]| = 0. (5.16)

M= 1e10,a]

Now, we use our characterizations of the uniform regularity proved in Proposi-
tion 5.3 and some techniques of [2,58, 67] to prove that the approximate solutions
xm(+) converges to a function that is a viable solution of (DI).

Put g, (t) = xo + J m(s) + fu(s))ds. By the property (iv), one has ||2,,(¢)|| = 0
a.e. on [0,a]. Then ||¢n(?)|| = |l%m()|] < M a.e. on [0,a] and the sequence g, is
equicontinuous and the sequence of their derivatives ¢, is equibounded. Hence, a
subsequence of g;, may be extracted (without loss of generality we may suppose that
this subsequence is ¢,,) that converges in the sup-norm topology to an absolutely
continuous mapping x : [0,a] — H and such that the sequence of their derivatives
Gm converges to x(-) in the weak topology of L?([0,a], H). Since ||gu(t) —xn(t)|| =
Iz (¢)]| and ||z, (¢)|| = O a.e. on [0,4a] one gets by (5.29)

{"yg;tgl[gﬁ [l (1) — x(1)|| =0, 517

%m(-) — %(-) in the weak topology of L*([0,a],H).

Recall now that the sequence f,, converges pointwisely a.e. on [0,a] to f. Then, the

continuity of F and the closedness of F(¢,x(t)) entail f(¢) € F(t,x(¢)). Further, by

the properties of the sequence x,, and the closedness of Ky, we get x(f) € Ky C S.
Put y(t) = —f(¢) + x(¢). It remains to prove that y(r) € G(x(¢)) a.e. [0,a]. By

construction and the hypothesis on G and g we have y,,(t) = %, (¢) — fu(¢) and

)’m(t) € G(xm(em(t))) c acg(xm(em(t))) = an(xm(em(t)))a (5.18)

for a.e. on [0,a], where the last equality follows from the uniform regularity of g
over S and the part (ii) in Proposition 5.3.
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The weak convergence (by (5.33)) in L?([0,a], H) of %,(+) to x(-) and Mazur’s
Lemma entail

x(r) € ﬂﬁ{xk(t) :k>m}, for ae. on [0,qa].

Fix any such ¢ and consider any £ € H. Then, the last relation above yields

<§,x(t)> < infsup <§ ,xm(t)>

m g

and hence according to (5.34)
(&) < limmsupc(éaapg(xm(em(t)))+fm(t))
< 0(&,0"g(x(t) + f (1)),

where the second inequality follows from the upper hemicontinuity of the proximal
subdifferential of uniformly regular functions (see part (ii) in Proposition 5.3) and
the convergence pointwisely a.e. on [0,a] of f,, to f, and the fact that x,,(6,,(z)) —
x(r) in Ky a.e. on [0,a]. Thus, by the convexity and the closedness of the proximal
subdifferential of uniformly regular functions (part (if) in Proposition 5.3) we obtain

¥(1) = %(1) — £(¢) € g x(1)). (5.19)

To complete the proof we need to show that y(¢) € G(x(t)).

As x(+) is an absolutely continuous mapping and g is a uniformly regular locally
Lipschitz function over S (hence directionally regular over S (see Chap. 1)), one gets
by Theorem 2 in Valadier [255,256] (see also [39]) for a.e. on [0, 4]

%(gox)(t) = (9" g(x(1)),4(t)) = (x(r) = £(1),6(1)) = |£()|I* = (£ (1), 4(r))-

Consequently,
ra ) a
g(v(a) —gx0) = [ Ii(6)IPds— [ (F0)5()ds. (520
On the other hand, we have by construction X,,(t) = y{" + f7" with y" € G(x}") C

dCg(x) = Pg(x¥) for t € (t",t;41), i = 0,...,Vy, — L. Then, by Definition 5.3
one has

gdiy) —g (") = (o xfy — ") — Bl — 7|2

i

= (i)~ o). [ (5105 ) ~ By

m
i
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o i,
> [ ) Pds = [ Ghns) Snls) s

= BM+ 1)1}y — 1)

LTI AN
> [ o) Pds = [ (o) Snls) s

= B(M+ 1) (1}, — 1)

By adding, we obtain

8n(@)) = 8(50) = [ [n@)Pds— [ (in(5)o ()5 — e+ 10 (5:21)
According to (5.32) and (5.33) one gets
lirzln/oa (%m(8), fin(s))ds = /Oﬂ (x(s), f(s))ds.

Passing to the limit superior for m — oo in (5.37) and the continuity of g yield

~d a
g(x(a)) — g(xo) > limsup/o ||)é,,,(s)||2ds—/0 <x(s),f(s)>ds,
m
and hence a comparison with (5.36) gives
a a
/ I1£(s) | ds > lim sup / I (5) | 2ds,
0 m 0

i.e.,

||x||iz([o,a]7y) 2 limmSUPme”iz([o,a]ﬂ)-
On the other hand the weak lower semicontinuity of the norm ensures
140 2 0,00,y < lin}ninf”xHLz([O,a],H)'
Consequently, we get
1l 220,01,y = 1 (16l 20,01 11)-

This means that the sequence x,(-) converges to x(-) strongly in L*([0,a],H).
Hence, there exists a subsequence of %, (+) still denoted %,,(-) converges pointwisely
a.e. on [0,a] to x(-). Finally, by the construction, one has (x,,(¢),%n(t) — fiu(t)) €
gphG a.e. on [0,a] and so the closedness of the graph ensures that (x(¢),x(r) —
f(t)) € gphG a.e. on [0,a]. This completes the proof of the theorem. O
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Remark 5.2.

1. An inspection of the proof in Theorem 5.11 shows that the uniformity of the
constant 8 was needed only over the set Ky and so it was not necessary over all
the set S. Indeed, it suffices to take the uniform regularity of g locally over S, that
is, for every point X € S there exist § > 0 and a neighborhood V' of xj such that g
is uniformly regular over SNV.

2. As we can see from the proof of Theorem 5.11, the assumption needed on the
set S is the local compactness which holds in the finite dimensional setting for
nonempty closed sets.

3. Under the assumptions (i)—(iv) of Theorem 5.11, if we assume that F([0,T] x
S)+ G(S) is bounded, then for any a € (0,T), the differential inclusion (DI) has
a viable solution on [0, d].

We close this section with two corollaries of the main result proved in
Theorem 5.11.

Corollary 5.4. Let K C H be a nonempty uniformly prox-regular closed subset
and F : [0,T] x H=H be a continuous set-valued mapping with compact values.
Then, for any xo € K there exists a € (0,T) such that the following differential
inclusion

{x(t) € —9%dx(x(t)) +F(t,x(¢)) ae. on [0,q]

x(0)=x0 €K,

has at least one absolutely continuous solution on [0,a].

Proof. Theorem 5.10 shows that the function g := dg is uniformly regular over K
and so it is uniformly regular over some neighborhood V of xy € K. Thus, by Remark
5.3 part 1, we apply Theorem 5.12 with S = H (hence, the tangential condition (5.27)
is satisfied), Ko := VNS =V, and the set-valued mapping G := 9 dx which satisfies
the hypothesis of Theorem 5.11. O

Our second corollary concerns the following differential inclusion

{x(t) € —NC(S;x(t)) + F(t,x(t)) ae.
(5.22)

x(t) €S, for all ¢, and x(0) =xp € S.

First, we recall that this type of differential inclusion has been introduced by Henry
[138] for studying some economic problems. In the case when F is an u.s.c set-
valued mapping and is autonomous (that is F is independent of 7), he proved an
existence result of (5.22) under the convexity assumption on the set S and on the
images of the set-valued mapping F. In the autonomous case, this result has been
extended by Cornet [100] by assuming the tangential regularity assumption on the
set S and the convexity on the images of F* with the u.s.c of F. In [248], Thibault
proved in the non autonomous case, an existence result of (5.22) for any closed
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subset S (without any assumption on S), which also required the convexity of the
images of F and the u.s.c. of F. The question arises whether we can drop the
assumption of convexity of the images of F. Our corollary here establishes an
existence result in this vein, but we will pay a heavy price for the absence of the
convexity. We will assume that F is continuous, and above all, that the following
tangential condition holds

11% 5nfh’1dg(x+ h(3%ds(x) + F(t,x))) = 0, (5.23)

for any (7,x) € I x S.
Corollary 5.5. Assume that

(i) F:[0,T] x H=H is a continuous set-valued mapping with compact values;
(ii) S is a nonempty uniformly prox-regular closed subset in H;
(iii) For any (t,x) € I x S the tangential condition (5.23) holds.

Then, for any xo € S, there exists a € (0,T) such that the differential inclusion (5.22)
has at lease one absolutely continuous solution on [0,a).

5.3 Existence Results for First Order Nonconvex Sweeping
Processes: Infinite Dimensional Case

Our purpose, in this section, is to give an application (to the nonconvex sweeping
process) of the results established in the first chapter on uniformly prox-regular sets.

We start with an important result of closedness of the proximal subdifferential of
the distance function to images of set-valued mappings whose images are uniformly
prox-regular. It has its own interest.

Proposition 5.4. Let C : R=3H be a continuous set-valued mapping, that is, the
relation (5.1) holds with v : R — R is a continuous function. Let r > 0. Assume
that C(t) is uniformly r-prox-regular for all t in some interval I of R. For a given
0 < & < r, the following closedness property of the proximal subdifferential of the
distance function holds:

“foranytcI,x€ C(f)+(r—0)B, x, = X, t, — T witht, €1, (x, is not necessarily
in C(tn)) and &, € 9%dc(,,) (xn) with & —" &, one has & € dPdcy)(x).” Here —"
means the weak convergence in H.

Proof. Fixtelandx e C(f)+ (r— 8)B. As x,, — X one gets for n sufficiently large

Xp €EX+ ZB. On the other hand, since the subset C() is uniformly r-prox-regular,

one can choose a point y € C(f) with d¢(7) (X) = ||§— X||. So, for every n large enough
one can write by (5.1),

|dc(i,) (n) = de (9)] < v(tn) = v(D)] + [l = 3],
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and hence the continuity of v yields for n large enough

13} 5 o o
ey () < 5+ = +5—5] < S+ 2 +r—8=r—2 <
Therefore, for any n large enough, we apply the property (P.’) in Theorem 2.14 with
&y € d"dcy,) (xa) to get

8

YR —An S—
<§ u X> V_dC(tn)(xn)

[ — xal|* + degy) (1) — degy) (3n), (5.24)

for all u € H with d¢(,,) () < r. This inequality still holds for all u € %+ 6'B with

6
0<d6 < 1 because for such u one has

o o
de(o) () < u =+ [|F= x| +deg,) (0n) < 8"+ 7 +r =35 <r.
Consequently, by the continuity (because of (5.1)) of the distance function with
respect to (7,x), the inequality (5.24) gives, by letting n — oo,

_ B 8 5 B
u—Xx) < ——||lu —x||” +d, u) —dei (%),
(€ ) V—dc(,-)(x)H 1°+de) (u) — deg (%)

for all u € X+ 6'B. This ensures that & € 9° dc(p) () and so the proof of the
proposition is complete. O

Remark 5.3. One obtains the same result if C(¢) is uniformly r(r)-prox-regular with
either r(¢) is bounded below by a positive number o > 0(i.e., 7(t) > o > 0, for all
t € I)or r(-) is a continuous positive function at 7.

The following existence theorem establishes the main result in this section. The
result is proved by showing that the Moreau catching-up algorithm (introduced for
convex sets in [209]) still converges for uniformly prox-regular sets.

Theorem 5.12. Let H be a separable Hilbert space, T > 0, and r > 0. Assume that
C(t) is uniformly r-prox-regular for every t € I :=[0,T] and that the assumption
(5.1) holds with an absolutely continuous function v. Let F : I x H — H be a set-
valued mapping with convex compact values in H such that F(t,-) is u.s.c. on H
for any fixed t € I and F(-,x) admits a measurable selection on I for any fixed
X € H. Assume that F (t,x) C J for all (t,x) € I x H, for some convex compact set
A C H. Then, for any xy € C(0), the sweeping process (SPP) with the perturbation
F has at least one absolutely continuous solution, that is, there exists an absolutely
continuous mapping x : I — H such that

X(r) € NO(C(1):x(1)) + F(t,x(t)) ae. 1€l
(SPP) { x(0) = x0 € C(0).
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Proof. Step 1. We first assume that F is globally u.s.c. on I X H and we prove the
conclusion of the theorem.
Observing that (5.1) ensures for t < ¢/

l/
o)) = deO)| < [ 16)las,

we may suppose (replacing v by |v| if necessary) that v(¢) > 0 for all 7 € I. Consider
for every n € N, the following partition of I:

iT . . .
Inii= 2—n (0<i<2") and I,;:= (tn tnit1] if 0<i<2"—1. (5.25)
Put
T Init+1 .
= Eaii= [ V(s and g = max (€1}, (5.26)

tn,i
As g, — 0, we can fix ny > 1 satisfying for every n > ng

: r
and 2¢g, < mln{l, m} , (5.27)

.
2y,
TR

where [ is a positive number satisfying .7~ C /B (because %" is a compact set in H).
For every n > ng, we define by induction

Un0 :=X0) Zn0 € F(th0,un0);
Zni € F(tn,i, Un,i);
U1 2= PrOjegy, ) (Ui — Hnn). (5.28)
This last equality is well defined. Indeed, by (5.1) one has for all t € 1
d(un0 — Unzn,0,C(t)) < Iy +v(t) = v(tnp)-
Then for f :=1, 1 one gets (by (5.26) and (5.27))

d(”n,O - “nzn,OaC(tn,l)) < llin + V(tn,l) - V(tn,O) < (l + 1)8n <=<r

N~

and hence as C has uniformly r-prox-regular values, one can choose a point
Un,1 = PrOjc(, ) (Un,0 — UnZno). Similarly, we can define, by induction, the points
(un,i)o<i<or and (2, i Jo<i<2». From (5.28) and (5.1) one deduces for every 0 <i < 2"

H“n,iﬂ —Upi+t ﬂnzn,iH <Iu,+ En,i < (l + 1)(/.1,, + gn,i)- (5.29)
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For every n > ng, these (uni)o<i<on and (z,;)o<i<o» are used to construct two
mappings z, and u, from I to H by defining their restrictions to each interval /,,;
as follows:

fort =0, set z,(t) := 2,0 and u, (1) := 0 = X0,

forallt € 1,; (0 <i<2"),setz,(t):=zn,; and

(1) —a(tni)

a
Mn(t) = Upi+ Eni+ hn (un,i+1 —Upi+t ﬂnzn,i) - (t - tn,i)zn,i; (5.30)
where a(t) :=v(t) +1 for all r € I. Hence, for every ¢ and ¢’ in ,,; (0 <i <2") one
has

a(t") —a(r)

”n(tg*un(t): i+ L

(“n,Hl — Up,i + .unzn,i) - (t, - t)zn,i-

Thus, in view of (5.29), if ,¢' € I,; (0 <i<2") with¢ <, one obtains
[lun(t') = ua(t) || < 21+ 1)(a(t’) = a(t)), (5.31)

and, by addition this also holds for all ¢’ € I with 1 <¢'. This inequality entails that
uy, is absolutely continuous.

Coming back to the definition of u, in (5.30), one observes that for 0 < i < 2"
. a(r)
lin (1) =

gn,i + Hn
Then one obtains, in view of (5.29), fora.e.r €1

(unHl — Ui+ [,L,,Z,,,,‘) — Zn,i fora.e.t € I,,,,‘.

itn (1) + 22 (1) ]| < (L+1)(w(2) + 1). (5.32)
Now, let 6,, p, be defined from [ to I by 6,(0) =0, p,(0) =0, and
0,(1) =tniv1,pn(t) =tn; if t€l,; (0<i<2"). (5.33)

Then, by (5.28), the construction of u, and z,, and the properties of proximal normal
cones to subsets, we have fora.e.r €1

an(t) € F(pu(t),un(pa(t))), and
tiy () + 20 (t) € —N"(C(6,(1));14(6,(1))).- (5.34)
This last inclusion, relation (5.32) entail for a. e. f € I
tin (1) + 20() € = (14 1)a(1)9" d(g,(1)) (un(6a(1))). (5.35)

Let us show now that the sequence (u,), satisfies the Cauchy property in the space
of continuous mappings ¢(I,H) endowed with the norm of uniform convergence.
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Fix m,n € N such that m > n > ng and fix also t € I witht #1,,; fori =0,...,2" and
t #t,jfor j=0,...,2". Observe by (5.1), (5.26), and (5.31) that

de(6,)) (um(t)) = dc(a, (1)) Um (1)) = de(6, (1)) (Um(On(t)))

<V(0,(1)) = v(On(t)) + [[m(On (1)) — um(t)]|

fg/%mV@ﬂs+@l+U{/%ﬁx@ﬁh+(®ﬁ)”

(1)
< &+ 2+ ey (5.36)

and hence, by (5.27) dc g, (1)) (um(t)) < r. Set 8(¢) := (I + 1)a(t). Then, (5.35) and

(P.") in Theorem 2.14 and also (5.36) entail

(tin (1) + 20 (), tn (0 (1)) — um(1))

< 22001, 6,(0) — )+ (0 e
< 220 ) )] + B0 0) )]
+0(t)(&a+ (21 +1)gy),

and this yields by (5.26) and (5.31)

(tin(t) + 20 (1), un (0 (1)) — um (1)) < 26r(t) [||u,,(t)—um(t)||+(21+1)8,, ?
+0(1) 21+ 1) (g1 + &m). (5.37)

it
Now, let us define Z,(t) := / zn(s)ds. Observe that for all ¢ € I the set {Z,(¢) :
0

n > ng} is contained in the strong compact set 7% and so it is relatively
strongly compact in H. Then by Arzela—Ascoli’s theorem we get the relative strong
compactness of set {Z, : n > ng} with respect to the uniform convergence in
C(I,H) and so we may assume without loss of generality that (Z,) converges
uniformly to some mapping Z. As ||z,(¢)|| < [, we may suppose that (z,) converges
weakly in L' (I, H,dt) to some mapping z. Then, for all ¢ € I,

Z(t) = 11’1312,,0) = lirlln/(: Zn(s)ds = /O‘tz(s)ds7

which gives that Z is absolutely continuous and Z(t) = z(t) for almost all ¢ € I.
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Put now wy(t) := u,(t) + Z,(¢r) for all n > ng and all r € [ and put 0, =
max{&, || Z, — Z||-}. Then by (5.32) and (5.37) one gets

<W,,(t),w,,(6,,(t)) _WVn(t)>
= <Wn(t)7”n(6n(t)) - ”m(t)> + <W,,(t)7Z,,(6,,(t)) _Zm(t)>

< 2200 oy 1) = w0+ 1240~ Zn(0)] + 1+ e
+8(1) 21+ 1)(&n+ &) + 8(1)[|Zn(0n (1)) — Zn 1)

< 2200y 0) o)+ (a4 1) + 21+ 1)
+26()(20+ 1) (M A+ M)

This last inequality ensures by (5.32)

in(t), wa (£) = win(£)) < (on(t), wa () = wa(6a(t))) +28(1) (20 + 1) (N + 1)

=4

228 e) = Ol + ot 1)+ 20 1]

< 48(t)(21+ 1) (M + M)

2200 ) = o)+ )+ 21 1)

In the same way, we also have

<Wm(t)7WVn(t) _Wn(t)> <46(t) (214 1)(Nn + M)

=

220 0) = O]+ 104 1) + @1 1]

It then follows from both last inequalities that we have for some positive constant ¢
independent of 7,1, and  (note that ||w, (r)|| < [T + ||xo|| + f v(s)ds)

6(1)

2<Wm(t) —VWon(t), Wi (1) _Wn(t)> < od(t) (M + M) +ST||Wm(t) —w,,(t)||2,

and so, for some positive constants 3 and y independent of m,n, and ¢

 (Iem(0) w0 1P) < Ba(0)wn(6) = wal0) [+ (o) (1),
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As [[w,,(0) —w,(0)|*> = 0, the Gronwall inequality yields for all 7 € I

g 1
) =01 < 1) [ [asrexp (B [ at)au )| s
N
and hence for some positive constant K independent of m, n, and t we have

[[Win(1) = wa ()] < K (1 + 1)

The Cauchy property in € (I,H) of the sequence (wy), = (up + Zy)n is thus
established and hence this sequence converges uniformly to some mapping w.
Therefore the sequence (u,), converges uniformly to u := w — Z. Furthermore,
(5.32) ensures that a subsequence of (1,), may be extracted that converges in the
weak topology of L' (I, H,dt). Without loss of generality, we may suppose that this
subsequence is (it ), . Denote by p its weak limit in L' (I, H,dt). Then, for all € I

1 1
u(t) = lim u,(t) =xo+ lim | 1y,(s)ds :onr/ p(s)ds,
0

n—oo n—eo J

which gives that u is absolutely continuous and i(¢) = p(¢) fora.e.t € I.

Moreover, for a.e. ¢ € I, by the definition (5.33) of 6,() one has |6,(r) —t| < %
and (by (5.31) and (5.26))
1 (6 (1)) — () || < [[un(2) — u(@) || + (20 + 1)(a(64(1)) — a(t))
<Nun(t) —u(t)|| + 21+ 1)&,.
So,
12130 0,(t) =t and 12130un(6n(t)) =u(t). (5.38)

As un(6,(1)) € C(6,(t)), it follows from (5.1)

de ) (un(0n (1)) < v(6u (1)) —v(1)
and hence, by (5.38), one obtains u(t) € C(), because the set C(¢) is closed.

We proceed now to prove that #(¢) +z(t) € —N(C(t);u(t)) for almost all 7 € I.
We know by (5.35) that we have for almost all € /

tin(1) +2a(1) € —8(1)9"dc(a, 1)) (un (6a(1)))- (5.39)

The weak convergence in L' (I, H,dt) of (i), and (z, ), to i and z respectively entail
for almost all # € I (by Mazur’s lemma)

(1) +2(1) € (eo{u(r) +z(t) - k > n}.
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Here co denotes the closed convex hull. Fix any such ¢ € I and consider any & € H.
The last relation above yields

<§,L’t(t) +z(t)> < infsup<§ i (1) +Zk(t)>,

n k>n

and hence according to (5.39)

(&.1(r) +2(1)) < limsup o/(—8(1)9" de(s, 1)) (1a(a(1))):&)

n

< 0(=8(1)9"de(y (u(t)): 6), (5.40)

where the second inequality follows from the upper hemicontinuity property in
Proposition 5.4 because (5.38) holds and u(r) € C(z).
As the set 9" dc( (u(r)) is closed and convex, we obtain

() +2(1) € =8(1)9"deqy (u(r)) € —N"(C(1);u(r)).

By the global upper semicontinuity of F and the convexity of its values and with the
same techniques used above we can prove that z(¢) € F(¢,u(t)) and so we get

—i(r) € N*(C(t):u(r)) + F(1,u(r)),
which completes the proof of the first step. Note also by (5.32) that
lla(t)]]| < (21+1)(v(r)+1) for a.e. rel.

Step 2. Now, we assume that F satisfies the hypothesis in the statement of the
theorem.

According to the proof of Theorem 2.1 in [75] (see [78] for more details
concerning the existence of such approximation and their properties), there exists
a sequence (Fy), of globally u.s.c. set-valued mappings on [ x H with convex
compact values in H with F,(¢t,x) C T.# for all (t,x) € I x H and satisfying: For
any sequence (x,) of Lebesgue measurable mappings from I to H which converges
pointwise to a Lebesgue measurable mapping x and any sequence (z,,) converging
weakly to zin L' (I, H,dt) and such that z,(t) € F,(¢,x,()) a.e. on I, one has

z(t) € F(t,x(t)), a.e. on I
Since F;, satisfies the hypothesis of the first step, for every n > 1, there exists an
absolutely continuous mapping x, : / — H and a Lebesgue measurable mapping

zn + I — H satisfying z,(t) € F,(t,x,(t)) C T % fora.e.t € I and

% (1) 4+ 2a(2) € =NC(C(2);x,(t)) a.e. on I,
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with x,(0) = xo € C(0) and ||x,(¢)|| < (2IT 4+ 1)(v(r)+1) for a.e.r € I. Observe that
(z,) admits a subsequence (that we do not relabel) converging weakly in L' (I, H, dt)
to some mapping z. So, by the property of the sequence (F,) stated above we
conclude that z(r) € F(t,x(t)) for a.e. t € I. Now, with the same techniques as in
the first step, we prove easily the uniform convergence of the sequence (x;,) to some
absolutely continuous mapping x and that

%(t) +z(t) € =NC(C(t);x(r)) a.e. on I

Thus, we get —x(¢) € NC(C(t);x(t)) + F(¢,x(t)), for a.e. t € I. This ends the proof
of the theorem. O

The following corollary is a direct consequence of Theorem 5.12. A similar result
is also established by Colombo and Goncharov [92] where the set-valued mapping
C is assumed to be Lipschitz with ¢-convex values.

Corollary 5.6. Let H be any Hilbert space, T > 0, and r > 0. Assume that C(t) is
uniformly r-prox-regular for everyt € I := [0, T] and that the assumption (5.1) holds
with a nondecreasing absolutely continuous function v. Then the sweeping process
(SP) associated with the set-valued mapping C has one and only one absolutely
continuous solution.

Proof. The existence follows from Theorem 5.12 since for F = 0 the separability
of H is not needed as it is easily seen in the proof of the first step of Theorem 5.12.
The uniqueness part follows from the proof of Corollary 5.1 in Thibault [248]. O

5.4 First Order Perturbed Nonconvex Sweeping
Process with Delay

5.4.1 Introduction

In this section, we present some existence results for functional differential inclu-
sions governed by nonconvex sweeping process of first order

C(r), forall ¢ € [0,T], (FOSPD)
u(s) =T (0)u(s) = o(s), forall s € [—1,0],

where 7,7 > 0, C: [0,T]=H is a set-valued mapping taking values in a Hilbert
space H, and F : I x 6p=H is a set-valued mapping with convex compact values.
Here %, := %y([—1,0],H) is the Banach space of all continuous mapping from
[—7,0] to H equipped with the norm of uniform convergence. For every 7 € I, the
function u; is given by u, (s) = T (t)u(s) = u(t +s), for all s € [—7,0]. Such problems
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have been studied in several papers (see for example [76, 77, 109]). In [76], some
topological properties of solutions set for (FOSPD) problem in the convex case
are established, and in [77], the compactness of the solutions set is obtained in
the nonconvex case when H = R?, using important properties of uniformly 7-prox
regular sets developed recently in [58, 61,77, 230]. For more details on functional
differential inclusions for sweeping process and related subjects, we refer the reader
to [46,74,125] and the references therein.

Our main purpose in this section is to prove existence results for (FOSPD)
when C has uniformly r-prox regular values and H is a separable Hilbert space.
We start by proving the existence of approximate solutions for the (FOSPD) under
the boundness of F. Under two different assumptions on F' we prove the existence
of absolutely continuous solutions of (FOSPD) by proving the convergence of the
approximate solutions established in Theorem 5.13. Let ¢ : X==2Y be a set-valued
mapping defined between two topological vector spaces X and Y, we say that ¢
is upper semi-continuous (in short u.s.c.) at x € dom(@) := {x' € X : o(xX) # 0}
if for any open O containing ¢(x) there exists a neighborhood V' of x such that
o(V)Co.

We will deal with a finite delay 7 > 0. If u : [-7,T] — H, then for every ¢ €
[0,T], we define the function u(s) = u(r +s),s € [—7,0] and the Banach space
6r :=6r([—7,T],H) (resp. 6y := 6o([—7,0],H)) of all continuous mapping from
[—7,T] (resp. [—7,0]) to H with the norm given by

[@ll¢ = max{|[o(s)|| :s € [, T]}

(respectively,

¢4, = max{[|e(s)] : s € [-7,0]}).
Clearly, if u € 67, then u; € 6, and the mapping u — i, is continuous in the sense
of the uniform convergence.

Let T >0, 1:=[0,T], r € (0,40|, and C : I2H be an absolutely continuous
set-valued mapping, that is, for any y € H and any ¢,#' € [

|dey (v) = deny ()] < () —v(d)], (5.41)

with v : I — R is an absolutely continuous function. The following result provides
an approximate solution for the (FOSPD) under consideration.

Theorem 5.13. Assume that C(t) is uniformly r-prox-regular for every t € I. Let
F : 1 X 69==H be a set-valued mapping with convex compact values in H such that
F(t,-) is u.s.c. on 6 for any fixed t € I and F(-, ) admits a measurable selection
on I for any fixed ¢ € 6. Assume that F(t,@) C IB for all (t,9) € I x 6y, for
some | > 0. Then, for any ¢ € %y with ¢(0) € C(0) and for any n large enough
there exists a continuous mapping u, : [—t,T] — H which enjoys the following
properties:
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1. —tiy(t) € NP (un(8,(2));C(6,(2))) + F (pn(t), T (pn(t))utn), a.e. t € I, where 0, py, :
I — I with 6,(t) —t and p,(t) — t forallt € I
2. iy (0)]| < (I4+1)(w(r)+ 1), ace.t €1.

Proof. We prove the conclusion of our theorem when F is globally u.s.c. on I X %
and then, we can proceed by approximation to prove it when F'(z,-) is u.s.c. on %
for any fixed r € I and F(-,¢) admits a measurable selection on I for any fixed
o € 6o.

First, observing that (5.41) ensures for t < ¢/

e () — deg ()] < / [9(s)|ds, (5.42)

we may suppose (replacing v by |v| if necessary) that v(¢t) > 0 for all 1 € I. We
construct via discretization the sequence desired of continuous mappings {uy},
in (g]".

For every n € N, we consider the following partition of I:

iT . . .
tni= ? (0 <i< 2”) and In!,’ = (tn,i;tn,iJrl] if 0<i< 2" —1. (5.43)
Put
T Init+1 .
Wy = o €= / v(s)ds, and g,:= Ogl%n{uwre,,,i}. (5.44)

tn,i

As g, — 0, we can fix ny > 1 satisfying for every n > ng

2ty < (2111) and 28,,<min{1,(41—:_3)}. (5.45)
First, we put
un(s) := @(s), forall s € [—7,0] and for all n > ny. (5.46)
For every n > ng, we define by induction,
Un (1) 7= tnit1 = PrOjey, ;) (tni = Mnfo (1], T (1] Jutn)), (5.47)

where fo(t!, T (t]')uy,) is the minimal norm element of F (t?, T (t]")u,), i.e.,
1fo(@', T (¢ )un) || = min{{[y[| : vy € F(&, T (& )ua)} <1 (5.48)

and
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The above construction is possible although the nonconvexity of the images of C.
Indeed, we can show that for every n > ny we have

dC(z,,‘iH)(”mi — U fo (8, T (8] )un)) < I +V(tniv1) = V(tni) < (I+1)g, <

N~

and hence as C has uniformly r-prox-regular values, one can choose for all n > ng a
point iy i1 = Pprojc(, .., (Un,i — Unfo(t]', T (t]")uy)). Note that from (5.47) and (5.42)
one deduces for every 0<i<2"

||un,i+1 - (”n,i - unfO(tinaT(tin)un))H < l,un + Eni < (l + 1)([.1,, + gn,i)- (549)
By construction we have
up € C(tl'), forall 0 <i< 2" (5.50)

For every n > n, these (un,i)o<i<o» and (fo(¢]', T (1]')un)o<i<o» are used to construct
two mappings u, and f, from I to H by defining their restrictions to each interval
I,,.; as follows:

fort =0, set f,(r) := f0 and u, (1) := uf = @(0),

forallt € 1,; (0 <i<2"),set f,(t) := fu;and

a(t) —a(ty)

1) = up;
un ) Up,i + Eni T Hn

(Un,ip1 — Uni+ Unfni) — (t —tni) fui,  (5.51)

where f,, ;== fo(t?, T (t]")u,) and a(r) :=v(t) +1 for all r € I. Hence, for every ¢ and
t"in1,; (0 <i<2")one has

a(t') —a(t)

8n,i + Hn

un(t/) - Mn(t) = (un,i+1 —Upi+ “nfn,i) - (t, - t)f’l,i'

Thus, in view of (5.49), if 7,t' € I,; (0 <i<2") witht <{', one obtains
[[a(t") = un(1)]] < (1+1)(a(t") —a(t)) +1(t' —1) < 21+ 1)(a(r') —a(r)), (5.52)

and, by addition this also holds for all #,#’ € I with 1 <¢'. This inequality entails that
uy, is absolutely continuous.

Coming back to the definition of u, in (5.51), one observes that for 0 < i < 2"
. alr)
iy (t) =

Eni + Hn
Then one obtains, in view of (5.49), fora.e.t €

(u,,,,url —Upi+t /Jnfn,i) — fn,i forae.t € In’,'.

[litn(2) + fu(0)| < L+ D)) + 1), (5.53)

which proves the part (2) of the theorem.



5.4 First Order Perturbed Nonconvex Sweeping Process with Delay 159

Now, let 6, p, be defined from [ to I by 6,(0) =0, p,(0) =0, and
0,(1) =tniv1,pn(t) =tn; if t€l,; (0<i<2"). (5.54)

Then, by (5.47), the construction of u, and f;,, and the properties of proximal normal
cones to subsets, we have fora.e.t €/

Ju(t) € F(pn(t), T (pu(t))un)

and

tin(t) + f(t) € =N"(C(6,(1)); 14 (64 (1)))- (5.55)
These last inclusions ensure the part (1) of the theorem and then the proof is
complete. O

Now, we are able to state the first existence result for (FOSPD).

Theorem 5.14. Assume that the assumptions of Theorem 5.13 are satisfied. Assume
that C(t) is strongly compact for every t € I. Then for every ¢ € 6y with ¢(0) €
C(0), there exists a continuous mapping u : [—t,T] — H such that u is absolutely
continuous on I and satisfies:

u(t) € —=NP(C(t);u(t)) + F(t,u;), ae. onl,
u(t) € C(1), Viel, (FOSPD)
u(s) =T0)u(s) = @(s), Vs € [—1,0],

and

la@®)]| < (+1)(w()+1), ae onl.

Proof. Let ¢ € 6 with ¢(0) € C(0). By Theorem 5.13 there exists a sequence of
continuous mappings {u,} enjoys the properties (1) and (2) in Theorem 5.13. Let
no € N satistying (5.45). Then for any n > ng and any ¢ € I we have

d(un(1),C(t)) < [lun(t) —un(t)l| +7(C(5}'),C(2))
< Q@L+1)(a(t) —a(i)) + (v(@) = v(5}"))
< (21 + 1) (€ni+ Mn) + €0 < 2(1+1)6,. (5.56)

Since C(t) is strongly compact and &, — 0, (5.56) implies that the set {u,(¢): n >
ng} is relatively strongly compact in H for all 7 € I. Thus, by Arzela—Ascoli’s we can
extract a subsequence of the sequence {uy}, still denoted {uy,},, which converges
uniformly on [—7,T] to a continuous function u which clearly satisfies uy = ¢. Now
by letting n — 4o we getforallz € 1

u(t) € C(1). (5.57)
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On one hand, it follows from our construction in the proof of Theorem 5.13 that for
allrel
H(C(0a(1)),C(1)) < [v(6,(2)) —v(1)] < & — 0, (5.58)

and by (5.52), (5.45), and the uniform convergence of {u, }, to u over I we get
([ (0n (1)) — (@) || < [|n(6n (1)) — u(6n(t)) | + | (€n(t)) —u(t)|| = 0. (5.59)
Now, using the same technique in [76] and the relations (5.45) and (5.52) we obtain

tim || 7(pa(t))utn — T()ua| =0 in .

Therefore, as the uniform convergence of u, to u in [—7,T] implies that T (¢)uy,
converges to 7' (f)u uniformly on [—7,0], we conclude that

T(pn(t))un — T(t)u=u; in %p. (5.60)

On the other hand, from f,(t) € F(pu(t),T(pu(t))un) and (5.52), (fn) and (it,)
are bounded sequences in L'(I,H,dt), then by extracting subsequences we may
suppose that f, and i, weakly converges in L' (I, H,dt) to some mappings f and @
respectively. Then, for all ¢ € I one has

u(t) = lim u, () = @(0) + lim tu,,(s)ds =x0+ /(: o(s)ds,

n—soo n—oo J(

which proves that u is absolutely continuous and i(¢) = w(¢) fora.e.t € 1.
Using now Mazur’s lemma, we obtain

i(t) + f(t) € (eo{un(t) — fi(t) :k>n},  ae. t€L

Fix such ¢ in I and any & in H, the last relation above yields

(a(t) + f(1),§) < infsup(iy(t) + fi(1), §)-

k>n

By (5.53) and (5.55) we obtain fora.e.r €1
i (t) + fu(t) € NP(C(G,,(I));M,,(G,,(I))) N6(t)B. = anC(Gn(t))(M"(eﬂ(t)))a

where 8(¢) := (I + 1)(v(t) + 1). Hence, according to this last inclusion and
Proposition 5.4 we get

(@(t) + f(1),&) < 8(1)limsup&(—9”de(g, 1) (a(0n(1)): )

n

< 8(1)o (=9 de(y(u(1)): ).
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Since 9”de(y) (u(r)) is closed convex, we obtain
() + f(r) € =8(1)0" degs) (u(t)) € —N"(C(t):u(1))
and then
—ii(t) € N*(C(t);u(t)) + f (1),

because u(t) € C(t). Finally, from (5.60) and the global upper semicontinuity of F
and the convexity of its values and with the same techniques used above we can
prove that

f@&) e F(t,T(t)u)=F(t,u;), ae. teIL

Thus, the existence is proved. O

Under different assumptions another existence result for (FOSPD) is also proved
in the following theorem.

Theorem 5.15. Assume that the assumptions of Theorem 5.13 are satisfied. Assume
also that F (t,@) C & CIB forevery (t,@) € I X 6o, where K is a strongly compact
set in H. Then for every ¢ € & with ¢(0) € C(0), there exists a continuous mapping
u:[—7,T] — H such that u is absolutely continuous on I and satisfies

u(t) € —=NP(C(t);u(t)) + F(t,u), ae. on I,
u(t) € C(1), Vi el,
u(s) = TOu(s) = p(s), Vs [-1,0],

and

Proof. Let ¢ € %y with ¢(0) € C(0). By Theorem 5.13 there exists a sequence of
continuous mappings {u,} enjoys the properties (1) and (2) in Theorem 5.13. Let
ng € N satisfying (5.45). Let us show that the sequence (u,), satisfies the Cauchy
property in the space of continuous mappings € (I,H) endowed with the norm of
uniform convergence. Fix m,n € N such that m > n > ng and fix also t € I with
t#tyifori=0,...,2" and t # 1, ; for j =0,...,2". Observe by (5.42), (5.44), and
(5.52) that

u(t)]| < (I+1)(w(r)+ 1), ae. on I

deo,(1)) (m (1)) = deqo, 1)) (Um(t)) — de,, 1)) (Um(Om(1)))

<V(0u(2)) = v(On(t)) + [[tm(On (1)) — um()]|
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ol 00
= /m(z> Hslds+ @ +1) [/z v(s)ds + (6 () —1)

<&+ 20+ 1)gy, (5.61)

and hence, by (5.45) we get dc(g, () (um(t)) < r. Set 8(t) := (I + 1)a(t). Then,
(5.55), (5.61), and Theorem 5.10 entail

it (1) + fu(t), un(8(1)) — (1))

26: ) 16 (0 (£)) =t ()| + & (1), 1)) (1m (1))

2
I

<

< 220 1)~ )]+ 810)) — 1)

+6(r)(&n+ 214+ 1)gy),

and this yields by (5.44) and (5.52)

<”n(t)+fn(t)7”n(6n(t)) _”rrI(t)> < % {H”n(t) —u(t)|| + (21 +1)&, ’

r

+0(1) 2L+ 1) (€14 €n). (5.62)

1
Now, let us define g,() := / fa(s)ds for all r € I. Observe that for all 7 € I the set
0

{gn(t): n>np} is contained in the strong compact set 7.2 and so it is relatively
strongly compact in H. Then, as || f,(¢)|| < a.e. on I, Arzela—Ascoli’s theorem
yields the relative strong compactness of the set {g,: n > ng} with respect to the
uniform convergence in C(I,H) and so we may assume without loss of generality
that (g,) converges uniformly to some mapping g. Also, we may suppose that (f,)
weakly converges in L' (I, H,dt) to some mapping f. Then, for all ¢ € I,

) = Timg, () =tim [ (s = [ r(s)as,

which gives that g is absolutely continuous and ¢ = f a.e. on /.
Put now wy(t) := u,(t) + gn(t) for all n > ny and all ¢+ € [ and put 0, =
max{&,||gn — gl|~}. Then by (5.53) and (5.62) one gets

(Wn (1), wn (64 (1)) — win(1))
= (i (), (1)) — (1)) + (¥ (1), 80 (60 (1)) = gn(1))
< 2200 1 0) o)+ lgn(6) — @)+ 21+ ]

+8() 2L+ 1)(&n+ &n) + 6(1)82(0a(1)) — gm (@)
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28(1) 2

< 220 [l = w1+ (a - 1) + 21+ 1),

£26(0)(20+ 1) (M4 ).
This last inequality ensures by (5.53)
O 0)o906) i (0)) < 3 (), 000) — 2 (6(0) + 266) 20+ 1)1+ 1)
220 6 Ol + (k1) + 21 1]

< 48(0) (21 + 1) (Ny+ M)
28(1)
+ r

2
(11w (6) = win6) | + (a4 1)+ 20+ 1]
In the same way, we also have

(i (), W (1) = wa(1)) < 48(t)(20 + 1) (T + 1)

220 ) w0+ (b )+ 2 1)

It then follows from both last inequalities that we have for some positive constant o
independent of m,n, and ¢ (note that ||w, (1)|| < IT + [[@(0)|| + Jy v(s)ds)

o(1)

20 () = vin (1), W (1) = wa(2)) < @B(1) (T ) + 8= [[wn (1) = wa(0) %,

and so, for some positive constants  and y independent of m,n, and ¢
d 2 . 2, .
= (Iwme) = wa (0)]12) < Bae)win(r) = wa)]1? + a(e) (1 + ).

As [[wi(0) —w,(0)]|? = 0, the Gronwall inequality yields for all # €

1 1
onle) <) < 30, 1) [ fatsrexe (B [ atw)au )| a
s
and hence for some positive constant K independent of m,n, and t we have

[Win(7) = wa (> < K (1 + 1)

The Cauchy property in € (I,H) of the sequence (wy), = (uy + gn)n is thus
established and hence this sequence converges uniformly to some mapping w.
Therefore, the sequence (uy), constructed in Theorem 5.13 converges uniformly



164 5 First Order Differential Inclusions

to u :=w — g. Following the same arguments in the proof of Theorem 5.14 we prove
the conclusion of the theorem, i.e., the limit mapping u is continuous on [—7,T] and
absolutely continuous on / and satisfies

iu(t) € —NP(C(t);u(t)) +F(t,u), ae.onl,
u(t) € C(v), vt el,
u(s) =T (0)u(s) = @(s), Vs € [-1,0],

and
laO| < ({I+1)(v()+1), ae.onl.

O

Remark 5.4. The results proved in this section generalizes many results given in
[76, 77]. Theorem 5.14 extends the one given in [76] to the case of absolutely
continuous set-valued mappings with nonconvex values, and Theorem 5.15 extends
Theorem 2.1 in [77] given only in the finite dimensional setting. Note that the
proof here is completely different of those given in [77] and it allows us to obtain
the result in the infinite dimensional setting. It is interesting to point out that our
assumptions on F are different to those supposed in Theorem 2.1 in [77]. They
supposed that F has compact values and satisfies the linear growth condition and in
our Theorem 5.15, F' is supposed to be contained in a compact set.

5.5 Commentary to Chap.5

Chapter 5 is devoted to problems described by first order differential inclusions
under the regularity of the right hand side. Section 5.1 studies a special type of
differential inclusions called sweeping process (SP), introduced and studied in the
convex case by Moreau [207]. In Sect.5.2, we present an existence result for first
order differential inclusions, in finite dimensional setting, using a different concept
of regularity introduced and studied in Bounkhel [42]. The existence of solution for
(SP) in Hilbert spaces is presented in Sect. 5.3. The existence of solutions for (SP)
with delay is presented in Sect. 5.4. The main results in Sects. 5.1 and 5.2 are proved
in [42] while the main results in the last two sections are proved in [58] and [65,66],
respectively. The continuation of the application of the uniform prox-regularity to
the existence of solutions for differential inclusions has been the subject of a long list
of recent works. We give here a bibliography on this subject for interested readers:
[16,26,41,42,46,47,51,52,56, 58, 65, 66,77, 83,92,95, 113-118, 130, 131, 161-
165,248,249,259].



Chapter 6
Second Order Differential Inclusions

6.1 Introduction

The existence of solutions for the second order differential inclusion
() € Gle.x(1), (1)) (sDI)

has been studied by many authors (see for example [3, 80, 81, 109, 185, 191, 246]).
In [80], Castaing studied for the first time the existence problem for the following
particular type of second order differential inclusions

(1) € —N™(K(x(r));%(r)) and (1) € K(x(1)), (SSP)

where K is a convex set-valued mapping with compact values. Many papers (for
example [80, 81, 185, 246]) studied since this particular problem. The general
problem (SDI) has been treated in several ways. For instance, the authors in [3]
solved the problem when G takes the following particular type: G(¢,x(z),%(t)) =
yx(2) + 9™ f(x(t)), where y > 0 and f is a lower semicontinuous convex function.
Their motivations come from a mechanical problem that they called the heavy ball
problem with friction. For more details we refer the reader to [3] and the references
therein. In [53,54], the authors studied the following particular problem of (SDI)

i(t) € =NOM(K(x(t));x(1)) + F(t,x(2)). (SSpP1)

They proved several existence results when K : H=H is nonconvex set-valued
mapping with compact values, H is a finite dimensional space, and the perturbation
F : [0,4°) x H=H is bounded with convex values. Their proofs are strongly based
upon the fixed point theorems and some new existence results by [58] for first
order sweeping processes. They also proved existence results for another particular
problem of (SDI)

¥(t) € =NC(K(x(1));%(1)) + F(t,x(1)), (SSPP2)

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 165
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5_6,
© Springer Science+Business Media, LLC 2012
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when K is a nonconvex set-valued mapping with compact values, H is a separable
Hilbert space, and F is a nonconvex continuous set-valued mapping. Note that the
problem (SSPP2) with memory has been studied in [109] when K is a convex set-
valued mapping with compact values.

Our aim in this chapter is to prove existence results for the following general
problem

%(t) € =NC(K (x(1));%(2)) + F(1,x(t),%(2)) + G(1,x(2), %(1)), (SSPMP)

where K is a nonconvex set-valued mapping with compact values, H is a separable
Hilbert space, F is a scalarly upper semicontinuous convex set-valued mapping, and
G is a nonconvex continuous set-valued mapping. This general problem covers all
the problems studied before and mentioned above. We will call it the Second order
Sweeping Process with Mixed Perturbations (in short (SSPMP)). The last section is
devoted to study (SSPMP) with delay.

Throughout the chapter H will denote a real separable Hilbert space.

We close this section with the following theorem by Bounkhel and Thibault [58].
We give the proof here for the convenience of the reader. It proves a closedness
property of the subdifferential of the distance function associated with a set-valued
mapping. Note that the statement of this theorem in [58] is given with X = R, but
the same arguments of the proof still work for any normed vector space X because
the proof is based on the uniform prox-regularity of the values of the set-valued
mapping and it is independent from the structure of the space X. The key of the
proof is the characterization of uniformly prox-regular subsets proved in Theorem
3.11in [58].

Theorem 6.1. Ler r € (0,+], Q be an open subset in a normed vector space X,
and K : Q=H be a Hausdorf{f-continuous set-valued mapping with compact values.
Assume that K(z) is uniformly r-prox-regular for all z in Q. Then for a given 0 <
O < r the following holds:

“for any 7€ Q, x € K(Z)+ (r—98)B, x, = % z, — Z with z, € Q, (x, is not
necessarily in K (z,)) and &, € 0" d,, ) (xa) with & —" Eonehas & € 9P dyz (%).”
Here —" means the weak convergence in H.

Proof. Fix 7€ Q, and ¥ € K(Z) + (r— 6)B. As x, — ¥ one gets for n sufficiently

o
large x, € X+ ZB' On the other hand, since the subset K(Z) is uniformly r-prox-

regular one can choose a point j € K(Z) with dgz)(¥) = ||y — X||. Hence one can
write by the definition of the Hausdorff distance,

di(z) () < H(K(20),K(2)) + |loen = 31,

and hence the Hausdorff-continuity of K yields for n large enough

] 0 6 O )
K n <—+ n*_ + X—V <_+_ — — :
(Zn)(x ) 4 ||X X” HX YH =~ 4 4 r 5—}" —2 <r.
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Therefore, for any n large enough, we apply the property (P) in Theorem 2.14 with
én € anK(zn)(xn) to get

8 2
nyt—An S —An d _d n)s 61
<é u—x > r*dK(z,,)(xn) ||Lt X ” + K(zn)(u) K(z,,)(x ) 6.1

for all u € H with d,)(u) < r. This inequality still holds for all u € ¥+ 6'B with

o
0<d' < 1 because for such u one has

- - 0 0
di (o) () < [lu=H|+[|F=xall + i) () < 8"+ 47— <.
Consequently, by the continuity of the distance function with respect to (z,x), the
inequality (6.3) gives, by letting n — oo,

u—%) < ————|lu—F||* +dgs (1) — dgs (%) forall uei+§B.
<§ >— r—d (E)(X)H ” K(z)( ) K(z)( )

This ensures that E cdP dk(z) (%) and so the proof of the theorem is complete. O

Remark 6.1. As a direct consequence of this theorem we have the upper semicon-
tinuity of the set-valued mapping (z,x) — 0”dg(,)(x) from T x H to H endowed
with the weak topology, which is equivalent (see for example Proposition 1.4.1
and Theorem 1.4.2 in [9]) to the u.s.c. of the function (z,x) — &(9”d(,)(x),p)
for any p € H. Here, o(S, p) denotes the support function associated with S, i.e.,

o(S,p) == supeg (s, p).

6.2 Existence Theorems: Fixed Point Approach

Throughout this section H will be a finite dimensional space.

In this section, we prove several existence theorems for second order nonconvex
sweeping processes with a perturbation. The method used is to follow an astute idea
proposed in [246] that consists to use existence results for the first order sweeping
process and standard methods of fixed point theorem. So, we begin by recalling an
existence result for the first order nonconvex sweeping process proved in [58] (see
Chap. 5).

Theorem 6.2. Let T > 0 and r € (0,4o0|. Let C : I := [0,T|=2H be a Lipschitz set-
valued mapping with ratio A > 0 taking nonempty closed uniformly r-prox-regular
values in H. Let F : I x H=H be a set-valued mapping with convex closed values
in H such that F(t,-) is u.s.c. on H for any fixed t € I and F(-,x) is Lebesgue
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measurable on I for any fixed x € H. Assume that F is bounded by m > 0. Then,
Sor every xo € C(0), there exists at least one Lipschitz mapping u : I — H satisfying

—i(t) € NP(C(t);u(t)) + F(t,u(t)), ae. on I,
u(t) € U,WEI
u(0) =

u(t) [KA+mae onl.

Now, we are in position to prove the first existence theorem in this section for the
second order sweeping process with convex upper semicontinuous perturbation.

Theorem 6.3. Let Q be an open subset of H, r € (0,40, and K : Q=H be a set-
valued mapping with nonempty uniformly r-prox-regular values. Assume that K is
Lipschitz with ratio A > 0 and let | :=sup,.g | K(x) |< 4oo. Let F : Ry x H=H
be a set-valued mapping with convex closed values in H such that F(t,-) is upper
semicontinuous on H for any fixed t € Ry and F(-,x) is Lebesgue measurable on
R for any fixed x € H. Assume that F is bounded by m > 0. Then for all xy € Q2
and ug € K(xo), there exist T > 0, two Lipschitz mappings x : I :=[0,T] — Q and
u: I — H such that

t—m+/ )ds, Vrel,
—i(r) € NP(K(x(t));u(r)) + F(t,u(t)), ae. onl, (SOSPP1)
u(t) € K(x(r)), Vrel, and u(0) = uo,
with ||x(2)|| < 1 and |Ju(t)|| < IA +m a.e. on 1. In other words, there is a Lipschitz

solution x : I — H to the Cauchy problem for the following second order nonconvex
sweeping process with a convex perturbation:

—i(t) € NP(K(x(1)):%(r)) + F(r,%(r)), a.e.on I,
x(t) € K(x(t), Vtel,
x(0) =x0, and  X(0) = uo.

Proof. Letxg € Q, up € K(xo) and T > 0 such that xo + ITB C Q.
Put/:=1[0,7] and

1
Z = {xE ¢ (LH) : x(1) :xo+/ X(s)ds,Vtr € I'and || x(¢) ||[<!a.e.on/ },
0

1
U = {ue‘f(LH):u(z):uo—i—/ u(s)ds,vr €l and | u(t) || <Al+ma.e.onl }
0
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By Arzela—Ascoli’s theorem 2" and % are convex compacts sets in ¢ (I,H) and
because of the choice of 7 one has x(¢) € Q forallx € 2 and all ¢ € I.

It is easily checked that for all f € 2 the set-valued mapping K o f is Lipschitz
with ratio A/. Then for any f € 2 there exists by Theorem 6.2, an integrable
mapping g € L' (I,H) and a Lipschitz mapping u ¢ satisfying

—iif(t) € NP(K(f(2));ur(t))+g(t), a.e. on I,
g(t) € F(t,us(t)), a.e. on I, (FOSPP1)
us(t) € K(F(1)), Viel, and us(0) = uo,

with [|if(t)|| < Al+m.
Let us consider the set-valued mapping @ : 2"=% such that

D(f) ={uy € % : uy is a solution of (FOSPP1)}.

First, we have to show that the graph gph @ = {(f,uy) € 2" X% :uy € ®(f)} of the
set-valued mapping @ is closed in 2" x % . Let (f,uy,) € gph @ such that (f,,uy,)
converges uniformly to (f,w) in 2" x % . We have to show that (f,w) € gph ®. For
each n € N, there exists an integrable mapping g, € L' (I,H) satisfying

—iig, (t) € NP(K(fu(2))sup, (1)) + gn(t), a.e on I,
gn(t) EF(t,up, (1), a.e on [, (6.2)
up, (t) € K(f,(1)), VeI, and ugz,(0) = uo,

with || iy, () [|[< AL+ m.

Since g, is bounded in L= (I,H), we may assume, by extracting a subsequence
that g, converges #-weakly to some mapping g in L*(/,H). On the other hand
gn(t) € F(t,uy,(t)) and uy, — w, then by Theorem 1.4.1 in [9] one gets g(r) €
F(t,w(t)).

By (6.2) one has uy,(t) € K(f,(r)) for all ¢ € I. It follows from the Lipschitz
property of K

di(f()) (g, (1) S A|f (@) = ful0) ]| — O

and hence, one obtains w(t) € K(f(t)), because the set K(f(¢)) is closed.
By (6.2) once again one has

tig, (1) + gn(r) € =NT(K(fu(1))107, (1)), (6.3)

and
| ip, (1) +gnt) ||[S Al42m=: 0, ie., iy(t)+gu(t) € oB.

Therefore, we get

iy, (1) +gn(t) € _aanK(fn(t))(ufn (1)) ae rel (6.4)
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Now, as (17, + g,) converges weakly to w+ g in L! (1, H), Mazur’s lemma ensures
that fora.et €/

)€ ﬂco{ufk )+ gi(t) 1 k > n}.
Fix such ¢ in I and any u in H, then the last relation gives
() +8(1), 1) < igfigwfk(t) +8k(1), 1)
and hence according to (6.2)

(W(t)+g(1), 1) < limsupo(—d”dy s (s, (1)), 1)

n

< o(—ad"dg sy (w(t)). 1),

where the second inequality follows from Remark 6.1 and Theorem 6.2.
As the set 9" d () (w(t)) is closed and convex, we obtain

W(r) +(t) € —ad"dy(s) (w(t)) € =N (K(f(1));w(r)),

because w(t) € K(f(t)).
This can be rephrased as

—w(r) € NT(K(f(t)):w(t)) +8(t), a.e. on I,
g(t) € F(t,w(t)), a.e. on I,
w(t) € K(f(t)), Vrel, and w(0)=up.

In other words, w is of the form u, with

{”f(t)eNP(K(f(t));Mf(t))+F(t,uf(t)), a.e. on I,
up(t) € K(f(r)), vrel, and usp(0)= uo.

Then gph @ is closed in 2" X % .
Now, let us consider the set-valued mapping A : 2"=%(I,H) defined by

A(f) = {xf €C(ILH) :xs(t) :xo—i—/(:uf(s)ds and uy € cb(f)}.

Then A is a set-valued mapping with convex compact values in €' (I, H). Observe
that for any x; € A(f) and fora.e.z € I, one has X /(1) = us(t) € K(f(¢)) C IB. Then
xp€ 2 andso A(f) C 2. Moreover, the closedness of gph (@) in 2™ x % ensures
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the closedness of the graph gphA of A in 2" x 2. Consequently we get the upper
semicontinuity of A and so by Kakutani—Ky Fan’s theorem, the set-valued mapping
A admits a fixed point, i.e., there exits f € 2" such that f € A(f) and hence

—ip(t) € NO(K(f(2))sup(t)) + F(t,us(t)), a.e. on I,
us(t) €K(f(1)), Viel, and us(0) = up,

f@) :xo—i—/ot up(s)ds, Vrel.

Thus completing the proof. O

Observe that the set-valued mapping F' in Theorem 6.3 is assumed to be bounded
by some positive real number m. It would be interesting to have existence results for
(SOSPP1) in the case when F is an unbounded set-valued mapping. In what follows
we will give a positive answer of this question for a particular type of unbounded
set-valued mapping F'. We begin first by proving the following existence result of a
first order sweeping process with unbounded perturbation.

Theorem 6.4. Let T > 0 and r € (0,40|. Let C : I := [0,T|==H be an absolutely
continuous set-valued mapping with nonempty closed uniformly r-prox-regular
values, and y: I — R be an integrable function. Assume that | := sup{||C(¢)|| :
t € I} < oo. Then, for every xo € C(0), there exists one and only one absolutely
continuous mapping u : I — H satisfying

—u(r) € NP(C(t);u(t)) +y(t)u(t), ae. onl,
(t) €C(t), for all €1, (FOSPP2)

(0) = X0-

u
u

u(r) ||< kaf(t )+21|y( )| for almost every t € I, with x := B max{e Jo 7(2)d
sel} and B = max{el 794 ;5 ¢ [},

Proof. We follow the idea of the proof of Theorem 4.1 in [75]. Let us define, for
allr eI

) :/0’ Y(s)ds, v(t):=e®Du(r), and D(r) :=e?C(r).

Then it easily seen that ¢ is an absolutely continuous function from / to R. Now, we
prove that the new set-valued mapping D is absolutely continuous. Fix any s,t € /
with s < t. Then, we have

< A1 C(1),e?0)C (1)) + (e C(1),e?) C(s))
< [P —e?W)|||C(1) || + 292 (C(1),C(5)).
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Since C is bounded one has ||C(z)|| <! for all t € I. Hence, we have

#(D(1),D(s)) < ’e"’(’) — e90)| +e90)[a(1) — a(s)]

< z/st |p(7)[e?Pdz+ B [alt) —als)].

Thus,
A (D(t),D(s)) < g(t)—g(s), for all (0<s<t<T),

where g(1) := / |¢(1)|e?PdT + Ba(r) defines an absolutely continuous nonde-

creasing function on /.
Now, if u is absolutely continuous, then v is absolutely continuous with derivative

p(t) = e?W) [i(t) + y(t)u(r)] ae. on I.

Observe that for any o > 0 and any S C H one always has dgs(0x) = ads(x) for all
x € Hand N (S;%) = NP(aS; ax) for all ¥ € S. Thus, by using these two equalities
and the fact that ¢(0) = 0, it is easily seen that u solves (FOSPP2) if and only if v
solves

—v(t) € NP(D(t);v(t)), a.e. onl,
v(t) € D(t), for all t €1, (FOSP)
( ) =Xp € D(O).

Now, using the characterization of the uniform prox-regularity proved in
Theorem 3.1 in [58](see Chap.2) one can check that for any o > 0 one has a
subset S is uniformly r-prox-regular if and only if .S is uniformly ar-prox-regular.
Consequently, the new set-valued mapping D has prox-regular values. Thus all the
hypothesis of Theorem 4.1 in [58] (see Chap. 5) are fulfilled and so there is a unique
solution of (FOSP) satisfying

v(@®)] < g(¢) ae. on I.

Therefore, there is a unique solution of (FOSPP2) satisfying for a.e. on [
la(o)]| < ly)lllu(e)| +e?DN|o()|| < 20|(0)| + Ka(r). ae. on I.

This completes the proof. O

Now, we are ready to prove the second main theorem in this section.

Theorem 6.5. Ler Q be an open subset of H, r € (0,+<0|, and K : Q=H be a set-
valued mapping with nonempty uniformly r-prox-regular values. Assume that K is
Lipschitz with ratio & > 0 and [ := sup,.q | K(x) |< 4oo. Let ¥ # 0. Then for all
xo € Q and uy € K(xo), there exist T > 0, two Lipschitz mappings, x: 1:=[0,T] — Q
and u : I — H such that
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x(1) *XOJF/ s)ds, Vrel,
—u(r) € NP(K(x(1));u(t)) + yu(t), ae. onl, (SOSPP2)
u(t) € K(x(1)), Vrel, and u(0)= uo,

with ||x(t)|| <1 and |ju(t)|| < IAeT +21|y| a.e. on I. In other words, there is a
Lipschitz solution x : [0,T] — H to the Cauchy problem for the following second
order nonconvex sweeping process with an unbounded perturbation:

—¥(t) € NP(K (x(1));x(¢)) +yx(t), a.e.on I,
x(r) e K(x(t), Vrel,
(0):)(0, and X(O):Mo.

Proof. Letxp € Q and T > 0 such that xo + [TB C Q. Put [ := [0,T] and
Z = {xE‘K(IH 7x0+/ s)ds,Vr € I and ||x()||§la.e.0n[}.

Then 2" is a convex compact set in 4 (I, H) and because of the choice of T one has
x(t)e Qforallxe 2 andallz €.

It is easily checked that for all f € 2 the set-valued mapping K o f is Lipschitz
with ratio Al. Then for any f € 2" there exists by Theorem 6.4, a unique Lipschitz
mapping uy satisfying

—iip(t) € NP(K(f(t));up(t)) +yup(t), a.e. on I,
up(t) € K(f(r)), Veel, and usp(0) = uo,

and || iif(r) || < L:=e"T A1+ 21)y].

First, we prove that the mapping f € 2" — uy is continuous. Indeed, let (f,) be a
sequence of mappings of 2~ converging uniformly to f € 2. Then, for eachn € N,
there exists a unique Lipschitz mapping uy, satisfying

{_ufn(t)ENP(K(fn(t));Ufn(t))+')/Mf,,(f), a.e on I, ©5)

ufn(t) € K(fn(l‘)), vVt €I, and I/lfn(()) = U,
and || iy, (¢) ||< L. Thus, since uy, () € IB for all n € N and all t € 1, by Theorem
0.3.4in [9] there exists a subsequence of (uy,) again denoted (uy, ) such that

(i) (ug,) converges uniformly to a Lipschitz mapping w € € (I,H),
(ii) (i) converges weakly in L!(7,H) to, and
1

(iii) w(r) :uo—i—/o Ww(s)ds

Now, we wish to prove that w satisfies (SOSPP2),i.e., w = uy.
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By (6.5) one has fora.e.r €1

iy, (1) + yuy, (t) € =N (K(fu(0)))suz, (1)) (6.6)

By (6.5) once again one has uy, () € K(f,(r)) for all ¢ € I. It follows from the
Lipschitz property of K

di () g, (1) < AIf(E) = fa() | — O,

and hence, one obtains w(t) € K(f()), because the set K(f(¢)) is closed.
On the other hand we have

[y, (1) +yuy, () |S L+1Yl, e, g, (1) +yug,(t) € (L+1]Y])B,
then by (6.6), we obtain
tig, (1) + yug, (1) € —(L+ 1Y) dk(s, ) (7, (1) ae €1 (6.7)

Now, as (i, + yuy,) converges weakly to w -+ yw in L'(I,H), Mazur’s lemma
ensures that fora.er €/

W(t) +yw(t) € (\colis, (t) + yus,(t) -k > n}.

Fix such 7 in I and any u in H, then the last relation gives

00(0) +1(0), 1) < infsup i, (1) + it (1), )
and hence according to (6.7) (for o := L+1]y])

(W(t) +yw(t), 1) < limnsup o (—ad”dg(g, 1)) (uy, (1)), 1)
< o(—ad”dy(rqy) (w(t)), 1)

where the second inequality follows from Remark 6.1 and Theorem 6.2.
As the set 0" dg () (w(r)) is closed and convex (for uniformly prox-regular
sets), we obtain

W(t) +yw(t) € —(L+17)" diinyw(1))

and then
Ww(t) +yw(r) € =N (K(f(1));w(r)),
because w(t) € K(f(t)).
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This can be rephrased as

{ —(t) € NP(K(f(t));w(t)) +yw(t), a.e. on I,
w(t) € K(f(r)), Vrel, and w(0) = up.

In other words, w is of the form uy with

{uf(t>eNP(K<f(r>>;uf(t>>+yuf(t), ae on I,
us(t) € K(f(r)), Veel, and us(0) = up.

1
Let us consider the mapping h: 2" — %'(I,H) defined by h(f)(¢) = xo +/ us(s)ds
0

for all f € 2 and all 7 € I. Then, by what precedes the mapping / is continuous
from 2" to €' (I,H). By our hypothesis one has

up(r) € K(f(z)) C IB,

for all f € 2 and all ¢t € I. 1t follows then that h(f) € 2 for all f € 2. By
Schauder’s theorem, the mapping 4 admits a fixed point, i.e., there exists f € 2
such that 4(f) = f and hence

—iip(t) € NP(K(f(2));up(t)) + yup(t), a.e. on I,
up(t) € K(f(r)), Vrel, and ug(0) = uo,

f@) :xo—i—/ot up(s)ds, Vrel.

Thus, the proof of the theorem is complete. g
We close this section with an existence result of the first order nonconvex sweeping

process with unbounded perturbation when the uniform prox-regularity assumption
on the values of the set-valued mapping K are replaced by the local compactness
of the graph of K. Using the same techniques in our proof of Theorem 6.4 and an
existence result in Hilbert spaces of the first order nonconvex sweeping process
without perturbation in Theorem 4.2 in [92] (see also [16]), we can prove the
following result. Note that the local compactness of the graph of K needed to
apply Theorem 4.2 in [92], is satisfied in our case since H is a finite dimensional
space.

Theorem 6.6. Let T > 0, C : I := [0,T|==H be a Lipschitz set-valued mapping
with ratio A > 0 and with nonempty closed values, and y : I — R be a continuous
function. Then, for every xo € C(0), there exists at least one Lipschitz mapping
u: I — H satisfying

{ —u(t) € NP(C(t);u(t)) +y(t)u(t) ae. t€I,
u(t) e C(t), vrel, and u(0) = xo,
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and || u(t) ||< kA + 2|y(r)]. max{||C(r)||,t € I} for almost every t € I with kK =
P max{e~ lrs)ds . 4 ¢ I} and B = max{efé s p e I3,

Proof. It is omitted. a

6.3 Existence Theorems: Direct Approach

In the present and next section, let r € (0,4-o<|, xo € H, up € K(x9), #) be an open
neighborhood of x in H, and K : ¢l (%) =H be a Lipschitz set-valued mapping with
ratio A > 0 taking nonempty closed uniformly r-prox-regular values in H. Our aim
in this section is to prove the local existence of (SSPMP) on cl (%)), that is, there
exists T > 0, Lipschitz mappings x : [0,7] — ¢l (%) and u : [0,T] — H such that

u(0) = uo, u(t) € K(x(r)), forallte0,T],
1
x(t)=xo+ [ u(s)ds, foralltel0,T],
0

u(t) € —NP(K(x(t));u(t)) + F(t,x(t),u(t)) + G(t,x(t),u(t)), a.e.[0,T].

We begin by recalling the following lemma proved in [123, 124].

Lemma 6.1. Let (X,dx) and (Y,dy) be two metric spaces and let h : X —Y
be a uniformly continuous mapping. Then for every sequence (€,),>1 of positive
numbers there exists a strictly decreasing sequence of positive numbers (en)n>1
converging to 0 such that

€n—1

1
1. foranyn>?2, Py and o
2. foranyn > 1, and any x1,xy € X, one has

are integers > 2;

dX(Xl,Xz) <e, = dy(h(xl)Jl(XQ)) <Eg,.

We prove the first main theorem in this section.

Theorem 6.7. Let G,F : [0,+c0) x Hx H=H be two set-valued mappings and let
¢ > 0 such that xo+ ¢B C ¥). Assume that the following assumptions are satisfied.:

(i) Forall x € cl(%), K(x) C ] C IB, for some convex compact set #) in H and
some | > 0;
(ii) F is scalarly u.s.c. on [0,6/1] x gphK with nonempty convex weakly compact
values,
(iii) G is uniformly continuous on [0, /1] x oB x IB into nonempty compact subsets
of H, for a.:= ||xo|| + ¢;
(iv) F and G satisfy the linear growth condition, that is,

F(t,x,u) C pi(1+[lx]| + [[ul)B and G(z,x,u) C pa(1 + [lx]| + [[ul))B,
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Sor all (t,x,u) € [0,6/I] X gphK for some py,ps > 0. Then for every T € (0,¢/1]
there exist Lipschitz mappings x : [0,T] — cl (%) and u : [0,T] — H such that

u(0) = uo, u(t) € K(x(1)) _m+/ s)ds,for all 1 € [0,7].
i(t) € —NP(K(x(t)); () + F(t,x(t),u(t)) + Glt,x(0), u(t))ae. [0,T],

x@)|| <1 and ||lu(t)|]| <IA+2(1+o+1)(p1 +p2) a.e. on [0,T]. In other
words, there is a Lipschitz solution x : [0,T] — cl(#) to the Cauchy problem for
the second order differential inclusion:

(6.8)

{x(t) € —NP(K(x(t));%(t)) + F(t,x(t),%(t)) + G(t,x(t),%(t)), a.e.[0,T],
x(0) = x0,%(0) = ug,%(¢) € K(x(r)), for all t€[0,T],

with ||%(t)|| <1 and ||X(t)|| <IA+2(p1 +p2)(1+ 0 +1) a.e. on [0,T].

Proof. We give the proof in four steps.

Step 1. Construction of the approximants.

LetT € (0,6/!] and put 7 := [0,T] and .# :=I X oB x [B. Then by the assumption
(iv) we have

1F (@0 u)l| < pr(1+ [l + [lul]) < pr(T+ a+1) =: G, (6.9)

and
[G(t,x,u)|| < pa(1+[|x]| + lul) < p2(1 + @ +1) =: &, (6.10)

for all (¢,x,u) € 2 N(I x gphK). Note that £ N (I x gphK) # @ because (xg,up) €
(aB xIB)N gth.

Let g, = 2,,, (n=1,2,....). Then by the uniform continuity of G on the set
 and Lemma 6.1, there is a strictly decreasing sequence of positive numbers (ej,)
converging to O such thate, <1, and and -1 are integers > 2 and the following
implication holds:

||(t,x,u) — (¢, X, u)|| < ney = H#(G(t,x,u),G(t' X, u')) <&, (6.11)

for every (t,x,u), (', x',u') € 2 where ||(t,x,u)|| = |t| + ||x]| + ||«|| and n = (1 +
B+IA+2(85+ &) -
As the sequence e, — 0™, one can fix a positive integer ng such that

(M+Q+Qk%§; (6.12)

For each n > ng, we consider the partition of / given by

€n

T
a:%wzmwzmhﬂmz—}. (6.13)
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We recall (see [123]) some important properties of the sequence of partitions (P,),
needed in the sequel.

(Pry) Py C Py, for all n > ng;

(Prp) For every n > ng and for every t,; € P, \ P; there exists a unique couple
(m, j) of positive integers depending on #, ;, such that no < m < n, t,; ¢ P; for every
s<m,t,; € Psforevery s >m,0 < j< Uy and ty, j <tn; <tmjt1.

Put [, ; := [tyistn,it1), forall i=0,...,u, — 1 and I, y, := {T'}. For every n > ny
we define the following approximating mappings on each interval I, ; as

un(t) = Un,i,
t
() =30+ [ uals)ds, 61
Jn(t) = fui € F(tisXn(tn.i), un,i), and
8n(t) = gni € Gltn,i,Xn(tn,i), Un,i),
where u,, ) = up and foralli=0,...,u, — 1, the point u, ;1 is given by
Upit] € Proj(un,i + en(fn,i + gn,i)aK(xn(tn,iJrl)))- (6.15)

Although the absence of the convexity of the images of K, we have the last equality
is well defined. Indeed, as

tn,l
xn(t,,,l):xonL/ un(s)ds € xo+1,1/B C xo+ B C %,
0

then by the Lipschitz property of K and the relations (i), (6.9), (6.10), (6.14), and
(6.15) we get for x 1= x,(,,,1)

dK(x,,(tn,l))(”n,OJren(fn,o+gn,0)) < %(K(xn(tn,O))vK(xn(tn,l)))+en|‘fn,0+gn,0”
< Al xa(tno) = xn(tn1) || +en(8i + &)
< Aty —tap) || tno || +en(81 + &)

< (A +8i+8)eny < % <r (6.16)

and hence as K has uniformly r-prox-regular values, one can choose a point u, ; €
Proj(u,,0 + en(f1,0 + &1,0), K(xa(t,1))). Similarly, we can define, by induction, the
points (un,i)(o<i<p,)s (fni) 0<i<p,)> a0 (&ni) 0<i<p,)-

Let us define 6,(¢) :=1t,;, if t € I, ;. Then, the definition of x,(-) and u,(-) and
the assumption (i) yield for all ¢ € 1,

un (1) € K(x,(6,(¢))) C #1 C [B. (6.17)
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So, all the mappings x,(-) are Lipschitz with ratio [ and they are also equibounded,
with ||x, || < ||x0]| +{7". Here and thereby ||x||. := sup||x(z)]|. Observe also that for
tel

all n > ng and all ¢ € I one has

xn(1) € aBN Y. (6.18)

Indeed, the definition of x, () and u,(-) ensure that, for all # € I,
t
Xu(t) = x0+ / un(s)ds € xo+1IB C xo+ ¢B C aBN ¥,
0

and hence K (x,(¢)) is well defined for all 7 € I.
Now we define the piecewise affine approximants

Vn(t) = un,,’+6‘;1(l‘ 7l‘n’,')(u,,,,‘+1 — I/ln’i), if te In,i- (6.19)
Observe that v,(6,(f)) = uy;, for all i =0,...,u, and so by (6.15), (6.18), and

the assumption (i), one has v,(6,(¢)) € K(x,(t,i)) = K(x,(6,(¢))) C [B. Then by
(6.9),(6.10), (6.14), (6.18), and the last relation we obtain for all € [ and all n > ngy

Ju(t) € F(6,(1),x,(6,(1)),va(6,(t))) N B and
(6.20)

gn(t) € G(6,(1),x(6u(1)),vn(0n(2))) N &B.

Now we check that the mappings v, are equi-Lipschitz with ratio A +2(&; + §,).
Indeed, by (6.15) and the Lipschitz property of K one has

| it — i || < || thnivr — (tni+ en(fri+8ni)) || +en || fri+ &ni |l
< iy (1y41)) (i + en(foi + gni)) + (G + G2)en
< AO(K (xn(t1)), K (5 (1n,001))) +2(81 + Go)en
< (A +2(86 + G)en, 6.21)

and hence,

SUA+2(G+8)) [1—s].

1va(e) = va(s) 1= € " 11 =5 (|| tnist —ttn, |
It is also clear, by the definitions of u,(-) and v,(-), that
1 valt) = un(t) 1< € 11—t ||| ttn ey =t | < UA+2(81 + &) Jew,  (6.22)

and hence
| vio — ttn ||]co— O.
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Let us define, v, (t) :=t,,41 ifr€l,;andi=0,...,u, — 1. The definition of v, (-)
given by (6.19) and the relation (6.15) yield

Va(Va (1)) € K(xn (v (2))), forall r€L,; (i=0,...,u,—1), (6.23)
and forallt € I\ {t,;: i=0,.., 1, } one has
V() = e (tn is1 — thn,)- (6.24)
So, we getforallt € I\ {t,;:i=0,.., U}
en(Vn(t) — (fu(t) +8n(1))) = tniv1 — (i + en(fui + &n,i))
€ Proj(un,i +en(fu,i + 8n,i)s K(Xn(tn,ix1))) — (tni+ en(fui+ &ni))-

Then, the properties of the proximal normal cone to subsets, ensure that we have for
allr € I\{tn;i: i=0,.., U}

5alt) = (fult) + 8a(0)) € ~NP(K (x(tni51)): 1)
= NP R a))vn(a0))). (625

On the other hand, by (6.21) and (6.24), it is clear that
n (@) < (1A +2(G1 + &) (6.26)

Put 6 := (IA +3({1 + &)). Therefore, the relations (6.20), (6.25), and (6.26), and
Theorem 4.1 in [58] entail for all t € I\ {#,,;: i =0,.., U}

On(t) = (fult) + gn(1)) € =89 dk (5, (v, (1)) V(v 1))). (6.27)

Step 2. Uniform convergence of both sequences x, () and v, ().

Since e;l (t—ty;) < 1,forallr €1,; and up j,u, i1 € #1, and 7] is a convex set in
H one gets forall t € 1,

Vi (t) = Upi+ 6‘,71 (t — l‘n’,’) (u,,,,‘+1 — un,,’) S Ji/l

Thus, for every ¢ € I, the set {v,,(t) : n > ng} is relatively strongly compact in H.
Therefore, the estimate (6.26) and Theorem 0.4.4 in [9] ensure that there exists a
Lipschitz mapping u : I — H with ratio IA +2(&; + &) such that
(vy) converges uniformly to u on I;
(v,,) weakly converges to u in L' (1, H).

Now we define the Lipschitz mapping x : I — H as

1
x(t) :onr/ u(s)ds, for all rel (6.28)
0
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Then by the definition of x,, one obtains for all 7 € I,

) 5Ol = 1 [ Gn(s) = ) < Ty -

and so by (6.22) we get
[l = x[|oo < T'||tty — vi||oo + T'|| Vi — t|ec —> 0 as n — o0. (6.29)

This completes the second step.

Step 3. Relative strong compactness of (g,).

The points (g,,i)i—0....u, defining the step function g,(-) was chosen arbitrarily in
our construction. Nevertheless, by using the uniform continuity of the set-valued
mapping G over % and the techniques of [123] (see also [109, 110]), the sequence
gn(+) can be constructed relatively strongly compact for the uniform convergence in
the space of bounded functions. The construction of the sequence g,(+) is similar
to the one presented in [109, 110]. We give it here for the completeness and for the
reader’s convenience.

To prove the relative strong compactness for the uniform convergence in the
space of bounded functions we will use a very useful compactness criterion
proved in Theorem 0.4.5 in [9]. First, we need to prove that for all ¢t € I, the set
{gn(t): n>no} is relatively strongly compact in H. By the definition of 6,(-) we
have forallt € I and all n > ng |6, (t) —t| < e,. Then, (x, 0 6,) and (v, o 6,) converge
uniformly on 7 to x and u respectively. Now, by (6.20) and the continuity of G on
I x gphK one has

dG(t,x(t),u(t))(gﬂ(t)) < H(G(0(1),xn(0n(1)),vn(0a(1))),
G(t,x(t),u(r)) = 0 asn — oo.

This implies the relative strong compactness of the set {g,(t) : n > no} in H for all
t € I because G(t,x(r),u(t)) is a strongly compact set in H. Now, we have to show
that the sequence is an equioscillating family of bounded functions in the sense of
[9]. Recall that a family .# of bounded mappings x : I — H is equioscillating if for
every € > 0, there exists a finite partition of / into subintervals J; (j =0,...,m) such
that for all x € 7 and all j =0,...,m one has wy,(x) < &, where @, (x) denotes the
oscillation of x in J defined by

oy (x) := sup{||x(s) —x(¢)|| : s, €J}. (6.30)

Fix any € > 0 and let my > ng such that 4¢,,, < €. Consider the finite partition
Jj = [tmg,jstmg,j+1) (J=0,..., Uy, — 1) of I. We shall prove that

@y;(gn) <€, foralln>ngandall j=0,..., ly, — 1. (6.31)
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For that purpose, we have to choose g, ; in (6.14) in such way that the following
condition holds for every n > ng and i =0, ..., Ly, — 1:

Hgn(tn,i) _gn(tn,ifl)H < &, iftn,i e p,
||gn(tn,i) *gn(tm,p)H < &p, iftn,i ¢ Py, (6.32)

where (m,p) is the unique pair of integers assigned to f,; such that m < n,
tni & Pj for j <m, t,; € P for j > m and t,,, < tn; <ty p+1. For i = 0, we take
gn0 € G(0,x0,up). By induction we assume that g, ; € G(t, j,xXn(tu j),un j) have

been defined for all j € {0,...,i—1}.
If 1, ; € Py, it suffices to take g, ; € G(tn,i,Xu(tn,i), tn ;) such that:

lgni— gni-1ll < H(G(tnisXn(tni)stni)), G(tnim1,Xn(tniz1),Uni-1))-
Indeed, by virtue of (6.17), (6.21), and (6.26) we have
| iy Xn (i) s ttn,i) — (i1, X0 (Eni1) st i—1) || < (LH1HIA+2(81 4+ 82))en < Nen,
which in combining with (6.12) gives
llgn(tni) = &n(tni—1)|| = l|8n.i — gni—1ll < €.

If1,; ¢ Py, then Im,p € P, (because m < n) and so there is a unique integer g < i
such that #,, , = 1, 4. Hence, ty; —th g = twi —tmp < tmp+1 — tmp < en. This with
(6.17) and (6.26) imply

1 (nis Xn(tn.i), Un i) = (tngs X (tng) s ng) ) || < (1 + 1414 +2(C1 + Ga) Jem < Mem,
which together with (6.12) yield

%(G(tn,iaxn(tn,i)aun,i));G(tn,qaxn(tn,q);un,q))) < &pn.

Since gn(tm,p) = &n(lng) = &ng € Gling:Xn(lng) Ung)), we may choose g; €
G(tn,i, Xn(tn,i), tni)) such that

ll&n(tn.i) — &n(tm.p)ll = llgni — &ngll < &m,

which is the second inequality in (6.32).
Next, we prove that (6.31) holds.
If n < mg, then 2~ is an integer and every J; is contained in some interval
VllO

[tn ks tn 1) in which g, is constant. Thus, (6.31) is trivial in this case:

@y;(gn) =0, forall j=0,..., ty, and all n < my.
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Let n > mg. As J is an integer, then 2e, < e,,,. By property (Pry), it follows
that 1, i, tig,j+1 € P Thus, there exist p, ¥ such that 0 < & < p, t,j = 1,9 and
tmg,j+1 = tnp. The values of the mapping g, on J; = [ty jstmg,j+1) = [t,,,g,lmp) are

8n(tns) = gns, With & < s < p. So we shall prove that, for all ¥ < s < p,

1181 (tn,s) = &n(tmo.j) || < 28m, (6.33)

and so [|gn(t) — gn(tmg,j)|| < 2&m,, for all # € J; and all n > my. Then it will follow
that for all 7 and s in J;,

18n(2) = gn($) | < llgn(t) = &nltmg )| + [ 8n(tmo,j) — gn($)|| < 4€my < .

Hence, oy, (gn) < €, and (6.31) holds.

Let t, 5 € P, such that ¥ < s < p. Then t,; ¢ P,, and consequently #,, ¢ P;.
Now by property Pr;, there exists a unique couple (m;, py) such that m; < n, t,, s €
Py 11 \Pm1 and ty, p; < tns < Im p,+1, With py < ly,. By virtue of the second
inequality in (6.32), we obtain that

llgn(tn.s) — gnltmy,p)|l < &m, - (6.34)

Using the same techniques in [109, 110,123, 124] we can show that #,,, j <ty p, -

If tyy,j = tm,,p,> then (6.33) is true, by (6.34) and the fact that m; > myg implies
eml S gmo'

If tig.j < tmy,p,> then since ty, p, <ty j+1 it follows that #,, , & Py, and so
tm,p & P1. Then, by Pry, there is a unique couple (m2,p>) such that my < my,
tns € Py 11\ Py and tyy py <ty py <ty py 1, With pa < i, Again by virtue of
the second inequality in (6.32), we obtain that

18 (s ps) = &nltmyp)| < my (6.35)

because t, p, € P, (m; < n implies P, C B,). As mentioned above for the couple
(my,p1),itis nothard to check that t,,,, j <tm, p,. Ity j =ty p, » then (6.33) follows
by summing (6.34) and (6.35), since &, + &, < &y, (because my,my > myp). The
case If ;. j < t, p, is treated as above.

The inductive procedure is now clear: There exists a finite sequence {(m;, p;)},
i=0,...,ksuchthatmy <my <my_1 <--- <my <n, by p, = tmg,j» tmg,p; € Py C Pa
for all i and

”gn(tmi,m) 7gn(tm,-+1,p,-+1)|| < &y for i=0,...,k—1.

Consequently, by applying these inequalities, (6.34), and the triangle inequality, we
obtain

llgn(tn,s) = &n(tmy,p )| < Emy + Emy + -+ + Emy, < 28,
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Thus, completing the proof of (6.33) and so we get the relative strong compactness
for the uniform convergence in the space of bounded mappings of the sequence
gn(+). Therefore, there exists a bounded mapping g(-) : I — H such that ||g, —
glle — 0.

Step 4. Existence of a solution.

Since (x, 0 6,) and (v, o 6,) converge uniformly on / to x and u respectively, then
by the continuity of G on I x oB X [B, the closedness of the set G(¢,x(¢),u(t)), and
the fact that g,(r) € G(6,,(2),x,(6,(t)),va(6,(t))) a.e. on I (by (6.20)), we obtain
g(t) € G(t,x(t),u(t)) a.e. on I.

Recall that v,,(6,(t)) € K(x,(6,())), for all # € I and all n > ny. It follows then
by the closedness and the continuity of K that u(¢) € K(x(¢)), for all # € I and hence
the first part of (6.8) holds.

By (6.20) one can assume without loss of generality that the sequence f, con-
verges weakly in L!(/,H) to some mapping f. Therefore, from (6.20) once again,
we can classically (see Theorem V-14 in [79]) conclude that f(z) € F(z,x(),u(t))
a.e. on /, because by hypothesis F is scalarly u.s.c. with convex weakly compact
values. The weak convergence of (v, — (f, +g,)) to &t — (f +g) in L'(I,H) (by
what precedes and Step 2) entails (Mazur’s lemma) that for a.e. r € /

i(t) = f(t) —g(r) € O@[Vk(f) — fi(t) = gk(t), k= n].
Fix such 7 in 7 an any & € H. Then the last relation gives
(u(r) = f(1) —g(1),8) < irr}filigwn(t) = fa(t) — gn(1),8).
Hence, by (6.27), one obtains
(a(r) — f(1) —g(),8) < 1im”5up (=89 dy(u, (vu0y) (Vn(Va (1)), ).

Since |v,(¢t) —#| < e, on [0,T), then v,(r) —> ¢ uniformly on [0, T'). It follows then
by Remark 6.1 and Theorem 6.2 that for a.e. t € [ and any £ € H,

(a(r) = (1) = g(1),&) < 0(=89"dyy(oy) (u(1)), ).
Since 9”dg () (u(t)) is a convex closed set, then the last inequality entails
() = (1) = g() € =80  di (o)) (u(r)) € —N" (K (x(1)):u(r)),
because u(r) € K(x(¢)). Thus,
() € —NT(K(x(t))u() + £(t) +8(t)
C —NP(K(x(1));u(t)) + F(t,x(t)),u(t)) + G(t,x(1)),u(t)),  (6.36)

and so the second part of (6.8) holds and the proof of the theorem is complete. O
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It would be interesting in the infinite dimensional setting to ask whether the
compactness assumption on K, i.e., K (x) C 2% C [B, can be replaced by, K (x) C [B,
the boundness of the set-valued mapping K. Here, we give a positive answer when
K is anti-monotone, G satisfies the strong linear growth condition, i.e.,

G(t,x,u) C (14 |lxl[ + [[ull) 2 € p2 (1 + [|x[| + [|u])B,

for all (t,x,u) € [0,5/1] x gphK, where k, is a convex compact subset in H and
p2 >0, and F satisfies one of the two following assumptions:

1. The monotonicity with respect to the third variable on [0,5/I] x gphK, that is,
for any (#;,x;,u;) € [0,6/1] X gphK and any z; € F(f;,x;,u;) (i = 1,2) one has

(21 — 22,1 —up) > 0;
2. The strong linear growth condition, that is,
F(t,x,u) C (1 [|x]| + [[ul) ki € pi (14 ]| + [lul)B,

for all (z,x,u) € [0,6/I] x gphK, where k) is a convex compact subset in H and
p1 > 0.

We need the definition of anti-monotone set-valued mappings. We will say that K
is anti-monotone if the set-valued mapping —K is monotone in the usual sense, that
is, for any (x;,u;) € gphK(i = 1,2) one has

<M1 — U, X| —)Cz> <0.

In the following theorem, we prove the first case when F is monotone with respect
to the third variable.

Theorem 6.8. Let F,G : [0,+) x Hx H=H be two set-valued mappings and ¢ >
0 such that xo + ¢B C 7). Assume that the following assumptions are satisfied:

(i) K is anti-monotone and for all x € c1(¥), K(x) C [B, for some [ > 0;
(ii) F is scalarly u.s.c. on [0, %] x gphK with nonempty convex weakly compact
values;
(iii) G satisfies the strong linear growth condition and it is uniformly continuous on
[0,6/1] x aB x [B into nonempty compact subsets of H, for o, := ||xo| + ¢,
(iv) F satisfies the linear growth condition, that is,

F(t,x,u) C pr(1+|lxl[ + [|ull)B,

Sorall (t,x,u) € [0,6/1] x gphK for some p; > 0;

(v) F is monotone with respect to the third variable on [0,5/1] x gphK. Then
for every T € (0,6/1] there is a Lipschitz solution x : I :=[0,T] — cl(%) of
(SSPMP) satisfying ||x(t)|| <1 and ||%(t)|| <IA+2(p1 +p2)(1 + a+1) a.e.
onl.
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Proof. An inspection of the proof of Theorem 6.7 shows that the compactness
assumption on K was used in Steps 2 and 3 to get the uniform convergence of
both sequences x,(-) and v,(-) and the relative strong compactness of g,(-). Then
we have to prove Steps 2 and 3. First, we need, for technical reasons, to fix ng
satisfying ((4v/T +3)IA+2(L1 + &))v/e,, < 5.

Observe by (6.20) and the strong linear growth of G that for every # € I and every
n>nop

gn(t) € G(6,(1),x,(6,(2)),vn(6,(2))) C (1 + a+1)K>.

Then the set {g,(¢) : n > ng} is relatively strongly compact in H for all # € I. On the
other hand as g,(+) is equioscillating by the same arguments in Step 3 in the proof
of Theorem 6.7, then we get the relative strong compactness of g, (+) for the uniform
convergence in the space of bounded mappings. Consequently, we may assume
without loss of generality that g,(-) converges uniformly to a bounded mapping
g, ie.,

llgn—glle — 0 as n— oo, (6.37)

Now we prove the uniform convergence of x, (). Put for all positive integers m
and n > ny
1

Wm,n(t) = E ”xn(t) 7xm(t)||2'

Then,

d Wi

i (t) = (X (1) = xu (1), (1) — un(2) ), forall r€[0,T),

since u, is the right-derivative of x,. Observe that for any 7 € [0,T), there exist
positive integers 7 and j such that r € I,; N1, j. Then, u,(t) = u, ; belongs to

K(xn(tm,j)) and u,(t) = u, ; belongs to K(x,(t,,)). It follows by the anti-monotony
of K that

<xm(tm,j) *xn(tn,i); Um (t) - un(t)> <0,

and thus

d Wy

P () < (on (1) = xim(tm,j) s (£) = (1)) + (Xn (1) — X0 (1), m () — un(1)).

Since (6.17) holds and since all the mappings x, have the same Lipschitz constant /,

we have N
d Wmn,n

dr

Moreover, wy, »(0) = 0. Hence, wy, (1) < 21 (e, + e,)t, and so

(£) S 2P0t — tyn j| + 212t — t 4] < 20% (e +en).

[Pin = xall < 2VT (Ve +/e), (6.38)
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which ensures that x,(-) is a Cauchy sequence for the uniform convergence; hence,
it converges uniformly to a Lipschitz mapping x(-) with ratio /. So, we have

[l — x[|le = O as n — —eo.
Now, we proceed to prove the Cauchy property of the sequence v, (-) for the uniform
convergence in the space of continuous mappings % (1,H). We will follow the idea
used in [58].
Fix m,n > ng and fix also r € I witht # 1,,, j for j =0,..., 4,y — 1 and ¢ # 1,,; for

i=0,...,u, — L. Observe by the Lipschitz property of K and the relations (6.23),
(6.26), and (6.38) that

i (e, (va(1))) (Vi (1)) < T (K Qn (Vi (1)), K Com (Vin(£))) =+ 1V (Vi (1)) = v (1) |
< Axn(Va () = 2 (Vi O) + [V (Vi () = v (1)
<A [lxn (v ()) = 2 (Vi () 4 [ (Vi (1)) = Xom (v (1))
+HIA+2(8+ &) v (t) — 1]
< ARIVT (Ve t/ey) H V(1) = Va0 1+ (14 +2(81 + &) )em
< VT + 1)iAv/e, + (VT + DA +2(81 + &) Ve

< [@VT+3)A+2(G + ) Ven < 5 <

Put o :=2(V/T + 1) and &, := max{,/e,,||gn — &||-}, for all n > ng. Then, (6.27)
entails

<Vn(t) = (fu(t) + gn(2)), v (Va(2)) — Vm(t)> < ?an(‘/n(t)) - Vm(t)”z
+0dk (s, (v (1)) (Vi (1))

< 2 [Inaa() = w00
2
Hvne) = v ]
+5[O€1 [Ae, + (O(ll)b + Z(Cl + CZ))gm]
< 2058, + (- wn(0]]

+6(ould +2(81+ &) (en+em)-



188 6 Second Order Differential Inclusions

This last inequality and (6.26) yield
(30,90 (6) — v (0)) < )+ 80(0) v (6) — v 1))
00090 (6) — v 4)
+ 22 52+ Ivalt) —va)]]
F8(0nlh+ 281+ 5) (@ + )
< (le) + 8(0) v (6) w41
22 (688 + Ile) — v}
+8(IA +2(81 + &))@+ em) + 5%,
On the other hand by (6.20) and (6.26) we have
(Fa(0) + &n0),vm (1) = va(Va())) = (Falt) +8n() v (B (1)) = val(6a(1)))
+(Fa(0) + 8n(1), v (1) = V(O (1))
FU) + 8(0).1a(0a(0) —va(va(0)
< () + 80 w80 (0)) — va(60(0)
+8%(@m +en).-
Therefore, we get for some positive constant o independent of 7, 7, and 1

<‘.’n(t)v"n(t) *Vm(t)> < <fn(t) +8n(t),vin (O (1)) *Vn(en(t)»
+00(@n+ )] + ? (88 -+ [Iva(0) - vm(t)||]2.

In the same way, we also have

<‘.’m(t)v"m(t) - Vn(t)> < <fm(t) + &gm(t),va(On(t)) — Vm(em(t))>
o (B +80) + ? (88 -+ [val0) = v (0] g

It then follows from both last inequalities (note that ||v,(z)|| < |Jug|| + 8T) that we
have for some positive constant §; independent of m,n, and ¢
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<‘>m(t) = Vn(t), v (1) — Vn(t)> < <fm(t) — fu(#),vn(0n (1)) — VVn(em(t))>
+<gm(t) —&n(t),vn(On(t)) _Vm(em(t))>

+T||vn(t) — (D) |* + %(Em +en).

By (6.20) one has forall r € 1

(X0 (6 (2)),vn(6,(1))) € gphK and f,,(t) € F(6,(1),X1(6a(2)),vn(6,(1)))

and hence by the monotonicity of F with respect to the third variable on I x gphK
we get

<fm(t) — fu(2),vn(6(2)) *Vm(em(t)» <0.

On the other hand, one has for some 3, > 0 (because ||v,(?)|| < |[uo|| + 6T)

(nl6) = )32 60(0) ~ (O (1)) < P lg — gl < B2 @ 2.

Thus, we obtain

d

(Il w017 < (B +Bo) @)+ 2 () )

As [[vin(0) —v,(0)]|> = 0, Gronwall’s inequality yields for all 7 € I

t _ _ t 45
o) v < |81+ B+ e | (2ar) |
N
and hence for some positive constant § independent of m, n, and ¢ we have

v (1) = va(0)||* < B (@ + ).

The Cauchy property in € (I, H) of the sequence (v,), is thus established and hence
this sequence converges uniformly to some Lipschitz mapping u with ratio IA +
2(&; + &>). Thus, the proof of the theorem is complete. O

Now, we prove the case when F' satisfies the strong linear growth.

Theorem 6.9. Ler F,G : [0,4+o) x H x H=H be two set-valued mappings and
G > 0 such that xo+ ¢B C 7. Assume that the following assumptions are satisfied.:

(i) K is anti-monotone and for all x € c1(%), K(x) C B, for some | > 0;
(if) F is scalarly u.s.c. on [0,6/1] x gphK with nonempty convex weakly compact
values;
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(iii) G is uniformly continuous on [0, /1] x aB x [B into nonempty compact subsets
of H, for o := ||xo]| +¢;
(iv) F and G satisfy the strong linear growth condition.
Then for every T € (0,¢/l] there is a Lipschitz solution x : I :=[0,T] — cl(¥) of
(SSPMP) satisfying ||%(¢)|| < and ||%(¢)|| <IA+2(p1+p2)(1+ a+1) a.e. onl.
Proof. As in the proof of Theorem 6.8 we have to prove Steps 2 and 3 in Theorem
6.7, i.e., the uniform convergence of both sequences x,(-) and v,(-) and the relative
strong compactness of g, (+). Using the anti-monotonicity of K we can show as in the
proof of Theorem 6.8 the uniform convergence of x,(-) and so we may assume that
(6.38) holds. Also, the relative strong compactness of g,(-) can be proved as in the
proof of Theorem 6.8 by using the strong linear growth condition of G. So we may
assume that (6.37) holds. Thus, it remains only to prove the uniform convergence of
vu(+). To do that we need, for technical reasons, to fix ng as in the proof of Theorem
6.8, i.e., satisfying ((4v/7 +3)IA +2(1 + &))en, < 5.
1
Put &, (1) := /0 Su(s)ds and wy(2) := v,(t) — hy(¢) for all ¢ € I. By the strong

linear growth condition of F and our construction in Theorem 6.7 we have
fa@®)e(l14+o+1)xy and hy(r) e T(14+ o+ 1)k forallz € 1. (6.39)

Then Arzela—Ascoli’s theorem ensures that we may extract a subsequence of #,, that
!

converges uniformly to a mapping & with a(r) = / Jf(s)ds and f is the weak limit
0

of a subsequence of f,, in L' (1, H). Put for all n > ny
ey = max{& '||\h, — h||w,é,}, for all n>ny. (6.40)

Now, we proceed to prove the Cauchy property of the sequence v, (-) for the uniform
convergence in the space of continuous mappings % (I, H).

Fix m,n > ng and fix also r € I with t # 1,,, j for j =0,..., 4, — 1 and ¢ # 1,,; for
i=0,...,4, — 1. As in the proof of Theorem 6.8 we get for almost every ¢ € |
20 [ 2
=282+ 1lvalr) = v )1

+6(ould +2(81+ &) (en +em)-

(Wn (1) = gu(t),va(Va (1)) = v (1)) <

Then by (6.26), (6.20), (6.39), and (6.40) one gets
<Wn(t)awn(t) - Wm(t)> < <Wn(t),w,,(t) - Wn(Vn(t))> + <g,,(t),v,,(v,,(t)) - Vm(t)>

+8(oulA +2(81 + &) (en+em) + <Wn(t)vhm(t) - hn(vn(t))>

#2275+ o) — O]+ 1) ~ )]
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< 8%+ 5rben+ (gn(t), val(t) —vm(t))

+8(0IA +2(E1 4+ 8))(en + &) + 8(88, + den + Cren)
22 [25(@, + @) + o) - wlo)]

Therefore, we get for some 3; > 0 (independent of m,n, and t)

B

<W,,(t)7w,,(t)—wm(t)> < <g,,(t),v,,(t)—vm(t)> ) = (@ntem)

22 (2560 +2n) + lole) )]
In the same way, we also have
(im0 (0) =0 (6)) < Can(e) (1) a(6) + B @+ )
422268+ 6+ Ion(e) — 0]

It then follows from both last inequalities, the relation (6.40), the definition of ¢,
and the equiboundedness of v, and wy, that for some 3, > 0 independent of m,n,
and ¢ one has

26

()~ (1), (1)~ 40 0)) < 22 o) — ) 2+ 22

(em +en).

Thus, we obtain

& (Ionte) = 0)1) < B+ + 22 () w02

As |[wp(0) —w,(0)|*> = 0, Gronwall’s inequality yields for some 8 > 0 independent
of m,n, and t

1Win(1) = wa(0)]* < B? (@ + @),
for all ¢ € I. Finally, by (6.40) one obtains

v () = va(0)|| < B(@n+@0)" >+ 8(@m+2n) < (B+8)(@n+2n)">.
The Cauchy property in €' (1,H) of the sequence (v,,), is thus established and hence

this sequence converges uniformly to some Lipschitz mapping u with ratio IA +
2(&1 + &,). Thus the proof of the theorem is complete. O
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Remark 6.2. Observe that in the proof of Theorems 6.7-6.9, the constant of
Lipschitz of X (the derivative of the solution x) as well as the construction of the
sequences and their convergence depend upon the initial point xg, the neighborhood
%5, and the constant 7. Nevertheless, an inspection of the proof of Theorem 6.7
shows that if we take ¥y = H and if we replace the linear growth condition of F
and G by the following bounded-linear growth condition (bounded in x and linear
growth in u)

(BLGC) F(t,x,u) Cp1(1+]ul|)B and G(¢,x,u) C p2(1+||u||)B

for all (¢,x,u) € [0,4) X gphK for some py,p, > 0, then for every T > 0O there
exists a solution x : [0,7] — H independently upon the constant 7. Consequently,
by extending in the evident way the solution x to [0, +eo) by considering the interval
[0, 1] and next the interval [1,2], etc, we obtain the following global existence result:

Theorem 6.10. Let xo € H, uy € K(xp), and G,F : [0,4e) x Hx H=H be two
set-valued mappings. Assume that the following assumptions are satisfied:

(i) For all x e H, K(x) C J# C IB, for some convex compact set #1 in H and
some | > 0;
(ii) F is scalarly u.s.c. on [0,4o) X gphK with nonempty convex weakly compact
values,
(iii) For any a.> 0, G is uniformly continuous on [0, +e) x aB x [B into nonempty
compact subsets of H;
(iv) F and G satisfy the bounded-linear growth condition (LGC).

Then there is a Lipschitz solution x : [0,+o0) — H 10
¥(t) € =NP (K (x(1));%(t)) + F (t,x(2),%(t)) + G(t,x(1),%(1)), a.e.[0,+e0),
x(t)

(1 I_((x(t)), for all ¢ € [0,+o0),
x(0) =xp, and %(0) = up.

m Mm

Remark 6.3. As in Remark 6.1, global existence results can be obtained in The-
orems 6.8 and 6.9 when we take ) = H and we replace in Theorems 6.7 (resp.
Theorems 6.9) the linear growth for F' and the strong linear growth for G (resp. the
strong linear growth for both F and G) by the bounded-linear growth (BLGC) for F
and the strong bounded-linear growth for G (resp. the strong bounded-linear growth
for both F and G, i.e.,

F(t,x,u) C (14 |jul|)x; and G(t,x,u) C (1+ ||lu||)xz,

for all (¢,x,u) € [0,00) x gphK, where k| an k, are two convex compact sets in H.)

In the previous theorems we have proved many existence results for the problem
(SSPMP) when the perturbation F is assumed to be globally scalarly u.s.c. Our aim
in the next part of the present section is to prove that for the problem (SSPCP) (the
Second Order Sweeping Process with a Convex Perturbation F, i.e., the case when
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G = {0}), the global scalarly upper semicontinuity of F on [0,%] x gphK can be
replaced by the following weaker assumptions:

(A1) Foranyt € [0,%], the set-valued mapping F (t;-,-) is scalarly u.s.c. on gphK;
(A2) F is scalarly measurable with respect to the o-field of [0, %] x gphK generated
by the Lebesgue sets in [0, %] and the Borel sets in the space H.

The proof here is based on an approximation method. The idea is to approximate
a set-valued mapping F that satisfies (A;) and (A;) by a sequence of globally
scalarly u.s.c. set-valued mappings F, and study the convergence of the solutions
X, of (SSPCP),, associated with each F, (the existence of such solutions is ensured
by our results in Theorems 6.7-6.9). We will use a special approximation F;, of F
defined by

1
F,(t,x,u) == — F(s,x,u)ds
M. Irnn
for all (r,x,u) € I x H x H, where I is some compact interval, 1, is a sequence of
strictly positive numbers converging to zero and I, := IN[t,r + 1,]. For more
details concerning this approximation we refer the reader to [78, 246] and the

references therein. We need the two following lemmas. For their proofs we refer
to [78,246].

Lemma 6.2. Let T > 0, S be a Suslin metrizable space, and F : [0,T] x S be a
set-valued mapping with nonempty convex weakly compact values. Assume that F
satisfies the following assumptions:

(a) Foranyt €0,T), F(t;-) is scalarly u.s.c. on S;

(b) F is scalarly measurable w.rt. the o-field of [0,T] x S generated by the
Lebesgue sets in [0,T] and the Borel sets in the topological space S;

(c) F(t,y) Cp(1+|y|)B, forall (t,y) € [0,T] x S and for some p > 0.

Then F, is a globally scalarly u.s.c. set-valued mapping on [0, T| x S with nonempty
convex compact values satisfying

Fu(t,y) CpT(1+||yl))B,

forall (t,y) € [0,T] x S and all n.

Lemma 6.3. Let T > 0, S be a Suslin metrizable space and F : [0,T] x S=H be a
set-valued mapping with nonempty convex weakly compact values. Assume that F
is bounded on [0,T] x S and that satisfies the hypothesis (a), (b), and (c) in Lemma
6.2. Then for any sequence y, of Lebesgue measurable mappings from [0,T] to S
which converges pointwisely to a Lebesgue measurable mapping y, any sequence
zn in L'([0,T],H) weakly converging to z in L'([0,T],H) and satisfying z,(t) €
F,(t,y,(t)) a.e. on I one has

z(t) € F(t,y(t)) a.e. on [0,T].

Now we are able to prove the following result.
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Theorem 6.11. Let F : [0,4+o0) x Hx H=H be a set-valued mapping and ¢ > 0
such that xo + ¢B C %. Assume that the hypothesis (i), (iv) in Theorem 6.7 are
satisfied and assume that F satisfies (A1) and (A,). Then for every T € (0, %] there
exists a Lipschitz solution x : [0,T] — cl(¥%) of (SSPCP) satisfying ||%(¢)|| <[ and
%) <IA+2Tpi(1+ a+1) a.e on[0,T].

Proof. Let T € (0,%] and put / :=[0,7] and S := &B x [B. Clearly S is a Suslin
metrizable space. Let 7, be a sequence of strictly positive numbers that converges
to zero. For each n > 1 we put

1 3
F(t,x,u) == — F(s,x,u)ds
Tln It‘nn

for all (r,x,u) € I x H x H. By Lemma 6.2 the set-valued mappings F;, are scalarly
u.s.c. on I x S with nonempty convex compact values and satisfies

Fo(t,x,u) CTpi(1+ ||x]| + ||| )BC Tpi(1+o+1)B=:T{ B,

for any (¢,x,u) € I x S and all n > 1. So that we can apply the result of Theorem 6.7.
For each n > 1, there exists a Lipschitz mapping x,, : I — cl(%) satisfying

¥a(t) € =NP(K(xn(1));%(2)) + Fu(t,x(2),%2(¢)), a.e.on I,
Xn(t) € K(xn(2)), for all rel,

xn(0) =xp, and  %,(0) = uo,

~— —

(SSPCP),

with ||%,(r)|| <l and ||%,()|| <IA 42T a.e.on/ and foralln > 1.

Since %, (t) € K(x,(t)) C 2 foralln > 1 and all # € I, then we get the relative
strong compactness of the set {%,(¢) : n> 1} in H for all 7 € I. Therefore, by Arzela—
Ascoli’s theorem we may extract from x,, a subsequence that converges uniformly
to some Lipschitz mapping x. By integrating, we get the uniform convergence of
the sequence x, to x because they have the same initial value x,(0) = xq, for all
n > 1. Now, by (SSPCP), there is for any n > 1 a Lebesgue measurable mapping
fn : I — H such that

Ju(t) € Fu(t,xa(t),20(2)) C Tpr (1 + [|xa(1)[| + [[%a() /B C TEB. - (6.41)
and
Jol0) = () € NP (K (in(1))360(1)) 0 3B = 80 iy, 0) (1)), (642)

for a.e. t € I, where 6 := [A +3T{;. Observe by (6.41) and (SSPCP), that f,
and %, (+) are equibounded in L!(/,H) and so subsequences may be extracted that
converge in the weak topology of L!(I,H). Without loss of generality, we may
suppose that these subsequences are f, and (¥,),, respectively. Denote by f and
w their weak limits respectively. Then, for each ¢t € [
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ot ot
uo Jr/ s)ds = x(¢) = im %, (¢t) = uo+ lim [ &,(s)ds = up Jr/ w(s)ds
0

n—seo n—eo J

which gives the equality X(r) = w(¢) for almost all ¢ € I, that is, (¥,), converges
weakly in L' (I, H) to &.
It follows then from (SSPCP), and the Lipschitz property of K that

di(x(0)) (i (1)) < A (K (x(2)), K (3 (1)) < [xn (1) = (1) [| = O,

and hence one obtains x(r) € K(x(¢)), because the set K(x(7)) is closed.
Now, the weak convergencein L' (I, H) of (%), and (f;), to X and f, respectively,
entail for almost all ¢ € I (by Mazur’s lemma)

f(0) =) € (eo{ filt) —5(t) - k= n}.
n
Fix any such ¢ € I and consider any & € H. The last relation ensures
<§7f(t) 7X(t)> < ll;llfSllp <§7fk(t) *X.k(t)>7
k>n
and hence according to (6.42) and Theorem 6.2 we get

(&, f(t) —i(r)) < 1im”SUP 0(89" dy (1)) (1 (1)), &) < 0(87 di (1)) (£(1)), €).

As the set 9 di()(u(t)) is closed and convex (for uniformly prox-regular sets),
we obtain

£(6) = 3(t) € 89 dg () ((r)) © NP (K (x(1))::6(1)), (6.43)

because x(¢) € K(x(t)). Now we check that f(r) € F(t x(1),%(t)) a.e. on I. Since F
is bounded on I x S, f, converges weakly to f in L' (I,H), and (x,,%,) is a sequence
of Lebesgue measurable mappings from / to S (because x,(r) € K (x,(1)) C /B and
|lx,(¢)]] < e forallt € I) converging uniformly to (x,x), it follows then from Lemma
6.3 that f(r) € F(t,x(t),%(¢)) for a.e. on I . Consequently, we obtain by (6.43)

and so
§(1) € =NP(K (x(1))s:2(1)) + F (t,x(1),%(1)).
Thus, completing the proof of the theorem. O

Now we prove the following main theorem.

Theorem 6.12. Let F : [0,4+o0) x Hx H=H be a set-valued mapping and ¢ > 0
such that xo + ¢B C %y. Assume that the hypothesis (i) and (iv) in Theorem 6.8 and
(A1) and (A3) are satisfied. Then for every T € (0, %] there exists a Lipschitz solution
x:[0,T] = cl (%) of (SSPCP) satisfying ||x(t)|| <[ and ||¥(2)|| <A +2Tp;(1+
o+1)a.e on|0,T].
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Proof. We do as in the proof of Theorem 6.11 to get, for all n > 1, a Lipschitz
solution x, of (SSPCP), with the estimates with |x,(r)|| <1 and ||%,(r)| < IA +
2T, a.e. on I. Then, we prove the uniform convergence of the sequences x,(-) and
%y (+). For this end, we denote wy,,(t) := |x,(f) —x,(r)||% for all # € I and for
every m,n > 1. Then,

d Wy,

T (t) = (m(t) = 2a(1),xm (1) — xa(2) ), forall 1€ [0,T).
Therefore, by (SSPP), and the anti-monotonicity of K we get

d+Wm,n
dr

(t) Soa

for all € [0,T). Moreover, by (SSPP),, one has wy,,(0) = %|x,(0) — x,(0)]|* = 0.
Hence, wy, » (1) = 0 for all # € I and then x,(-) is a constant sequence. Let x be its
limit. Then (%,) and (%,) converge uniformly to x and X, respectively.

Now, by (SSPP),, there is for any n > 1 a Lebesgue measurable mapping f,, : [ —
H such that

fat) € By (t,x(0),%(1)) CT(1+ [lx(0) | + (o) [[)# C TG B (6.44)

and
folt) (1) € NP (K(x(1)):2(0)) 0 6B = 80 iy (i(1)). (6.45)

for a.e. t € I, where 0 :=IA + 3T ;. Observe by (6.44) that f, is equibounded in
L' (1,H) and so a subsequence may be extracted that converges in the weak topology
of L' (I,H). Without loss of generality, we may suppose that this subsequence is f;,.
Denote by f its weak limit. Then, by using Mazur’s lemma and the properties of the
subdifferential of the distance function for uniformly prox-regular sets, it is easy to
conclude that for almost every ¢ € 1

F(1) € 89" dy (1)) (£(1)) +£(1) C N" (K (x(1))34(1)) + (1) (6.46)

Finally, with the same arguments, as in the proof of Theorem 4.1, we can check that
f(t) € F(t,x(t),%(¢)) a.e. on I and so we obtain by (6.46)

%(1) € =NP(K (x(1)):%(t)) + F(t,x(t),%(1)).

Thus, completing the proof. a

Remark 6.4. The generalization of Theorem 6.8, in the same way as like in The-
orems 6.11-6.12, to the case of set-valued mappings F satisfying the assumptions
(A1) and (A;), depends on the monotonicity of the approximation F,, which is the
key of Theorem 6.8. Since one cannot be sure that the monotonicity of F whether
implies or not the monotonicity of F;, then it is not clear for us the generalization of
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Theorem 6.8. Thus, the question will be what are the assumptions on F implying the
monotonicity of F;,? under such assumptions the both proofs in Theorems 6.11-6.12
still work to obtain a generalization of Theorem 6.8.

6.4 Properties of Solution Sets

Throughout this section let r € (0,4-<], 2 be an open subset in H, F : [0,+o0) x
H x H=H be a set-valued mapping, and K : cl(£2)=H be a Lipschitz set-valued
mapping with ratio A > 0 taking nonempty closed uniformly r-prox-regular values
in H. In this section we are interested by some topological properties of the
solution set of the problem (SSPCP). Let xo € Q, ug € K(xp), and T > 0 such that
xo+ TIB C Q. We denote by .7F (xo, up) the set of all continuous mappings (x,u) :
[0,T] — c1(£2) x H such that

u(0)

( = Ug,
(ssPCP) x(1) :xOJr./o u(s)ds, for all t€0,T],
u(t) € K(x(¢)), for all t€(0,7T],

i(t) € —NP(K(x(t)):u(t)) + F(t,x(t),u(t)), a.e.on [0,T].

Proposition 6.1. Assume that the hypothesis of one of the Theorems 6.7-6.9 are
satisfied and that gphK is strongly compact in c1(Q) x IB. Then the set ./ (xo,uo)
is relatively strongly compact in € ([0,T],H x H).

Proof. By Theorem 6.7-6.9 the set of solution (x, u) of (SSPCP) are equi-Lipschitz
and for any ¢ € [0, 7] one has { (x(7),u(t)) : (x,u) € SF(xo,uo)} is relatively strongly
compact in H x H because it is contained in the strong compact set gphK. Then
Arzela—Ascoli’s theorem gives the relative strong compactness of the set . (xo, ug)
in ¢ ([,LHxH). O

Remark 6.5. Assume that 2 = H and let T be any strictly positive number. Put

yp(gth) = U yF(X(),M())
(x0,u0)€gph K

With the same arguments, as in the proof of Proposition 6.1, we can show that under
the same hypothesis in Proposition 6.1 the set .##(gphK) is relatively strongly
compact in ¢ ([0,7],H x H).

Now we wish to prove the closedness of the set-valued mapping .%%.

Proposition 6.2. Assume that the hypothesis of one of the Theorems 6.7-6.9 are
satisfied. Then the set-valued mapping Sr has a closed graph in Q x K(Q) X
¢ ([0, T],H x H).
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Proof. Let ((x,u}))n, € 2 x K(2) and ((x",u")), € €([0,T],HxH) with (x",u") €
S ((xf,ug)) such that (xf,uf) — (xo,uo) €  x K(€2) uniformly, and (x",u") —
(x,u) € €([0,T],H x H) uniformly. We have to show that (x,u) € ZF(xo,up).
First observe that for n sufficiently large x € xo + [TB. Now, it is not difficult to
check that the closedness of gph K and the uniform convergence of both sequences
((x3,uf))n and ((x",u")), imply that (x(0),u(0)) = (xo,uo) and that u(r) € K(x())
forall € [0,T]. On the other hand one has for all t € [0, T]

x(t) = li’rlnx" (t)=x0+ lirlln/ot u'(s)ds =xo+ /(: u(s)ds.
It remains then to show that
i(t) € —NP(K(x(¢));u(t)) + F(t,x(t),u(t)), a.e.on [0,T].
For every n, one has
W"(1) € —NP(K(¥"(2));u (1)) + F (£,x"(t),u"(t)), a. e. on [0,T].
Then for every n there exists a measurable selection f” such that
(1) € F(t,x"(t),u"(t)) and —a"(t) + f*(t) € NP(K(X"(1));u" (1)),  (6.47)
fora.e.z € [0,T]. By Theorems 6.7-6.9 one has for n sufficiently large
[ ()|| <IA+2p1(1+ ||xgl| +T1+1) <IA+2p1(1 4 ||x0|| +2T1+1). (6.48)
By (iv) in Theorems 6.7—6.9 and the fact that u"(¢) € K(x"(¢)) one gets
1O < pr(1+ |lxoll + T2 +1). (6.49)
Therefore, we may suppose without loss of generality that #" — & and f* — f
weakly in L' ([0, T],H). Since F(t, -, -) is scalarly upper semicontinuous with convex
compact values, then we get easily that f(¢) € F(¢,x(t),u(t)) a.e. t € [0,T]. Now by
(6.47)—(6.49) and Theorem 4.1 in [61] (see also Chap.2) we have for 6 := IA +
3pi(1+[lxoll +271+1)
—u"(t)+f"(t) € 58PdK(xn(,))(u"(t)) ae. tel0,T].

Then by using Mazur’s lemma and the same techniques used in the proof of the
previous theorems, it is easy to conclude that for a. e. ¢ € [0,T]

£() = 1(t) € 89" dyy(py) (u(r)) © NP (K (x(1))su(r)).
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Thus we get for a.e. 1 € [0, 7]
i(t) € =N"(K(x(t))su(t)) + F (t,x(1),u(t)),

which completes the proof of the proposition. a

Remark 6.6. The proof of Proposition 6.1 shows that the solution set .7 (xo, o)
associated to the problem (SSPMP) is relatively strongly compact in € ([0,7],
H x H) whenever the graph gphK is strongly compact in H. Contrarily, our proof
in Proposition 6.2 cannot provide the closedness of the graph of the set-valued
mapping . associated to the problem (SSPMP). The difficulty that prevents to
conclude is the absence of the convexity of G.

6.5 Particular Case

In this section, let H be a finite dimensional space and let us focus our attention to
the special case when F' is defined by

F([,X,M) = 78Cﬁ(x) +yua

where y € R, fi := f(¢,-), f:]0,T] x cl (%) — Ris a globally measurable function
and f-equi-Lispchitz w.r.t. the second variable, ¥ is an open neighborhood of xy,
and T > 0 satisfies xo + TIB C #;. Here 9€ f; (x) denotes the Clarke subdifferential
of f; at x given by

OCfi(x) ={E€H: (E,h) < fO(x;h), for all heH},
where ff) (x;h) is the Clarke directional derivative of f; at x in the direction A, that is,

(k) i=limsup 8 [f(£,x" 4 8h) — f(1,X)].
R
It is not difficult to see that the set-valued mapping F satisfies the hypothesis (A;),
(A3), and (iv) in Theorem 6.11. Indeed, for the hypothesis (A}), (A2) it suffices to
observe that the support function associated with F' is given by

o(F(t,x,u),h) = o(—a f,(x),h) +y(u,h) = (—£)°(x: ) + y{u,h),

for all 1 € H. Then the measurability and the scalar u.s.c. of F' follow easily from
the hypothesis on f and the properties of the Clarke directional derivative. Since f;
is B-equi-Lispchitz w.r.t. the second variable we get

F(t,x,u) = =9 fy(x) + yu C PB+yu C pi(1+ |lu])B,

with p; := max{,|y|} and so the hypothesis (iv) is satisfied. Now applying
Theorem 6.11 we get the following result.
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Theorem 6.13. Forevery ug € K(xo) there is a Lipschitz solution x : [0, T] — ¢l (%)
to the Cauchy problem for the second order differential inclusion:

i(r) € =NP(K(x(1)):(1)) — 9 f; (x(1)) + i(t), a. e. on [0,T),
x(r) e ( t)), forallt € [0,T],
x(0) = xo, and %(0) = uy,

with |%(1)|| < and ||3(t)]| < IA +2Tpy (1 + 0o+ ).

It would be interesting to ask whether the result in Theorem 6.13 remains true if
we take f; is not necessarily Lipschitz? Such problem is till now open and in our
opinion is so hard to attacked it in a direct manner. Nevertheless, in what follows we
give a positive answer for a special case when f; is the indicator function associated
to some set-valued mapping C. To this aim we use the result stated in Theorem 6.1
for the distance function which satisfies all the hypothesis of that theorem and then
we prove the Viability of the solution x, i.e., x(t) € C(¢) for all ¢ € I. So applying
Theorem 6.13 for f; = d¢(;) we get a Lipschitz mapping x : [0, 7] — cl(#) such that

(1) € =NP(K(x(1));%(t)) — 0 de (x(2)) + vi(r), a.e.on [0,T],
x(t) € K(x(¢)), for all t€][0,T],
x(0) =xp, and %(0) = uo,

with ||%(2)|| <1 and ||%(z)| < IA 4+ 2Tp1(l + o + 1), where p; := max{|y],1}.
Now we come back to our construction in Theorem 6.7. Observe that the solution
x is always bounded by ||xp| + {T. Thus, if we assume that for all ¢ € [0,7]
the set C(r) contains the ball MB where M := ||xo|| + [T, then we get x(¢) €
C(t) and consequently the solution would satisfy 9 dc ) (x(t)) C N(C(t);x(t)) =

9 W) (x(r)) and so

5(r) € =NP(K (x(1) ):6(1)) = NE(C(1):x(1)) + ¥ (1)
Therefore, we obtain the following result.

Theorem 6.14. Let C: [0,T|==H be any set-valued mapping such that its associ-
ated distance function to images (t,x) — dc()(x) is globally measurable. Assume
that 1,T, and xq satisfy (||xol| +I1T)B C C(t) for all t € [0,T]. Then, for every
uo € K(xo) there is a Lipschitz mapping x : [0,T] — cl (%) satisfying

(1) € =NP(K(x(1)):x(1)) = NC(C(1):x(t)) + x(t), a.e.on [0,T],
x(t) € K(x(z)), for all t€]0,T],
x(0) =xp, and x(0) = uy,

with ||[3(0)|| < I and |%(t)|| < A +2p1 (1 + 0+ 1), where py := max{|y], 1}.
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6.6 Second Order Perturbed Sweeping Process with Delay

In all this section we let r € (0,0], xo € H, uy € K(x0), %) be an open neighborhood
of xo in H, and § > 0 such that xo + {2 C %, and let K : cl(¥;) — H be a Lipschitz
set-valued mapping with ratio A > 0 taking nonempty closed uniformly r-prox-
regular values in H.

First we state the following result used in our main proofs. It is a direct
consequence of Theorem 6.7 in the previous section by taking G(z,x,u) = {0}.

Theorem 6.15. Assume that

(i) Vx € cl(%),K(x) C ¢ CIB, %] is a convex compact set in H, and | > 0;
(ii) F :[0,00) x Hx H — H is scalarly upper semi-continuous on [0, %] x gph(K)
with nonempty convex weakly compact values;

(iii) F(t,x,10) C p(1+|Jx]| + ul B, ¥(r,x,u) € [0, %] x gph(K).

Then forany T € (0, %], there exists a Lipschitz mapping x : I = [0, T] — cl(¥) such
that

#(t) € =NP(K(x(t));%(t)) + F (t,x(2),%(t)), ae. on I,

i(t) € K(x(r), Vtel,
x(0) = x0,%(0) = uy,

with | %(0)]| < 1, &) < 1A +2(1 + a+1)p a.e on .

Remark 6.7. 'We point out that the solution mapping x obtained in Theorem 6.15 is
differentiable everywhere on /.

6.6.1 Existence Theorems

Now let us state the existence result for the second order perturbed sweeping process
with delay (SOSPD).

Theorem 6.16. Assume that (i) and the following conditions hold:

(ii) F :[0,4+00) X 6o x 6o=H is scalarly upper semi-continuous on |0, %] X 6o X
6o, taking convex weakly compact values in H, and

(i) F(t,0,9) € p(1+ [ 9(0)]| + [9(0)B.Y(r,0,6) € 0,5 ] x % x %,

Then for every T € (0, %] and for every ¢ € 6y verifying ¢(0) = ug, there exists a
Lipschitz mapping x : [0,T] — cl(¥g) such that:

i(t) € =N (K(x(t)):x(t)) + F(t,T(t)x, T(t)x),  ae. on [0,7],
(1) € K(x(1)), Viel0,T],
(0)x=¢ and T(0)x=¢ on [-1,0],

=

~
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t

with ¢(t) :onr/ O (s)ds, for all t € [—1,0], and ||x(t)]| <1 and ||X(t)|| < IA +
0

214+ o+1)p a.eon [0,T).

Proof. Without loss of generality, we may take 7 = 1. Step 1. Let ¢ € %) satisfying
ot

0(0) = ug, and put @(r) := xo+/ ¢(s)ds for all ¢ € [—7,0]. Let (Z,) be a
0

subdivision of [0,1] defined by the points : ¢! := ﬁ',(i = 0,1,...,n). For every
(t,x,u) € [—7,17] x gph(K), we define f : [—7,1]] x cl(#)) — Hand g : [ 7,1]'] X
K(cl(7)) — H by

) o (P(t) Vte[-fao]a
““)_{¢@+m@wm>wemﬁL

and

G u):{¢(t) vt € [-7,0],
8ol ¢(0)+nt(u—¢(0)) Vre 0,6,

We have fg‘(%, x) = x and go( ,u) = u for all (x,u) € gph(K). Observe that

the mapping (x4) -+ (T(e1) 3 (x), T (e1)g( o)) from gph(K) to % x G is
nonexpansive. Indeed, we have for all (x,y) € Hx H

1T(1/n)fo () =T /) f5 (5 3)ll4 =

sup |[fo (s + (1/n),x) = fo (s + (1/n),y)||

s€[—1,0]

sup [/ (s,x) = fo (s,

[ T+E’E]

sup [[ns(x— @(0)) —ns(y — (0))]

1
0<s<+

= sup [ns(x—y)f
0<s<i

=[x =yl

In the same way, we get for all (u,v) € Hx H
17 (1/n)go(-,u) =T (1/n)go(-v) %

Hence, the mapping (x,u) — (T(¢])f5(.,x), T (t1)g{(.,u)) from gph(K) to €y x 6o
is nonexpansive and so the set-valued mapping F{! : [0, 1] x gph(K)—=H defined by:

Fo(t,xu) = F(t,T(2)f(.,x),T(1)gh(.,u)) is scalarly upper semi-continuous on
[0, %] x gph(K) because F it is on [0, %] X 6o x 6p, with nonempty convex weakly
compact values in H and satisfies

= flu—v].

Fo'(t,x,u) = F (6, T (1/n) 5 (%), T (1/n)g5 (-, u)) C p (14 [lxl] + [|ul]),
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forall (¢,x,u) € [0, (1/n)] x gph(K) because T' (1) £2(0,x) =xand T'(1)g2(0,u) = u.
Hence, Fj verifies conditions of Theorem 6.7, provides a Lipschitz differentiable
solution yf : [0,2] — ¢I(7%§) to the problem

$4(0) € NP (K((0)):35(0) + F (. TR C0b0). T 35(0)).
a.e on[0, 1],
y3(r) €K(g(0),  Vre0,;],
Y6(0) = x0 = ¢(0),  y5(0) = uo = ¢(0).
Further, we have [|y}(r)|| < 1; and ||§5(¢)]| < IA+2(14+a+1)p.
Set
e vt € [-1,0],
wlt) = {yg(t) vr e [0,1].

Then, y, is well defined on [—7, 1], with y, = ¢ on [~7,0] and
(P(t) Vi € [71‘-50]7
) Ve (0,5),

and

Iu(t) € =NP(K (yu()):3(0)) + F (1, T(3).15 Coyn(0), T ()85 (-3 1)),
a.eon[0,1],

yn(t) €K(ya()),  Vie[0,4],
yu(0) =x0 = @(0), ¥n(0) = uo,

with [[y,(t)|] <l and [[5,(t)]| <IA+2(1+oa+1)pa.e.t €[0,1].
Suppose that y, is defined on [—1, f] (k> 1) with y, = ¢ on [—7,0] and satisfies

! 1
yg(t):xo+/ Yu(s)ds, vt € {0,—],
0 n
n e 1 ! . d v, 12
O =)+ [ n(s)ds re |2,
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and y, is a Lipschitz solution of

n k=1 L k-1 k
yn(t):ykq(t) ::yn(T)"’ k;lyn(s)ds, Vit € » s

n n

() € =NP(K(y(1))s3u(0)) + F(t, T () iy (- 3a(0)), T )gk 1( yf(f)),

alt) € K((r)), Ve[,

where f;' | and g} _, are defined for any (x,u) € gph(K) as follows

yn(t), Vi e [_T’%}’
fl:lfl(tax) =
(5 +nt =5 —y(51), vre [EL5],
and
Il0), vie -1, 5],
ngl(ta”) =

—_

In(55H) (=) (w—yu(551),  Vee [0

Yalt), vie [-1,4],
T (t,x) =
(&) Fnlt =5 (e —yu(X)), vee [t L],
and
Yu(), vt e [-1,5],
gZ(t,u) =

n(y) +nlt =) =ya(y), Ve [3,5,

for any (x,u) € gph (K). Note that T(5H) £1(0,x) = (5L x) =x  and T(EtL)gr
(0,u) = gl (*tL u) = u, for all (x,u) € gph(K)
k+1
f;(s+ - ,x)
n

Note also ?hat for all (x,u),(y,v) € gph(K), we have
k+1
(5]
sup ||f1:l(s7x)_fk (Svy)”’

[t )= (k“)fk<,y>
[ T+k+1 k+l]

n o’ n

sup
©o s€[—1,0]
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and
k+1 k+1 k+1
(et -7 ()| = o %(s+———,>
© s€[—1,0] n
()]
= suplgi(s, u) g (s, )|-
[ T+k+17k+l]
We distinguish two cases
(1) If —74+ 51 < £ we have
sup | (s, x) = Sl (s, y) = sup [ (s,0) = fl (s, )l
sef-erkit ) selt k1]
= sup |ln(s—(k/n))(x=y)|| =[x =yl
Nss<Bt
and
sup  [[gg(s,v) —gk(s,v)|l = sup [gg(s,u) —g(s,v)|l
se[—r+ il K se& k1]
= sup |ln(s—(k/n))(u—=v)[| = [lu—v]|.
Ko<t
@) If & < -7 81 < B we have
sup [ (s, x) = Sl (s y) < sup [ (s, x0) = Al (s, )l
se[-er 5 5 seli 5
= sup |ln(s—(k/n))(x=y)| =[x =yl
nss<it
and
sup  [[gk(s,v) —gk(s,v)l < sup [ gi(s,u) —gg(s,v)l
se[—r+ il K se& k1]
= sup[ln(s— (k/n))(u—v)|[ = [lu—v].

So the mapping (x,u) — (T (521) £ (L,x), T (52 ) g4 (. u)) from gph (K) to 6o x %o
is nonexpansive. Hence, the set-valued mapping £ i :[0,1] x gph (K)=H defined by

)= (11 (2 . (S )
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is scalarly upper semi-continuous on [0, 1] x gph(K) with nonempty convex weakly
compact values. As above we can easily check that F}! satisfies the growth condition:

F(t,x,u) C p (14 [lxll =+ [[ull),  V(z,x,u) € [0,1] x gph(K).

Applying Theorem 6.7 gives a Lipschitz solution y : [%, %} — cl(#) to the
problem

i(r) € =NP(K(yp(0)s3 () + FL (6,5 (0,35 (1), ae. [5 5],
V(&) =ya(%),
Vi) eK(yp(r),  vre [ EL]

with [[yz ()| < L5E O <A +2(1+ o+ Dp.
Consequently, there exists 7 € L' ([%, L] H) such that

n’ n

~

<r,T<k;1>f;<,yk<>> <%> < 1)), ae. [5 8]
k+1

Thus, by induction, we can construct a continuous function y, : [—7,1] — cl(¥)

with y, = @ on [—7,0] such that its restriction on each interval [k K] s a
solution to
i(r) € =NP(K (x(1))s6(0)) + F(r, TS f (x(0)), T (5)gh (1)),
ae [, 5],

x(%) :)’n(g)a
x(r) € K(x(1)), Vt € [%,%] .

Indeed, set
(1), vt € [—1,0]
()i 1280, Vel
), vielkk),
o(1), Vi € [—1,0],
).’n(t) — yo(t)v Vit € ( )
B, Ve sk,
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and
k k+1
mo = o (55
Also, for notational convenience, we set 6,(t) := % and 8,(r) := %, for t €
(4, %51 Then, we get
ha(t) € F(t,T(0(1)) S, (1)—1 (3 (0)), T (6n(1)) 816,111 (- 3n (1)), a.e. (0,1],
Fu(t) € =NP(K(yn(1)):3n (1)) + ha(7), a.e. (0,1],
yn(0) = x0 = 9(0), ¥x(0) =uo € K(xo),
yu(t) € K(ya(t), — Vte[0,1], (6.50)
with

a0 3] <IA+2(1+a+1)p ae. (0,1],
and for a.e. 1 € [0,1],

F(t,T(64(1)) S0, (1)1 (n (), T (6(1)) 816, 1) -1 (- ¥n (1))
P (L [[yn(OI] + [Fa()]])-

Step 2. uniformconvergence of (yy):

Let (y,) and hj, as in (6.50), we have

2 (1] < p(L+[ya(OI + [¥a(@)]]) < p (L4 |lxoll + T1+1),

a.e.t € [0,1],Vn. So the sequence (/) is bounded in .#! ([0, 1], H). By extracting a
subsequence, we may assume that (4,) converges weakly to some /2 € L' ([0, 1], H).
Further, y,) is relatively compact in ([0, 1],H), so we may suppose that (y,)
converges in € ([0, 1], H) to some z € €([0, 1],H) with

0+ “is)ds,  vee[ol].

For eachr € [—1,0], we set

_Jo@), vrel-1,0]
¥(t) = {z(t), Vi e [0,1].

Then, y € %71 and y, converges to y in 4.

Step 3. We claim that T(6,(t)) :Gn(t)fl("y”(t)) and T(Gn(t))gzen(l)A(.,y,,(t))
converge pointwisely on (0, 1] to 7(z)y and T ()y respectively in the Banach space
%0. The proof is similar to the one given in Theorem 2.1 in [75].
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Step 4. Existence of solutions:

We have for a.e. t € [0, 1]
Balt) € F(0,T(00(1)) g, )1 (3 (00, T (600811 (30 (1))):
As h,, converges weakly to / in L!([0,1],H) and for all 7 € (0, 1]

17 (0u(0)) g, 1 (o 3n(6)) = T(0)3lgy = O,

and
17 (64 (6))&l, )1 (30 (1)) = T(0)5 gy — O,

and as the multifunction F is scalarly upper semi-continuous with convex weakly
compact values, by a classical closure result (see, for instance [79], we get h(r) €

Flt,T()y.T(1)9).

Further, as ||y,(7)|| < I, we may assume that y, converges weakly to y and
similarly ¥, converges weakly to y. By what precedes one has (j, — h,) weakly
converges to y — h in L' ([0, 1],H) and so Mazur’s lemma ensures that for almost
every 7 € [0,1]

5(6) — hr) € (Y@ {3ilt) (o) : k> ).
n
Fix such ¢ in I and any u in H, then the last relation gives

(J() = h(t), u) < infsup(§, (1) — ha(r), )

n k>n

and hence according to (6.50) one has
In(t) = ha(t) € =N"(K(yu(1)):3a(1))  ae.r€(0,1],

with |[¥, (1) — ha(£) || <IA+2(1+ o +1)+p(1+ || x0|| +T1+1) = 6. Then, for a.e
r€(0,1]
yn(t) 7hn(l‘) € *(Sade(yn(t)))}n(t),

hence, one obtains
(1) = h(t),u) < limnsup 0 (=89 dk (y,(1))n On(1)), 1) < 0(—=80 dg(y 1)) (P(1)), 1)

As the set 9dg(, ) (¥(r)) is closed convex (for uniformly prox-regular sets), we
obtain

§(t) = h(t) € =80  dy(yr)) (¥(1)),
and then
J(t) = h(r) € =N"(K(y(1)); (1)),
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since y(¢) € K(x(t)). Thus,

§(t) € =NP(K(y(1)):3(1)) + F (1, T(1)y, T (1)y).

The proof then is complete. g
Remark 6.8.

1. Note that some existence results have been given when the perturbation F
depends only on the variables ¢ and X;, see e.g., [109]. So, the result in Theorem
6.14 is more general than those proved in [109] because our perturbation F
depends on all the variables 7, x;, and x;.

2. In [109], the set-valued mapping K is assumed with convex values and the
perturbation F is assumed to be uniformly continuous and depending only on
t and X;, and with nonconvex values, which is another variant of existence results
for (SOSPD), because the perturbation F in Theorem 6.14 has convex values and
upper semi-continuous. The techniques used here can be also used to adapt the
proof of the result in [109] to obtain a generalization when K has nonconvex
values and under the same assumptions on F.

6.7 Commentary to Chap.6

Chapter 6 is devoted to problems described by a special type of second order
differential inclusions, called second order sweeping processes (SOSP), under the
regularity of the right hand side. We were interested in the application of uniform
prox-regularity concept to the existence of solutions for (SOSP) and to the study of
some topological properties of the solution sets. Section 6.2 studies the existence of
solutions for (SOPS) in finite dimensional spaces by using a fixed point approach
and the existence of solutions for first order sweeping processes in Chap. 5. Theses
results are taken from Bounkhel [53]. In Sect. 6.3, we present an existence result
for (SOSP), in Hilbert space settings, using a direct approach. The study of some
topological properties of solution sets is treated in Sect. 6.4. A very interesting case
is presented and studied in Sect.6.5. The existence of solutions for (SOSP) with
delay is considered in Sect.6.6. All the previous studies have been done under
the uniform prox-regularity assumption on the moving set. The main results in
Sects. 6.2—6.6 are taken from [46, 53, 54, 65, 66]. A long list of works study the
existence of solutions for second order differential inclusions in the nonconvex case
and under some regularity concepts. We give here the following recent references
which may be of interest to the readers: [11,12,43,46,50,53, 54,56, 65,66, 109].



Chapter 7
Quasi-Variational Inequalities

7.1 Introduction

The theory of variational inequalities is a branch of the mathematical sciences
dealing with general equilibrium problems. It has a wide range of applications in
economics, operations research, industry, physical, and engineering sciences. Many
research papers have been written lately, both on the theory and applications of this
field. Important connections with main areas of pure and applied sciences have been
made, see for example [13,20,21, 112,127,128, 132, 135] and the references cited
therein.

One of the typical formulations of the variational inequality problem found in the
literature is the following

Find x* € Cand y* € F(x") s.t. (", x—x") >0, forall x € C, (VD)

where C is a convex subset of a Hilbert space H and F : H=H is a set-valued
mapping. A tremendous amount of research has been done in the case where C is
convex, both on the existence of solutions of (VI) and the construction of solutions,
see for example [68, 135,217,245]. Only the existence of solutions of (VI) has been
considered in the case where C is nonconvex, see for instance [55]. To the best of
our knowledge, nothing has been done concerning the construction of solutions in
this case.

We intend in this chapter to first generalize problem (VI) to take into account
the nonconvexity of the set C and then construct a suitable algorithm to solve the
generalized (VI). Note that (VI) is usually a reformulation of some minimization
problem of some functional over convex sets. For this reason, it does not make
sense to generalize (VI) by just replacing the convex sets by nonconvex ones. Also,
a straightforward generalization to the nonconvex case of the techniques used when
set C is convex cannot be done. This is because these techniques are strongly based
on properties of the projection operator over convex sets and these properties do not
hold in general when C is nonconvex. Based on the above two arguments, and to

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 211
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5_7,
© Springer Science+Business Media, LLC 2012
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take advantage of the techniques used in the convex case, we propose to reformulate
problem (VI) when C is convex as the following equivalent problem

Find a point x* € C: F(x")N—N“"(C;x*) # 0, (VP)

where N°°™(C;x) denotes the normal cone of C at x in the sense of convex analysis.
Equivalence of problems (VI) and (VP) will be proved in Proposition 7.2 below.
The corresponding problem when C is not convex will be denoted (NVP). This
reformulation allows us to consider the resolution of problem (NVP) as the desired
suitable generalization of the problem (VI). We point out that the resolution of (VI)
with C nonconvex is not, at least from our point of view, a good way for such
generalization. Our idea of the generalization is inspired from [55] where the authors
studied the existence of generalized equilibriums.

In the present chapter we make use of some recent techniques and ideas from
Nonsmooth Analysis Theory [55, 58] to overcome the difficulties that arise from
the nonconvexity of the set C. Specifically, we will be considering the class of
uniformly prox-regular sets which is sufficiently large to include the class of convex
sets, p-convex sets (see [72]), C L1 submanifolds (possibly with boundary) of H, the
images under a C!»! diffeomorphism of convex sets, and many other nonconvex sets.

Find a point x* € C(x*): F(x*)N—N"(C(x*);x*) # 0. (SNVP)

We present an algorithm to solve problem (NVP). The algorithm is an adaptation
of the standard projection algorithm that we reproduce below for completeness (for
more details concerning this type of projection and convergence analysis in the
convex case we refer the reader to [135] and the references therein).

Algorithm 7.1

1. Select x* € H, y° € F(x"), and p > 0.
2. For n >0, compute: 7'*! = x" — py" and select: X" € Proj-(z"*!), y'l e
F(x"h),

It is well known that the projection algorithm above has been introduced in the
convex case ([135]) and its convergence has been proved is this case. Observe
that Algorithm 7.1 is well defined provided the projection on C is not empty. The
convexity assumption on C made by all researchers considering Algorithm 7.1 was
not required for its well definedness because it may be well defined, even in the
nonconvex case (for example when C is a closed subset of a finite dimensional
space, or when C is a compact subset of a Hilbert space, etc.). Rather, convexity was
required for its convergence analysis. Our adaptation of the projection algorithm is
based on the following two observations:

1. The sequence of points {z"}, that it generates must be sufficiently close to C.
2. The projection operator Projc(-) must be Lipschitz on an open set containing the
sequence of points {z"},,.
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Recently, a new class of nonconvex sets, called uniformly prox-regular sets (for
the definition of this class and its important properties, we refer to Sect.2.9
Chap. 2), has been introduced and studied in [89]. It has been successfully used
in many nonconvex applications such as optimization, economic models, dynamical
systems, differential inclusions, etc. For such applications see [39, 42, 53, 55, 58].
This class seems particularly well suited to overcome the difficulties arised by the
nonconvexity assumption on C.

The following proposition summarizes from Chap.2, some important con-
sequences of the uniform prox-regularity needed in our proofs in the present
chapter.

Proposition 7.1. Let C be a nonempty closed subset in H and let r € (0,+oo]. If the
subset C is uniformly r-prox-regular then the following hold:

(i) For all x € Hwith dc(x) < r, one has Projc(x) # 0;

(ii) Let v’ € (0,r). The operator Projc is Lipschitz with rank — on Cys;
(iii) The proximal normal cone is closed as a set-valued mapping.
(iv) Forall x € C and all 0 # & € N¥(C;x) one has

i)c’—x g)c’—)c2 x

Jorall X' e Hwith dc(¥') <r.

The following proposition establishes the relationship between (VI) and (VP) in the
convex case.

Proposition 7.2. If C is convex, then (V1) <= (VP).
Proof. Tt follows directly from the definition of N (C;x). O

The next proposition shows that the nonconvex variational problem (NVP) can
be rewritten as the following nonconvex variational inequality:

Find x* € C y* € F(x") s.t. <y*,x—x*>+”§—”||x—x*||2 >0, (NVI)
r

forallx € C.
Proposition 7.3. If C is uniformly r-prox-regular, then (NVI) <= (NVP).

Proof. (=) Let x* € C be a solution of (NVI), i.e., there exists y* € F(x*) such
that

<y*,xfx*>+Mfox*H2 >0, forall xeC.
2r
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If y* = 0, then we are done because the vector zero always belongs to any normal
cone. If y* # 0, then, for all x € C, one has

—y* 1
<w,xx*> < Z,HX*X*”Z-

Therefore, H;y*L*H e NP (C;x*) and so —y* € NP (C;x*), which completes the proof of
the necessity part.
(«<=) It follows directly from the definition of uniformly prox-regular sets. O

In what follows we will let C be a uniformly r'-prox-regular subset of H with
¥ > 0 and we will let r € (0,7). Now, we are ready to present our adaptation of
Algorithm 7.1 to the uniform prox-regular case.

7.2 Main Theorems

Our first algorithm Algorithm 7.2 below is proposed to solve problem (NVP).

Algorithm 7.2

1. Select x° € C,y° € F(x°), and p > 0.
2. For n > 0, compute: "' = x* — py" and select: x**' € Projo(z"*1), y"*! €
F(x"h.

In our analysis we need the following assumptions on F':
Assumptions <7].

1. F : H=H is strongly monotone on C with constant o > 0, i.e., th ere exists o0 > 0
such that Vx,x' € C

<y—y’,x—x’> > Oc||x—x/|\2, Vy € F(x), ¥y € F(x).

2. F has nonempty compact values in H and is Hausdorff Lipschitz on C with
constant 3 > 0, i.e., there exists B > 0 such that Vx,x' € C

H(F(x),F(x)) < Bllx—x.

Here 7 stands for the Hausdorff distance relative to the norm associated with
the Hilbert space H.
3. The constants o and 3 satisfy the following inequality

af > B -1,

/
— _r
where = .
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Theorem 7.1. Assume that <7, holds and that for each iteration the parameter p
satisfies the inequalities

g£<p<min{ﬁ+£ ;}
B> B> lyli+1)

where € = (ag)zﬁz(ctl), then the sequences {Z"}u, {x"}n, and {y"}, generated

by algorithm Algorithm 7.2 converge strongly to some z*, x*, and y* respectively,
and x* is a solution of (NVP).

Proof. From Algorithm 7.2, we have

124 =2 = | = py") = (& = py" ) |
= [ =" = p (" =y

As the elements {x"}, belong to C by construction and by using the fact that F is
strongly monotone and Hausdorff Lipschitz on C, we have

<yn _ynfl,xn _xn71> > aHxn_xnleZ
and
" =" < A (F ) FE) < Bl =21,
respectively. Note that
I =2 = p (=P = =P =20 =y )
+p2 Iy =y %
Thus, we obtain
== p (7 =y P < =P = 2p e =P
+p7 B =
ie.,
I =2 = p (" =y < (1 =2pa+p?B?) 1" — 2.

So,

I = = p (v =y I < (/1= 2poct 22| — x|
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Finally, we deduce directly that
I =2 < /1 =2pa+p2 B2 —x" 1.

Now, by the choice of p in the statement of the theorem, p < , We can

p
[y +1
easily check that the sequence of points {7}, belongs to C, := {x € H: d¢(x) < r}.
Consequently, the Lipschitz property of the projection operator on C, mentioned in

Proposition 7.1, yields
[l =2 = |[Proje (2" 1) — Proje (") || < {f]" ! —2"|

< Cy/1=2pa+p2B2[" =21,

Let & = /1 —2po+ p?B2. Our assumption (3) in <7 and the choice of p in the
statement of the theorem yield & < 1. Therefore, the sequence {x"}, is a Cauchy
sequence and hence it converges strongly to some point x* € H. By using the
continuity of the operator F, the strong convergence of the sequences {y"}, and
{Z"}, follows directly from the strong convergence of {x"},.

Let y* and z* be the limits of the sequences {y"}, and {z"}, respectively. It is
obvious to see that z* = x* — py* with x* € C, y* € F(x*). We wish to show that x*
is the solution of our problem (NVP).

By construction we have for all n > 0

X € Proje (1) = Proje (x" — py"),
which gives by the definition of the proximal normal cone
(xn 7xn+1) o pyn c NP(C;x”H).

Using the closedness property of the proximal normal cone in (iii) of Proposition
7.1 and by letting n — oo we get

py" € NP (C;x").

Finally, as y* € F(x*) we conclude that —N*(C;x*) N F(x*) # 0 with x* € C. This
completes the proof. O

Remark 7.1. If C is given in an explicit form, then we select for starting point x° in
C. However, if we do not know the explicit form of C, then the choice of x° € C may
not be possible. Assume that we know instead an explicit form of a §-neighborhood
of C, with § < r/2. So, we start with a point x° in the §-neighborhood and instead of
Algorithm 7.2, we use Algorithm 7.3 below. The convergence analysis of Algorithm
7.2 can be conducted along the same lines under the following choice of p:

o .
——8<p<m1n{

o
o5+ E T ¢
B> B> ||y”|+1}
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Indeed, if x° € §-neighborhood of C, then z' := x° — py? and so d(z!,C) <
dx°,0)+p Yl < 8+ WH)’OH < 8+ 6 =28 < r. Therefore, we can project

z! on C to get x! € C, and then all subsequent points of the sequence x" will be in C.

Algorithm 7.3

1. Select x° € C+ 8B, with 0 < 28 < r,y° € F(x°), and p > 0.
2. For n > 0, compute: 7' = x" — py" and select: ¥"*' € Proj-(z""), y"*! €
F(x"th).

Remark 7.2. An inspection of our proof of Theorem 7.1 shows that the sequence
{y"}, is bounded. We state two sufficient conditions ensuring the boundedness of
the sequence {y"},:

1. The set-valued mapping F' is bounded on C.
2. The set Cis bounded and the set-valued mapping F has the linear growth property
on C, that is,

F(x) C ou(1+]x[))B,
for some ¢ and for all x € C.

We end this section by noting that our result in Theorem 7.1 can be extended (see
Theorem 7.2 below) to the case F = F; + F, where Fj is a Hausdorff Lipschitz
set-valued mapping strongly monotone on C and F; is only Hausdorff Lipschitz set-
valued mapping on C not necessarily monotone. It is interesting to point out that in
this case F is not necessarily strongly monotone on C and so the following result
cannot be covered by our previous result. In this case, Algorithm 7.2 becomes

Algorithm 7.4

1. Select X’ € C, y° € Fi(x°), w® € K,(x°) and p > 0.
2. For n >0, compute: 7'*! = x* — p(y* +w") and select: x**'' € Proj-(z"*1),
yn+1 eFl(anrl)7 Wn+1 er(anrl)_

The following assumptions on F; and F; are needed for the proof of the convergence
of Algorithm 7.4.

Assumptions <7%.

1. Fj is strongly monotone on C with constant ¢ > 0.

2. Fy and F, have nonempty compact values in H and are Hausdorff Lipschitz on C
with constant > 0 and 1 > 0, respectively.

3. The constants ¢, §, 1, and 3 satisfy the following inequality:

ol > 1+ /(B2 -0 (52— 1),
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Theorem 7.2. Assume that <f5 holds and that for each iteration the parameter p
satisfies the inequalities

af—n af—n 1 r
Zp - >‘°’<”<m1“{c</32—n2>”’nc’|yn+w"||+1}’

T2 (B2_n2)(C2—
where & = YN IVED i the sequences {21}, {2}, and {3},
generated by algorithm Algorithm 7.4 converge strongly to some z*, x*, and y*,
respectively, and x* is a solution of (NVP) associated to the set-valued mapping

F=F+F,.

Proof. Tt follows the same lines as the proof of Theorem 7.1 with slight modifica-
tions. From Algorithm 7.4, we have

| =2 = || = p "+ W) — [ = p (" W
< == p (" =y Y[+ p Wt —w

As the elements {x"}, belong to C by construction and by using the fact that Fj is
strongly monotone and Hausdorff Lipschitz continuous on C, we have

0=y =T > e

and
" ="M < A (E ), FE) < Bl =21
Note that
= = p (o =y IR = o =R = 2p (3 -y
+plly =y

Thus, a simple computation yields
" ="t = p (" =y P < (1-2pat p?B)|Ix" —x" %
On the other hand, since F, is Hausdorff Lipschitz on C, we have
W —w" | < A (B("), B) <l =2

Finally,

I ="l < (/1 =2pa+p2B2 " — 27|+ pr " — "
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Now, by the choice of p in the statement of the theorem and the Lipschitz property
of the projection operator on C, mentioned in Proposition 7.1, we have

) = [Proje(2!) — Proje (") < 12+ — 2
<¢ (\/1 —2pa+p2ﬁ2+pn) I — 2.

Let & = {(\/1—2po+ p2B2+pn). Our assumption (3) in % and the choice of
p in the statement of the theorem yield & < 1. Therefore, the proof of Theorem 7.1
completes the proof. O

Remark 7.3.

1. Theorem 7.2 generalizes the main result in [217] to the case where C is
nonconvex.

2. As we have observed in Remark 7.1, Algorithm 7.4 may also be adapted to the
case where the starting point x° is selected in a §-neighborhood of the set C with
0<28<r.

7.3 Extensions

In this section, we are interested in extending the results obtained so far to the case
where the set C, instead of being fixed, is a set-valued mapping. Besides being a
more general case, it also has many applications, see for example [20]. The problem
that will be considered is the following:

Find a point x* € C(x*): F(x*)N—N(C(x*);x*) #£ 0. (SNVP)

This problem will be called Set-valued Nonconvex Variational Problem (SNVP).
We need the following proposition which is an adaptation of Theorem 4.1 in [58]
(see also Sect.5.3) to our problem. We recall the following concept of Lipschitz
property for set-valued mappings: A set-valued mapping C is said Lipschitz if there
exists K > 0 such that

ld(y,C(x)) =d(Y,C(X)| < lly='[| + xlx =X,

for all x,x’,y,y" € H. In such a case we also say that C is Lipschitz with constant k. It
is easy to see that for set-valued mappings the above concept of Lipschitz property
is weaker than the Hausdorff Lipschitz property.

Proposition 7.4. Let r € (0,+c0] and let C : H=H be a Lipschitz set-valued
mapping with uniformly r-prox-regular values. Then, the following closedness
property holds: “For any X" — x*,y" — y*, and u" — u* with y" € C(x") and
u" € NP(C(x");y"), one has u* € NP (C(x*);y*) .
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Proof. Letx" — x*,y" — y*, and u" — u* with y* € C(x") and u" € NP (C(x");y").
If u* = 0, then we are done. Assume that u* # 0 (hence ©”* # 0 for n large enough).
Observe first that y* € C(x*) because C is Lipschitz. As y" — y* one gets for
n sufficiently large y* € y* + 5B. Therefore, the uniform r-prox-regularity of the
images of C and Proposition 7.1 (iv) give

Mn n 2 n
(") < 2=y dege 2,

]|

for all z € H with d¢(,)(z) < r. This inequality still holds for n sufficiently large and
forall z € y* + 0B with 0 < § < 5, because for such z one has

* * r
depny(@) < llz=y* |+ ly" —=y"II < otz <r

Consequently, the continuity of the distance function with respect to both variables
(because C is Lipschitz) and the above inequality give, by letting n — oo,

u* * 2 * *
<m,zy >§ ;HZ*)’ ||2+dc(x*)(z) forall z € y* + 6B.

Hence,

* 2
<u_ z—y*> < ;Hz—y*”z forall z € (y"+ 0B)NC(x").

[J]|”
This ensures, by the definition of the proximal normal cone, that e NP (C(x*);y")

llw1l

and so u* € NP (C(x*);y*). Thus, completing the proof of the proposition. O

In all what follows, C will be a set-valued mapping with nonempty closed
uniformly r/-prox-regular values for some ' > 0. We will also let r € (0,7') and

C = ,Irir-
The next algorithm, Algorithm 7.5, solves problem (SNVP).

Algorithm 7.5

1. Select x° € C(x°), y° € F(x°), and p > 0.

2. For n >0, compute: """ = x" — py" and select: """ € Proje()(2"1"), "t €
F(x"+h.

We make the following assumptions on the set-valued mappings F and C:
Assumptions .o73.

1. F has nonempty compact values and is strongly monotone with constant o > 0.
2. F is Hausdorff Lipschitz and C is Lipschitz with constants f >0and 0 < k¥ < 1,
respectively.
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3. For some constant 0 < k < 1, the operator Proj¢., (+) satisfies the condition
[[Proje(y) (z) = Proje(y) (2) || < Kllx—yll, forall x,y,z € H.

r(l—x)

4. Let A be a sufficiently small positive constant such that 0 < A < 3k

5. The constants ¢, 3, { and k satisfy:
ol > B/C2—(1-k)2
Theorem 7.3. Assume that <f3 holds and that for each iteration the parameter p

satisfies the inequalities
A
— €< p <min _—

ﬁ2 S

where

V(a8)?—B2e*— (1 -k))

€= s

cp?

then the sequences {Z"},, {x"}n, and {y"}, generated by Algorithm 7.5 converge
strongly to some 7*, x*, and y* respectively, and x* is a solution of (SNVP).

We prove the following lemma needed in the proof of Theorem 7.3. It has its own
interest.

Lemma 7.1. Under the hypothesis of Theorem 7.3, the sequences of points {x"},
and {7"}, generated by Algorithm 7.5 are such that:

" and 7" € [C(x")], = {y €H: depny(y) <r}, foralln>1.
Proof. Observe that by the definition of the algorithm
d(z',C(x%) = d(x" — py’,C(x")) < d(x*,C(x%)) +py°[| < 2.
For n = 1, we have by (ii)—(iv) of 2%

d(2,C(r") = d(x' —py!,C(")) < d(x',C(x"))
—d(, )+ ply' || < Kl — x|+ 2,

and by the Lipschitz property of C once again and the first inequality of this proof
we get

d(z',C(x")) <d(Z',Cc(x") + k|x' = x| = d(x* — py°,C(x"))
+ KHxl fxOH <A+ KHxl fx0||.
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On the other hand, we have
' =2 < [lx' =2+ Iz =20 =d(", () + Iz =20
=d(x* = py’,Cc(:)) +p[y’]l < 24.

Thus, we get both d(z2,C(x!)) and d(z',C(x")) are less than 2kA + A which is
strictly less than r. Similarly, we have for general n

d(,C() <d(,CmM) +plly" || < sl 1|+ 4
and
d(,C(M) < d(Z,C )+ k|~
< e = At e -
On the other hand,
I =] < =2 =

<d(Z,C(x" ")+

<d(1,c()) —d(@ !, C(2)) + 21

< K|l =02 24

Hence, using that ||x! —x%|| < 24, we get

2A(1 — k"
||Xn_xn71|‘§ ( K).
1—x
Therefore,
2kA(1 — k"
@ cn) < ZA=K)
1—x
_ n+1
S/,Ll-i-K 2K <A(1+3K)<r
1—x 1—x
and

d(Z',C(") < k" =2+ A+ k| =2
< (KP4 =2 424K+ 24
24 (1 —x"1h
1—x
< A(1+3xk) o
1-x

< (K*+x) 420K+ A

This completes the proof. g
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Proof of Theorem 7.3. Following the proof of Theorem 7.1 and using the fact that F
is strongly monotone and Hausdorff Lipschitz, we get from Algorithm 7.5,

I ="l < /1 -2por+p2B2 [ — "1

On the other hand, by Lemma 7.1, we have 7" and 7" ! € [C(x")], and so Proposition
7.1 yields that ProjC(xn)(z") and ProjC(xn)(z"“) are not empty, and the operator
Projc(,n(+) is {-Lipschitz on [C(x")],. Then, by the assumption (iii) in 27,

o1 = = [Proje(uny (&) — Projcg-t) (&)
< [[Projeqen (1) ~ Proje(m ()]
+ |[PrOj ) (&) = Proicy-1) (@)

< 2 =2 k=
< [6\/1—2po+p2B2+k]|I¥" —x"".

Let & = {\/1—2pa+ p2B2 + k. Our assumptions (iv) and (v) in %4 and the
choice of p in the statement of the theorem yield & < 1. As in the proof of
Theorem 7.1, we can prove that the sequences {x"},,{y"},, and {Z"}, strongly
converge to some x*,y*,z* € H, respectively. It is obvious to see that z* = x* — py*
with x* € C(x*), y* € F(x*). We wish to show that x* is the solution of our problem
(SNVP).

By construction we have for all n > 0

e Projc(m) () = Proje (e (X" = py"),
which gives by the definition of the proximal normal cone
(xn _xn+l) _ pyn c NP(C(x”);x"H).

Using the closedness property of the proximal normal cone in Proposition 7.4 and
by letting n — oo we get

py* € —=NF(C(x*):x").

Finally, as y* € F (x*) we conclude that —N* (C(x*);x*) N F (x*) # @ with x* € C(x*).
This completes the proof. o

We extend Theorem 7.3 to the case F = Fj + F, where Fj is a Hausdorff Lipschitz
set-valued mapping strongly monotone and F, is only Hausdorff Lipschitz set-
valued mapping. In this case, Algorithm 7.5 becomes
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Algorithm 7.6

1. Select x° € C(x°), y* € F1(x°), w® € F,(x°) and p > 0.
2. For n >0, compute: 2! = x" — p(y' +w") and select: X" € Proje((z"1),
yn+1 eFl(anrl)7 Wn+1 er(anrl)_

The following assumptions on F; and F, are needed for the proof of the
convergence of Algorithm 7.6.

Assumptions .o7.

1. The assumptions on the set-valued mapping C are as in .#73.

2. Fj is strongly monotone with constant o > 0.

3. F; and F> have nonempty compact values and are Hausdorff Lipschitz with
constant § > 0 and n > 0, respectively.

4. The constants a, 3,1, {, and k satisfy the following inequality:

ol > (1—km +1/ (B2~ 12)[¢2 — (1 k).

Theorem 7.4. Assume that <7, holds and that for each iteration the parameter p
satisfies the inequalities

al—(1-kn (al—(1—kn 11—k r
Z(B2—n2) 8<p<m1n{ C(B2—n?) +E, In ’||yn+w”|+1}’
where

e VoG- (1 -KnP— (B> —n?)[E? — (1-k)’]

¢(p*—mn?) ’

then the sequences {Z"}n, {x"}n, and {y"}, generated by algorithm Algorithm 7.6
converge strongly to some 7*, x*, and y*, respectively, and x* is a solution of (SNVP)
associated to the set-valued mapping F = Fy + F,.

Proof. As we adapted the proof of Theorem 7.1 to prove Theorem 7.2, we can adapt,
in a similar way, the proof of Theorem 7.3 to prove Theorem 7.4. g

Remark 7.4.

1. Theorem 7.4 generalizes Theorem 7.2 in [216] to the case where C is nonconvex.

2. As we have observed in Remark 7.1, algorithms Algorithm 7.5 and Algorithm
7.6 may be also adapted to the case where the starting point x° is selected in a
§-neighborhood of the set C(x°) with 0 < 25 < r.

Example 7.1. In many applications (see for example [20]), the set-valued mapping
C has the form C(x) = S+ f(x), where S is a fixed closed subset in H and f is
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a point-to-point mapping from H to H. In this case, assumption (iii) on C in .24
and the Lipschitz property of C are satisfied provided the mapping f is Lipschitz.
Indeed, it is not hard (using the relation below) to show that, if f is y-Lipschitz then
the set-valued mapping C is y-Lipschitz and it satisfies the assumption (iii) in 2%
with k = 2y. Using the well known relation

X € Projg, (1) <= X —v € Projg(ii — v),

the Algorithms 7.5 and 7.6 can be rewritten in simpler forms. For example
Algorithm 7.6 becomes

Algorithm 7.7

1. Select x° € (I— f)71(S), y* € Fi(x°), w® € B (x°)
textitandp > 0.

2. For n > 0, compute: 7' = x" — f(x*) — p(y" +w") and select: x"*! €
PVOjS(Z"H)-i-f(X”), yn+1 3 (xrzﬂ)7 whtl e Fz(x”H).

Here [ is the Identity operator from H to H.

Conclusion. Our Algorithms proposed here can be extended to solve the following
general variational problem:
Find x* € H with g(x*) € C(x*) such that

F(x*)N—=NP(C(x*):g(x")) #0, (g-SNVP)

where g : H — H is a point-to-point mapping. It is obvious that (g-SNVP) coincides
with (SNVP) when g = I. An important reason for considering this general
variational problem (g-SNVP) is to extend all (or almost all) the types of variational
inequalities existing in the literature in the convex case to the nonconvex case by the
same way presented in this chapter. For instance, when the set-valued mapping C is
assumed to have convex values the general variational problem (g-SNVP) coincides
with the so-called generalized multivalued quasi-variational inequality introduced
by Noor [218] and studied by himself and many other authors.

7.4 Commentary to Chap.7

Our main goal in Chap. 7 is to show how the regularity concept can be used to study
nonconvex variational (or quasi-variational) inequalities. The results presented in
this chapter have been demonstrated in Bounkhel [64]. Various other works studied
variational and quasi-variational inequalities under some other regularity concepts.
We refer the interested readers to the following recent references: [49,212-214,219-
223].



Chapter 8
Economic Problems and Equilibrium Theory

8.1 Introduction

The distance function ds for a closed subset S of a Hilbert space H is a very
important tool in many fields of mathematics, such as, optimization, differential
inclusions, control theory, geometry of Banach spaces, economic models, etc. Many
papers [31,44,45,58,61,88-91, 120,230,255,258] studied and characterized some
important properties of this function. For example, in [89,230] the authors estab-
lished in several interesting ways, important characterization of the differentiability
of the distance function ds for closed sets S. In [230] the authors showed that
the class of sets S for which dg is continuously differentiable outside of S on
some neighborhood of a point x € S, is equivalent to the class of uniformly prox-
regular sets, which is a condition on normal vectors. They also gave connections
to proximally smooth sets introduced in [89]. This class is so large, it englobes
all closed convex sets, smooth submanifolds and many other nonconvex sets (for
more details see Sect.2.9 in Chap.2). Later, in [58] the authors established new
characterizations of uniformly prox-regular sets and they gave a very important
application to the existence of solutions of nonconvex differential inclusions. In
the present chapter, we prove some properties of the class of uniformly prox-
regular sets in terms of the distance function, in order to give some applications
in economies (Sect.5) and equilibrium theory (Sect. 6). The chapter is organized
as follow: In Sect.2, we introduce the concept of uniform lower-C? property for
functions and we study the stability of this class under some operations. We study
the connection between this property and the uniform prox-regularity. We prove
for example the uniform prox-regularity of level sets defined by uniform lower-C?
functions. Section 3 is devoted to the study of both the subdifferential and the co-
normal stability of uniformly prox-regular sets. In Sects.4 and 5, we present two
different applications of our results obtained in the previous sections. In Sect. 5, we
prove, using the subdifferential stability result in Sect. 4, the stability of the quasi-
equilibrium prices for nonconvex nontransitive economies. The case of economies
defined by nonconvex utility functions is also considered. The application in Sect. 6

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 227
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5_8,
© Springer Science+Business Media, LLC 2012
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concerns the existence of generalized equilibrium of set-valued mappings over a
given nonconvex set. A new existence result in the infinite dimensional setting is
established.

8.2 Uniform Prox-Regularity of Level Sets and Uniform
Lower-C? Property

In [235], Rockafellar introduced in the finite dimensional setting an important class
of nonsmooth functions which he called “lower-C?”. He showed that such class has
favorable properties in optimization. We recall that a function f : O — R is said
to be lower-C? on an open subset O of R” if on some neighborhood V of each
X € O there is a representation f(x) = maxcr f;(x) in which the functions f; are
of C*> on V and the index set T is a compact space such that f;(x) and Vf;(x)
depend continuously not on just on x but jointly on (¢,x) € T x V. A particular
example of lower-C? functions one has f(x) = max{fj(x),..., fn(x)}, when f; is of
class C?.

Rockafellar [235] proved an important characterization of lower C> functions in
finite dimensional setting. He showed that a function f is lower-C2 on an open set
O C R" if and only if, relative to some neighborhood of each point of O, there is an
expression f =g — 5 ||-||?, in which g is finite convex function and p > 0. Therefore,
a natural way to generalize the concept of lower C? property to infinite dimensional
setting is to take this local characterization as a definition and one gets.

Definition 8.1. Let H be a Hilbert space. A function f : H — R is said to be lower
C? around a point ¥ € H if there exist an open convex neighborhood O and p > 0
such that f + & ||-||% is convex over O. We will say that f is lower C? around a subset
S C Hif it is lower C? around each point of S.

In this section, some uniformity of this characterization will be needed. So this
definition is not appropriate for our purpose. Therefore, we will take the following
definition.

Definition 8.2. Let Q be a convex set of a Hilbert space H. We will say that a
function f : c1(Q) — R is uniformly lower C* over Q if there exists p > 0 such that
f+5]-|* is convex over €. In such case, we will say that f is uniformly p-lower
C? over Q.

The class of functions that are uniformly lower C2 over sets is so large. We state
here some examples.

1. Any lower semicontinuous proper convex function f is uniformly regular over
any nonempty subset of its domain with p = 0.

2. Any lower-C? function f over the closure of a nonempty open convex set £ in
the sense of Definition 8.1 is uniformly lower C? over the closure of £ whenever
Q is relatively strongly compact in H as the following proposition shows it.
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Proposition 8.1. Let 2 be an open convex relatively strongly compact of H. If f is
a lower-C? function on cl(82), then f is uniformly lower C* over cl(Q2).

Proof. Assume that f is lower-C? on cl(2). For every x € cl(£2) there exist,
by Definition 8.1, an open convex neighborhood O, of x and p, > 0 such that
f+ B+ || is finite convex over O,. The family of open sets {Ox}yeqi(q) covers
cl(Q), so by the strong compactness of cl() there exist points xj,xz,...,%,
in cl(Q) such that cl(Q) C US="0,,, and p > 0 sufficiently large such that
f+ 5|+ |I* is finite convex over U;=/O,, and so over the convex set cl(€2). This
ensures the uniform lower C? property of f over cl(£2) and hence the proof is
complete. O

One could think to deal with the class of lower-C> functions in the sense
of Definition 8.1 instead of our class of uniformly lower-C? functions. The
inconvenience of the class of lower-C? functions is the need of the relative strong
compactness of the set to get the uniform concept in Definition 8.2 which is the
exact property needed in our proofs. However, we can find many functions that are
uniformly lower-C? over noncompact sets see Theorem 2.14.

Note that it is easy to see that for a function f that is uniformly lower-C? over a
convex set £2 all the classical subdifferentials included in the generalized gradient,
coincide at each point x in Q.

Now, we prove a characterization of uniformly lower-C? functions in terms of
their subdifferentials. It will be our main tool to study the stability of the class
of uniform lower-C? functions. Also, it will be used to establish a connection
between the uniform lower-C? property of a function f and the uniform prox-
regularity of its associated level set [f < 0]. Note that a similar result has been proved
in [89].

Proposition 8.2. Let p > 0, Q be an open convex relatively strongly compact
subset of H, and let f be a Lipschitz function on c1(Q2). Then the following assertions
are equivalent:

(i) f is uniformly p-lower-C? on cl(Q);
(ii) For each % € cl(Q) and & € J” f(%) one has
(Ex—5) S~ f(@) + 5 x— 312 vxe el(); (8.1)
(iii) For each % € Q and & € 97 f(%) one has
(Ex=%) < f(x) — () + Blle - vre 2 82)

(iv) Foreachx € Q and & € 9€ f(%) one has

(E.x—%) < f(x) - f(%) —l—%Hx—in V€ Q. (8.3)
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Proof.

(i) = (ii) : Let € cl(22) and & € 97 (). Then one has & + px € 9*(f + 5| -
|?)(%). By Definition 8.2 the function f+ &|| - || is finite and convex on cI(£2)
and so for all x € cl(£2) one has

(E+prx—2) < (F+ 20 17) 0= (r+51-17) @
This ensures
(80 =3) < £0) = @)+ 5 [l = 812 =255~ 5)]
= F0) = @)+ S5,

for all x € cl(€) and then the proof of (8.1) is complete.

(i) = (iii) : It is obvious.

(iii) = (iv) : It follows directly from the formula 9 f(x) =co [9” f(x)] proved in
[91].

(iv) = (i) : By (8.3) we have for each x € Q

1(x) 2f(i)+<§,x—x>—%|\x—x||2 for all € Q and & € IC£(%).
So, we have

f@= max @)+ (-5 - Ex—x2),

(FE)ecl(Q)x &

where & 1= U,cq(0) dC f(x) which is a weakly compact subset in H by Theorem
11-25 in [79]. It follows then that f = g — &|| -||* on cl(L2) with

— c NP2 -
)=, om0 x-S p <xe-),

which is a finite convex function on cl(). Thus, f is uniformly p-lower C? over
cl(Q) and so the proof of this implication is complete. O

The study of the stability under some operations of the class of uniform lower-
C? functions is very important for applications. Noting that it follows directly from
Definition 8.2 that the addition of uniform lower-C> functions on an open convex
subset Q of H is uniform lower-C? on €. In what follows we prove the stability
of this class under the following operations: pointwise maximum, composition, and
integral.
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Proposition 8.3. Pointwise maximum of uniformly lower-C* functions Let Q be
an open convex relatively strongly compact set of H. The pointwise maximum of
Lipschitz uniformly lower-C? functions over cl(Q) is Lipschitz uniformly lower-C?
on cl(Q).

Proof. Assume that f(x) := max;<j<; fi(x), for all x € cl(2), where f;, 1 <i<
m is Lipschitz uniformly p;-lower-C> on cl(). The Lipschitz property of f is
obvious. So we have to show its uniform lower-C> property over cl(£2). Taking
p: = maxj<;<p Pi, we get (fi)1<i<m are Lipschitz uniformly p-lower-C? on cl(Q).
Fix now any x € cl(©) and any & € 9€f(x). By subdifferential calculus there exist
£ €dCfj(x)and a; >0, j€I(x):={ie{l,....m}: fi(x) = f(x)} such that
& =Y jei(x) @& and ¥ jej(x) @ = 1. By Proposition 8.2 we obtain for all j € I(x)
and all X' € cl(Q)

(& =) < fi0) = £00+ 2l 2

This yields, for all X’ € cl(£2)

(ExX—x)= 3 o0&V —x) < ¥ o [f() = [+ S~

jel(x) JEI(x)

< X o /)~ @)+ S =] < 1) = 100+ B —x?

JEI(x)

and so by Proposition 8.2, the function f is uniformly p-lower-C? on cl(). O

Proposition 8.4. Let Q be an open convex relatively strongly compact subset in
H. Let F : H — H' (H' is another Hilbert space) be a C*> mapping and let h be a
Lipschitz uniformly p-lower-C? function over F (cl(82)). Then the function f = ho F
is uniformly p'-lower-C? on cl(Q) for some p’ > 0.

Proof. The fact that f is Lipschitz is straightforward. Let & := sup,cq(q) | VF ()|
and B := sup,cq(q) [V2F(x)|, and let A > 0 be the Lipschitz constant of &
over cl(). Fix now any x € cl(2) and any & € dCf(x). By subdifferential
calculus there exists { € d“h(F(x)) such that & = VF(x)*{. Using Proposition
8.2 and the fact that % is uniformly p-lower-C? over F(cl(Q2)), we get for all
X €cl(Q),

(6 F() = F) < f() = 1)+ S IF () = F) P2

2
[04
LR —x2.

<SS =)+ =
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On the other hand, as F is C? we have
1
F(xX')=F(x)+VF(x)(x —x)+ §<V2F(c)(x/ —x),x —x),

with ¢ = x4+ 0 (x' —x) € cl(Q) for some 6 € [0,1]. Therefore, this equality and the
inequality before give

<§,xl fx> = <C,VF(x)(x/ —x)>
1

= <C,F(x/) —F(x)> + §<C, <V2F(c)(x/ —x),x fx>>

2 1
< W) = 1)+ SR =22+ SIENIVEF @I — 2

o’

2 =l

<fO) = f)+

where p’ := a?p + BA. The proof then is complete by (iv) in Proposition 8.2. O

Now we are going to study the stability under the integral operation. Let [ :=
[0,7] with T > 0 and let us consider the functional /s defined from L”(I,H), with
D € [2,+e0) to (—oo, +o0] by

T
Iy () ;:/O F(t,u(t))dr, for all ue LP(1,H),

where f is a function from 7 X H to (—oe,+oc0].
Before proving our stability result we need the following lemma. Its proof is
standard.

Lemma 8.1. For any p € [2,+o0) the function h : LP (I,H) — R defined by
1 ‘T 2
)= 3 / lu(t)|’dz,  for all ue LP(1,H)
JO

is continuously Fréchet differentiable on LP (I, H) and its Fréchet derivative is given
by Vh(u) = u.
Let us consider the following assumptions:

(Ay) f:IxH — R is measurable with respect to the o-field of subsets of I x H
generated by the Lebesgue sets in I and the Borel sets in H.
(Ay) there exista € LY(I,H), b € L' (I,R), and ¢ € L”(I,H) such that
f(t,c) € LNILR) and f(1,%) > (a(t), )+ b(),

forall t € I and all x € H. Here ¢ satisfies 1/p+1/g= 1.
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Theorem 8.1. Let Q be an open convex relatively strongly compact subset of H
and p > 0. Let f be a continuous function from I x H to R. Assume that f satisfies
the assumptions (A1) and (Ay) and for all t € I the function f(t,-) is uniformly
p-lower-C* on cl(Q). Then the functional Iy is uniformly p-lower-C? on the set
H ={ueLP(ILH) :u(t) € cl(Q) for allt € I}. Furthermore, for eachu € & one
has

aplf(u):/oTQPf(t,u)dt ={EeLY(I,H): &) €d’f(t,u(t) a.e on I}.

Proof. By Definition 8.2 one has g(t,-) := f(¢,-)+ 5 || - ||* is finite convex on ¢l(Q2)
forall t € . Then for any x € cl(£2) and any ¢ € I one has

P f(t,x) = 9°™g(r,x) — px,

because the norm || - || of H is smooth. Now, since it is easy to see that g also satisfies
the assumptions (A1) and (A;), then Proposition 2.8 in [15] and the convexity of
g(t,-) ensure that the functional I, is finite convex on .#” and its subdifferential at
any u € ¢ is given by

9", (u) = /OT 0™ g(t,u)dt (8.4)
={SeLYT.H): {(r) € d°g(t,u(t)) a.e.onl}.

Fix now any u € . Then the calculus rules for subdifferentials and Lemma 8.1
yield

"I (u) = 9" (I, — ph) (u) = 3™ Iy (u) — pVh(u) = 3°™ Iy (u) — pu.

Therefore, for any & € 9"1;(u) one has & + pu € 9°™I,(u) and so by (8.4) we get
E(t) € 9°°Vg(t,u(t)) — pu(t) = 7 f(t,u(t)) a.e. on I, as claimed. Conversely, it is
easy to see that every & € L(I,H) satisfying the latter belongs to 9”I;(u). This
completes the proof. g

As a direct application of the subdifferential formula in Theorem 8.1, we give
necessary conditions of optimality for the following nonconvex variational
problem:

(2) minimize/OTf(t,u(t))dt

over # ={ucLP(ILH): u(r) € cl(Q) forall r € I}, where Q is an open convex
relatively strongly compact subset of H and f satisfies the hypothesis in Theorem
8.1. We note that %" is a closed convex set in L? (1, H) not necessarily compact.
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Theorem 8.2. If u solves the problem (&) then

f(t,u(t)):venclli(r})) {f(t,v)Jr%Hu(t)vaz}, for a.e. r€l.

Proof. Let u be a solution of (42). Then 0 € 9°I7(u) + N™(# ;u) and so there
exists & € 91 (u) with —& € N (¢ ;u). Using Theorem 8.1 we get fora.e. 7 €

E(r) € 9 f(t,u(r)) = 9°™g(t,u(r)) — pu(t),

where g is as in Theorem 8.1 (a convex finite function on cl(£2)). Then for every
x € cl(Q) and for a.e. 7 € [ one gets

(E()+ pult).x—u(t)) < g(t,x) — glr,u().
Now as —& € N (¢ ;u) it follows easily that
(= E0).x—u) <0,
for every x € cl(Q) and for a.e. t € I. Therefore, from both last inequalities we get
Fu(0)) = £(0.2) = g(0,u(0)) = 8(0,%) = E (o) |2 = )
< (=& (0) = pu(r) x = (o)) = & (Ju(r) = |¢)

< p ), u(o) =)+ 5 ()2 = 141

= 2 lu(e) 11,
for every x € cl() and for a.e. ¢ € I. Thus, completing the proof. g

In [89], the authors proved that a function f is lower-C> in the sense of
Rockafellar [239] if and only if its epigraph epi f is uniformly prox-regular. In the
next theorem, we establish a sufficient condition of uniform prox-regularity for level
sets.

Theorem 8.3. Let Q2 be an open convex relatively strongly compact subset in H
and let f be a Lipschitz uniformly p-lower-C? function on c1(Q). Let m := inf{||€|| :
& € 9P f(x) with x € c1(Q)}. Then either m = 0 or the level set S := {x € cl(Q) :
f(x) <0} is uniformly r-prox-regular for r := -1

np
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Proof. Put & := Uyeq(q) 9" f(x). Since x — 9” f(x) is weak compact-valued and
upper hemicontinuous and as cl(£2) is strongly compact then & is a weak compact
set in H. Hence, m < +oo. Assume that m # 0. Fix any ¥ € S and any 0 # & €
NP (S;%). Without loss of generality, we may assume that f(X) = 0, because in the
other case, i.e., f(¥) < 0 one has N (S;%) = {0}. By Theorem 2.4.7 in [88] there

exists Az > 0 such that ;€ dCf (%) = 9P f(X). Further, || /{:—5 || > m > 0. On the other
hand, by Proposition 8.2, we have

flx) > *g llx— x>+ <f—€,xx> + f(%) Vxecl(Q).

Hence,

Aep
(Ex—x) < —||x 3? vxes,

and hence

ix—i xX—X 2 —x—)?z
<||5||’ >‘2||§||” M < g =

for all x € S. This ensures that S is uniformly r-prox-regular with r = % The proof
then is complete. g

Using this theorem and the stability results of the class of uniformly lower-C?
functions proved above we prove in the following corollary the uniform prox-
regularity of some special level sets.

Corollary 8.1. Let Q2 be an open convex relatively strongly compact subset in H.

1. If f1 and f; are two Lipschitz uniformly lower-C? functions on cl(£2) satisfying
P fi(x)N{-07fi(x)} = 0, for all x € cl(Q), then the set {x € cl(Q): fi(x)+
fo(x) <0} is uniformly prox-regular.

2. If i, i=1,...,N are Lipschitz uniformly lower-C* functions on cl(Q) satisfying
0 ¢ 37 fi(x), for all x € cl(Q) and all i = 1,...,N, then the set {x € cl(Q) :
fi(x) <0, foralli=1,...,N} is uniformly prox-regular.

3IF:-H—-H (H is anolher Hilbert space) is a C* mapping and h is a
Lipschitz uniformly lower-C* function on F(cl(Q)) satisfying 0 ¢ d*h(y), for
all y € F(cl(Q2)), then the set {x €€ cl(Q): hoF(x) <0} is uniformly prox-
regular.

4. Let f be a continuous function from I X H to R satisfying the assumptions
(A1) and (Az). Assume that for all t € I the function f(-,t) is Lipschitz
uniformly p-lower-C* on cl() and 0 ¢ ¥ f(t,x), for all x € cl(Q) and all
t € I. Then the set {u € LP(I,H) : u(t) € cI(2) and I;(u) < 0} is uniformly
prox-regular.
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8.3 Subdifferential and Co-normal Stability

Our purpose in this section is to study the stability of normal cones and of the
subdifferential of the distance functions to uniformly prox-regular sets. That prop-
erty is very useful for applications. Our motivations come from some applications
in economies and equilibrium theory (see the next sections). We start with the
following definitions.

Definition 8.3. Let {S;}, be any sequence of nonempty closed sets in H. We will
say that a nonempty closed set S is the Painlevé—Kuratowski PK-lower limit (resp.
PK-upper limit) of S; provided that

Sc lin}(infSk :={x€H:3 xy = x such that x; € S},
(resp{x€H:3 x; —x such that x; € Sy} =:limsupS; C S.)
k

Here Sy, is a subsequence of Sy.
We will say that Sy PK-converges to S or S is the PK-limit of Sy provided that S
is both the PK-upper limit and the PK-lower limit of Sg.

Definition 8.4. Let {S;}; be a sequence of nonempty closed sets in H that
converges in some sense to a closed set S in H. We will say that the sequence {Sy }«
is subdifferentially stable if one has

limsup 9”ds, (x;) € 97ds(%),

xk—))?
that is, for any sequence x; (not necessarily in S;) and such that x; — x and any
& € 9"dg, (x;) weakly converging to some & € H, one has & € 9”dg(%). In the same
way, we will say that {S; }« is co-normally stable provided that

limsupN” (Si;x,) € NP(S3x),
k

that is, for any sequence x; such that x; € Sy and x; — x and any & € NP (S;;x;)
weakly converging to some & € H, one has & € N”(S;x).

We recall the following lemma needed in the proof of the next results. It gives a
characterization of the PK-lower limit in terms of the distance function to sets. For
its proof we refer the reader to [241]. Note that the proof in [241] is given in the
finite dimensional setting but it can be extended in the evident way to the Hilbert
case.

Lemma 8.2. Let {S;}; and S be nonempty closed sets in H. Then S is the PK-lower
limit of the sequence {Sy }« if and only if there exists for each p > 0 and € > 0 an
integer ko € N such that for all x € pB and all k > ko one has

d(x,Sk) < d(x,S)+€.
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Now we are ready to prove the subdifferential and co-normal stability for uniformly
prox-regular sets under an additional hypothesis on their distance functions.

Theorem 8.4. Let {Si}ren be a sequence of nonempty closed subsets in H and let
S be a nonempty closed in H. Let r > 0 and X € S. Assume that S is the PK-lower
limit of {Sk }xen and that all the subsets { S }ren are uniformly r-prox-regular. Then

(i) the sequence {Si} is subdifferentially stable, that is,

limsup 9”ds, (x;) C 9" ds (%),
Sk,
X — X

s
where x;, - X means that xi converging to X and x; € Sy for all k € N.

(ii) If, in addition, H is a finite dimensional space, then the sequence {Sy}i is co-
normally stable.

Proof. (i) Let x; * % and {& }ren be any sequence weakly converging to some E

with & € d%dg, (x;) for all k € N. As the subsets {Sy}xen are uniformly r-prox-
regular, Theorem 2.14 ensures that for all k € N one has

<€kax -xk> _H‘x xk” +dsk( )

(8.5)
for all x € H with dg (x) <r.
Fix any y € ¥+ 5B. Then, by Lemma 8.2 there exists ko € N such that
1
ds, (v) <ds(y)+ —— for all k> k. (8.6)

1+k
One may choose ky large enough so that

1

<
I+k™

N~

for all k > kg. Thus, one gets

|~

,
ds,(v) Sds(y)+5 < [y=F+5 < 5+5 <r

and so one can apply (8.5) with x =y to get for all k > kg
Gy —xp) < —Hy x|+ ds, (v),

and by (8.6) one obtains for all £ > kg

(&y—x) < —||y 2+ ds(y) + ﬁ
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By letting k — o in the last inequality one gets
- L2 s B
(Ey—x)< ;||y — X7 +ds(y) — ds(%),

for all y € X+ 7B. This ensures that & c aPds(%).

Assume that dimH < +oo. Let x; * % and & — E with & NP (Sy;x;) for all
k € N. Put

g
%= TIET

Then, € N”(Sk;x,) NB and hence by Theorem 2.7 one gets §; € 9”dg, (x). Now
as dimH < 4o the sequence {; converges to

&
L+ ISl
and so we get by (i) that ﬁm € dPds(%) C NP(S;x), which ensures that
E e NP(s,%).
This completes the proof. g

Now we proceed to prove a similar result for level sets. First, we recall the
following definition

Definition 8.5. Let { f; } be any sequence of functions on H and let x € H. We will
say that f upper-epi-converges to some function f at x provided that

epi-limsup f,(x) < f(x),

or equivalently there exists x; — x such that

limksupfk(xk) < f(x).

Recall now the following lemma needed in the proof. Its proof can be found in [241]
in the finite dimensional setting which can be extended evidently to the Hilbert case.

Lemma 8.3. Let { i} be a sequence of functions on H. Assume that { fi } upper-
epi-converges to some function f over H. Then one has

[f<0]lcC lin}cinf{[fk < al},

for some sequence oy . 0. In other words the level set [f < 0] is the PK-lower limit
of the sequence of the level sets {[fi < 04] }ren-

Now we are able to prove a co-normal stability result for level sets.
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Theorem 8.5. Let Q be an open convex relatively strongly compact subset of H
and let {fi }r be a sequence of functions on H that upper-epi-converges to some
function f over H. Let ¢ > 0 and X € cl(Q) with f(%) = 0. Assume that { fi }1 are
uniformly o-lower-C? on c1(Q) with inf{||€| : & € P fi(x) for all x € c1(Q) and
all k} > m for some m > 0. Then there exists 04 | 0 such that the sequence { Sy} is
subdifferentially stable, that is,

limsup 0”ds, (xi) C 9" ds(%),
N
X — X

where Sy := [fx < o] and S := [f <O0). If, in addition, H is a finite dimensional
space, then the sequence {Sy}y. is co-normally stable.

Proof. By Lemma 8.3 there exists oy J. 0 such that S is the PK-lower limit of the
sequence {Si}t. Put fi(-) = fi(-) — og and my = inf{||&| : & € I fi(x) for all
x € cl(Q)} for any k. Observe that m; = inf{||&|| : & € ¥ fi(x) for all x € cl(Q2)}
and S; = [fx < 0]. By our hypothesis we have m; > m > 0 for all k and hence we
get by Theorem 8.3 that the subsets S are uniformly ry-prox-regular for ry = ﬁ.
Since my > m > 0 we get by the properties of uniform prox-regularity that S; are
uniformly r-prox-regular for r = %. Therefore, all the hypothesis of Theorem 8.4
are satisfied and so the subdifferential stability of ds, and the co-normal stability of

Sy, follow from Theorem 8.4, which completes the proof. g

8.4 Nonconvex Nontransitive Economies

In this section, we consider the following economic model established by Arrow
and Debreu (1959). In this model, there are an infinite number of goods and a finite
number of consumers m and producers n. Each consumer has a preference set-valued
mapping P, : [T, Xx=X;, where X; C H is a set of consumptions for the consumer
i. For a given (x1,...,x,) € [1; Xk, the set clP (x1,...,x,) (resp. Py (xi,...,Xn))
represents all those elements in X;, that are preferred (resp. strictly preferred) to
(x1,...,%y) for the consumer iy. Each producer j has a production set Y; C H. Thus,
an economy & is defined as & = ((X;), (P;), (¥;j),e), where e € H is the total initial
endowment for the economy, that is, e = X/ | ¢; with ¢; is the initial endowment for
the consumer i. A fundamental result of this theory is the second welfare theorem
which gives a price decentralization of a Pareto optimum allocation. An extension of
this welfare’s theorem to general nonconvex economies was proved in [144]. Before
stating it we need to recall the definitions of feasible allocation, Pareto optimum, and
the Asymptotic Included Condition (A.1.C) for the economy &.

Definition 8.6.

1. We will say that ((x}), (v)) € I1X; x [1Y; is a feasible allocation for the economy
& if the following conditions are satisfied:
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(a) foreachi=1,...,mand j=1,...n,x; € X;,and y; € Y};
(d) Xixi =3y =e
2. A feasible allocation ((x7),(v7)) € I1X; x [1Y; is a Pareto optimum for the

1

economy & if there is no fea51b1e allocation ((x}), (;)) € ITX; x ITY; such that

(i) foreachie {1,...,m},x; € clP(x],....x,);

(i) for some ip € {1,...,m}, x; € Py (x],...,X5,).

3. We will say that & satisfies the A.L.C. ata point ((x}), (v})) € [1X; X [TY; if there
exists i € {1,...,m}, € > 0, and a sequence & — 0 such that for k sufficiently
large we have

hk+2c1P*mB | = 21YiNBe)] SR+ X [elF] - XY,
J i#io J

where P := P,(x},...,x};,) and B(x,€) := x+ €B.

Remark 8.1. Note that A.LC. is satisfied whenever P; for some iy € {1,...,m} is
epi-Lipschitz at xfoin the sense of Rockafellar [237].

We recall (see [37]) that a set S is called compactly epi-Lipschitz at X € § if there
exist €, > 0, and a compact set K satisfying SN (X+¢€B)+tB C S+¢K forallz €
[0, cr]. We also recall the following characterization of compactly epi-Lipschitz sets
by Ioffe [142], needed in the proof of Theorem 8.7.

Lemma 8.4. Let S be a closed subset of H and X € S. The following properties are
equivalent:

1. S is compactly epi-lipschitz at X;

2. For any bounded sequence &, such that & € NC€ (S;xn) with x, € S and x, — %, we
have that &, S0( &, weakly converges to 0) implies &, Lit 0 (its norm convergence
to zero) too.

The following theorem is taken from [144] and will be needed in the proof of
Theorem 8.7.

Theorem 8.6. Let ((x7),(y})) € [1X; x [1Y; be a Pareto optimum point for the
economy & = ((Xi),(B,),(Y;),e) which satisfies the A.L.C. on it. If for each i €
{1,...,m}, x! € clP}, and clP; or Yj, is compactly epi-Lipschitz at x; or y; for
some ig and jo respectively, then there exists a price vector p* € H such that

* 1 * * * *
p*Il > e P €(ddy,(y;), and —p* €[ )dup: (x}).
J

i

The price vector p* is called a quasi-equilibrium price for the economy &. In
[143] the authors studied, in the finite dimensional case (when the economy & is
defined with a finite number of goods [ > 0, i.e., H = R'), the stability of the quasi-
equilibrium prices, i.e., if we are given a sequence ¢* converging to some ¢ € H and
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we assume that each economy &} := ((X;), (P,), (¥;j),ex) satisfies A.L.C. at a Pareto
optimum point ((x;;), (v} )) and that this Pareto optimum sequence converges to
some ((x7), (¥})), is it possible to get the conclusion of Theorem 8.6 for the limit
economy & := ((Xi), (), (Y;),e) at ((x}), (y7))? They gave a positive answer under
some hypothesis on the subdifferential of the distance function to the producers
and preferences sets. Our main result in this section is in this vein. We will use the
abstract results proved in the previous sections to prove that stability for general
nonconvex economies with an infinite number of goods.

Let &% := ((Xix), (P:x), (Y; 1), ex) be a sequence of nonconvex economies, with
e — e € H, (X;x) and (Y;x) PK-lower-converge to (X;) and (Y;) respectively in
H, and the sequence of set-valued mappings (P, x) admits a PK-lower limit set-

valued mappings (P;) in the following sense: for each i € {1,...,m} and for any
(X1ks s Xmpk) = (X1,-..,%,) one has
(A1)

lin}(infclPi,k(xl,k, . ,xm7k) C ClP,'(xl, . ,xm).

Assume that each economy &} satisfies A.I.C. at some Pareto optimum point
((x7%),(¥74)) and that this Pareto optimum sequence strongly converges to
some ((x7),(v7)). Let us consider the following two conditions:

(A2) there exists jo € {1,...,n} such that (Y},) is compactly epi-Lipschitz at y,
and ( Jo» k) ( jO),Vk,

(A3) there exists ip € {1,...,m} such that (clP;) is compactly epi-Lipschitz at x},
and (cIP; ;) = (clP} ), Vk.

Then we can state the main result.

Theorem 8.7. Assume that (A) is satisﬁed and either (Ay) or (A3) is satisfied, and

foreachie {1,...,m} and for all k, x}, € clP}, " and that both sequences (Yjx) and

(clPl ) are r- umformly prox-regular, for some r > 0. Then there exists a price vector
p* € Hwith p* # 0 such that

p"e(d"dy,(v;) and  —p* e ()0 dup: (x7).
j i

Proof By Theorem 8.6 there exists a sequence of prices p; € H with 1 > ||p;| >

> 0, satisfying

n+m
plt € ﬂ anYJ;k ()’j',k) and — plt € m anclPifk (x;ik)v
J i

where clP; := clP;x(x];). By our assumption (A;) the set clP; := clPi(x}) is the
PK-lower limit of the sequence clP,. Now as all the sets clP*k are umformly
prox-regular we get by Theorem 8. 4 that the weak limit p* of p; will belong to
708 daps (x7). Applying Theorem 8.4 once again with the sequences Y, and

thelr PK-lower limits ¥; we get p* € manyj (vj)- Now we check that p* # 0.
i



242 8 Economic Problems and Equilibrium Theory

Assume first that the assumption (A) is satisfied. Then there exists jo € {1,...,n}
such that (Y, x) =Y, for all k with Y}, is a compactly epi-Lipschitz set at y7 .
Therefore,

Pr € anon.k Vi) = anY,-O Vjx) C NP(YJO;)’;,k)-

Assume by contradiction that p* = 0. Then p; is a bounded sequence in the
normal cone N” (Yjos yj,k) and it converges weakly to p* = 0. Thus, by Lemma
8.4 the sequence would converge in norm to O which contradicts the fact that
Pl > mLm > 0. Consequently p* # 0. The same argument concludes the proof
when the assumption (A3) is satisfied. O

Many corollaries can be obtained directly from this theorem. We give only the
two followings. First we begin with the case when the preference (P;;) defining
the economic & is not perturbed, that is, & = ((X;),(P),(Yjx),ex). In this case,
the assumption (A;) becomes the lower semi-continuity property of the set-valued
mapping cl P; at (x]), i.e., foreachi=1,...,m and for any (x; ;) — (x;) one has

1in}€infclP,'(x1,k, o Xmk) CelPi(xy, .. X))

Corollary 8.2. Assume that the set-valued mapping clP; has uniformly r-prox-
regular values for some r > 0 and that it is l.s.c. at (x}). Assume that for each
ie{l,....m}, xj € clP}, and that the sequence (Y;y) is uniformly r-prox-regular
for some ry > 0. If either (A3) is satisfied or (clP;) is compactly epi-Lipschitz at xj,
Jorsome iy € {1,...,m}, then there exists a price vector p* € Hwith p* # 0 such that
pre(9"dy,(v;) and —p* e ()0 dup: (x7).
J l

Now, we assume that the preferences P are defined by Lipschitz utility functions
Six: Xi — R, that s,

P(xts.oxm) ={xeXit fir(x) > firlxie)}-
Corollary 8.3. Assume that the following assumptions are satisfied:

(1) Xix are convex strongly compact in H and x;k € clP:k for all k;
(ii) (Yjx) are uniformly r-prox-regular sets for some r > 0 and for some jo €
{1,...,n} the set (Y; ) is compactly epi-Lipschitz at y’ .
(iii) —fix are uniformly o-lower-C* on Xix for some o > 0 and upper-epi-
converges to some function f; over H with

inf{||&]|: & € 9° fix(xiy) forall i,k} > c,

for some ¢ > 0. Then there exists a price vector p* € H with p* # 0 such that
p* EmanY](yj) and _p*emanClPi*(‘x?)a
j i

where P; is the limit preference defined by the limit utility function f;.
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8.5 Existence of Nonconvex Equilibrium

In this last section, we are going to give an application of our co-normal and
subdifferential stability results to the equilibrium theory for nonconvex sets in the
infinite dimensional setting. We start with the following definition of generalized
equilibriums.

Definition 8.7. For a closed set S C H and a set-valued mapping F : S=H, we will
say that X € S is a generalized equilibrium of F over S if one has

0 € F(x) — N*(8;%),
where N*(S;x) is a prescribed normal cone.

This concept of equilibrium has been considered in [241] and studied later by
[101] in the finite dimensional setting. We recall now the classical definition of
equilibrium.

Definition 8.8. For a closed set S C H and a set-valued mapping F : S=H, we will
say that X € S is an equilibrium of F over S if one has 0 € F(%).

The existence of equilibrium has been the subject of many works in the finite
(see for example [90, 101]) and infinite dimensional setting (see e.g. [19, 90]
and the references therein). The best known equilibrium result in the Hilbert
(infinite dimensional) setting is the following theorem by Ben-El-Mechaiekh and
Kryszewski [19].

Theorem 8.8. Let S be a compact £ -retract in H with x(S) #0. If F : S=H is
an upper hemicontinuous map with closed convex values satisfying for all x €
S and all p € ret!(x):

inf (p—x,y)<
yé?(x><p x,y) <0,

then F has an equilibrium over S.

Here, x(S) stands the Euler characteristic of S. Recall that (see [19]) a closed
subset S C H is said to be .Z-retract if there exist an open neighborhood O of S,
a continuous retraction ret : O — S, and a constant L > 0 such that

|lx —ret(x)]| < Lds(x), for all x € O.

This definition was introduced by [19] for metric spaces. To prove our main theorem
in this section we need to prove some preliminary results.

Lemma 8.5. Every uniformly prox-regular set is £ -retract.

Proof. Let r > 0 be the constant of the uniform prox-regularity of S and let ¥/ €
(0,r).PutU(F):={xeH: 0<ds(x)<r}andS(r):={xeH: 0<ds(x)<r}.
It suffices to take ret := Projg, O := S(r/), and L := 1. Indeed, by Theorem 4.2 in
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[89], the projection Projg is single-valued Lipschitz mapping of rank —— on U (r).
In particular, it is continuous on the open set S(#’). Finally, as ||x — Projg(x)|| = ds(x)
for all x € S(r’), the proof then is complete. O

Remark 8.2. Note that in Proposition 5.1 in [101] the authors proved in the finite
dimensional setting that every uniformly prox-regular (more general every proximal
nondegenerate (see [101] for the definition)) and compact set is Z-retract. In
Lemma 8.5, we don’t need the compactness of S. So, it generalizes Proposition 5.1
in [101] to uniformly prox-regular sets not necessarily compact and to the Hilbert
space setting.

Lemma 8.6. Let S be a uniformly r-prox-regular subset in H for some r > 0 and let
F : S=H be any set-valued mapping. Then the following assertions are equivalent:

1. forallx € Sandall p € Proj§1 (x) one has

inf (p—x,&)<0

EeF(x)—dPds(x)
2. forallx e Sandall p € Pr0j§1 (x) one has

inf —x, &) <||lp—x|;
it (p=x.8) <llp—x

3. forallxe Sandall p € Projg1 (x) with p # x one has

inf < Pt §><1;
geF) \ [[p— x|’

Proof. Assume that (1) holds. Then for any x € S and p € Projg ' (x), there exists
&1 € F(x) and & € 9dg(x) such that (p —x,&) < (p—x,&). So (p—x,&1) <
&l llp —x|| < ||p — x|/, because one always has 9¥ds(x) C B. Therefore, (2) holds.

As the equivalence between (2) and (3) is obvious, we have to show (3) = (1).
Assume that (3) holds. Fix any x € S and p € Projg ' (x) with p # x. Then by (3),

there exists & € F(x) such that
<u,§>§1. 8.7)
llp — x|l

AspGProjS (x), we have H XH € dPds(x). Putf =&— Hl’ XH F(x) —dPds(x).

Then (8.7) yields

(p-28) = (p—x,&) - <p‘h> —(p-x&)— Ip—x 0.

Thus, (1) holds and so the proof is complete. O
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Now we are in position to prove the main result of this section.

Theorem 8.9. Let Si be a sequence of compact uniformly r-prox-regular subsets in
H with x(S;) # 0 and let F : Sy==H be an upper hemicontinuous map with closed
convex values. Assume that Sy PK-converges to some compact subset S. Assume also
that for all x;. € S and all py € Projgk1 (xx) one has

inf (p—xe &) < [l — 8.8
ékég(xk)<pk s &) < Ml — xell (8.8)

then F has a generalized equilibrium over S with respect to the proximal normal
cone, i.e., there exists X € S such that 0 € F (%) — N*(S;%).

Proof. For every k > 1 we define the set-valued mapping fk =F-9F ds,. By
Lemma 8.6 our hypothesis (8.8) is equivalent to

inf  (pr—x,&) <0;
SkEF(%)

for all x, € Sy and all p; € Projs’k1 (xx). On the other hand, by Lemma 8.5 the set Sy is
& -retract with rer := Projg, . Then as it is easily to see that the set-valued mapping

Fy is upper hemicontinuous with closed convex values, we can apply Theorem 8.8.
to get an equilibrium of F; over S, i.e., there exists X; € Sy such that

0 € Fi(%) = F (%) — 0" ds, (%) (8.9)

Now, using the fact that S; PK-converges to S, we get that dg(x;) — 0 as k — oo,
which ensures the relative compactness of the sequence X because S is a compact set
in H. There exists then some subsequence of X; that converges to some point X € S.
On the other hand, by the relation (8.9) there exists & € d”ds, (¥) N F (%) C B.
Then, a subsequence of & may be extracted converging weakly to some E . Finally,
by the subdifferential stability result in Theorem 8.4, we conclude that E € dPds(%)

and by the upper hemicontinuity of F we also have & € F (). Therefore,
0 € F(%) — d'dg(x) C F(%) — NP (S;%).

This ends the proof.
Remark 8.3.

1. In the statement of Theorem 8.9, we specify the normal cone of S with which
we work, because the limit set S is not necessarily uniformly prox-regular
and so the classical subdifferentials a priori do not coincide with the proximal
one. Therefore, our result in Theorem 8.9 proves the existence of generalized
equilibrium for nonconvex sets that a priori are not necessarily uniformly prox-
regular.
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2. From the Part (1) of Remark 8.3, the result in Theorem 8.9 cannot be covered
by Corollary 3.4 in [101] even in the finite dimensional setting, because the limit
set S in Theorem 8.9 is not necessarily proximally nondegenerate in the sense of
[101].

3. Another approach, but with less importance relatively to our Theorem 8.9, that
can be used to prove the existence of generalized equilibrium for uniformly prox-
regular sets not necessarily convex, is to approximate a set S with uniformly prox-
regular sets Sy satisfying (8.8) and all the other hypothesis of Theorem 8.9. Then
we use the subdifferential stability result in Theorem 8.4 to get the condition
(8.8) for the set S and then we follow the same argument in the proof of Theorem
8.9 to obtain a generalized equilibrium of the set-valued mapping F over S.

8.6 Commentary to Chap.8

Our main objectiveof this chapter is to present an application of the regularity
concept to some economic problems and equilibrium theory. Sections 9.2 and 9.3
are devoted to prove some additional results for uniformly prox-regular sets that will
be of a great importance in the proofs of the main theorems in this chapter. Sections
9.4 and 9.5 present two applications of uniform prox-regularity to nonstransitive
economies and equilibrium problems respectively. The main results stated in this
chapter are taken from [55].

It is very interesting to point out to a detailed and very well presented section in
Mordukhovich [193] on Competitive Equilibria and Pareto Optimality in Welfare
Economies. We refer the reader, to Chap. 8 in [193], for more details, more results,
and more references, and especially to the section Commentary to Chap. 8. This
section contains an excellent survey on economic problems and equilibrium theory.
For the completeness of our work we give here some references on this subject:
[1,4,5,14,27,99,101,119,122,129,138,143,144,147,152-158, 181, 182,201,202,
204,231,232].



References

10.

11.

13.

14.

15

. C. D. Aliprantis, R. Tourky and N. C. Yannelis, A theory of value with non-linear prices:
Equilibrium analysis beyond vector lattices, J. Econ. Theory, 100, pp. 22-72, 2001.

. FE. Ancona and G. Colombo, Existence of solutions for a class of non convex differential
inclusions, Rend. Sem. Mat. Univ. Padova, Vol.83, pp. 71-76, 1990.

. H. Attouch, A. Cabot, and P. Redont, Shock solutions via epigraphical regularization of
a second order in time gradient-like differential inclusion, Adv. Math. Sci. Appl. 12 (1),
pp. 273-306. 2002.

. K. J. Arrow, An extension of the basic theorem of classical welfare economics. Proceedings
of the Second Berkeley Symposium (University of California Press) 1951.

. K. J. Arrow and G. Debreu, Existence of an equilibrium for a competetive economy,
Econometrica, Vol. 22, pp. 265-290, 1954.

. J. P. Aubin, Contingent derivatives of set-valued maps and existence of solutions to nonlinear
inclusions and differential inclusions, Advances in Mathematics, Supplementary studies, ED.
Nachbin L., pp. 160-232, 1981.

. J. P. Aubin, Lipschitz behaviour of solutions to convex minimization problems, Math. Oper.
Res. 9, pp. 87-111, 1984.

. J. P. Aubin and H. Frankowska, Set-valued analysis, viability theory and partial differential
inclusions. World Congress of Nonlinear Analysts '92, Vol. I-IV (Tampa, FL, 1992),
pp- 1039-1058, de Gruyter, Berlin, 1996.

. J. P. Aubin and A. Cellina, Differential inclusions, set-valued maps, and viability theory,

Springer-Verlag, Berlin 1984.

D. Aussel, A. Daniilidis, and L. Thibault, Subsmooth sets: functional characterizations and

related concepts, Trans. Amer. Math. Soc., 357, pp. 1275-1301, 2004.

D. Azzam, Mixed semicontinuous perturbation of a second order nonconvex sweeping

process, Electronic Journal of Qualitative Theory of Differential Equations, No. 37,

pp- 1-9, 2008.

. D. Azzam-Laouir, S. Lounis, and L. Thibault, Existence solutions for second-order dif-

ferential inclusions with nonconvex perturbations, Appl. Anal. Vol., 86. No. 10. October,

pp- 1199-1210, 2007.

C. Baiocchi and A. Capelo, Variational and quasi-variational inequalities, application to free

boundary problems, John Wiley and Sons, New York, 1984.

T. Q. Bao and B. S. Mordukhovich, Set-Valued optimization in welfare economics, Adv. Math.

Econ. 13, pp. 113-153, 2010.

. V. Barbu and Th. Precupanu, Convexity and optimization in Banach spaces. Translated
from the second Romanian edition. Second edition. Mathematics and its Applications (East
European Series), 10. D. Reidel Publishing Co., Dordrecht; Editura Academiei Republicii
Socialiste Romania, Bucharest, 1986.

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications, 247
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5,

©S

pringer Science+Business Media, LLC 2012



18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

References

. H. Benabdellah, Existence of solutions to the nonconvex sweeping process, J. Diff. Equations,
Vol. 164, No. 2, pp. 286-295, 2000.

. H. Benabdellah, Sur une classe d’equations differentielles multivoques semi continues

superieurement a valeurs non convexes, Sém. d’Anal. convexe, exposé, No. 6, 1991.

H. Benabdellah, C. Castaing, and A. Salvadori, Compactness and discretization methods

for differential inclusions and evolution problems, Atti. Semi. Mat. Fis. Modena, Vol. XLV,

pp. 9-51, 1997.

H. Ben-El-Mechaikh and W. Kryszewski, Equilibria of set-valued maps on nonconvex

domains, Trans. Amer. Math. Soc., Vol. 349, No. 10, pp. 4159-4179, 1997.

A. Bensoussan and J. L. Lions, Application des inéquations variationelles en control et en

stochastiques, Dunod, Paris, 1978.

A. Bensoussan and J.L. Lions, Impulse control and quasi-variational inequalities, Gauthier-

Villars, Bordas, Paris, 1984.

F. Bernard and L. Thibault, Uniform prox-regularity of functions and epigraphs in Hilbert

spaces, Nonlinear Anal., Vol. 60, Issue 2, pp. 187-207, 2005.

F. Bernard and L. Thibault, Prox-regular functions in Hilbert spaces, J. Math. Anal. Appl.,

Vol. 303, Issue 1, pp. 1-14, 2005.

F. Bernard and L. Thibault, Prox-Regularity of Functions and Sets in Banach Spaces, Set-

Valued Analysis, Vol. 12, Numbers 1-2, pp. 25-47, 2004.

F. Bernard, L. Thibault, and D. Zagrodny , Integration of Primal Lower Nice Functions in

Hilbert Spaces, J. Optim. Theory Appl., Vol. 124, Number 3, pp. 561-579, 2005.

F. Bernicot and J. Venel, Stochastic perturbation of sweeping process and a convergence result

for an associated numerical scheme, Arxiv preprint arXiv:1001.3128, arxiv.org., 2010.

J.-M. Bonnisseau and B. Cornet, Valuation equilibrium and Pareto optimum in non-convex

economies, J. Math. Econ. 17, pp. 293-308, 1988.

J. M. Borwein and D. M. Zhuang, Verifiable necessary and sufficient conditions for openness

and regularity of set-valued and single-valued maps, J. Math. Anal. Appl., Vol. 134, Issue 2,

pp. 441-459, 1988.

J. M. Borwein and H. M. Strojwas, Tangential approximations, Nonlinear Anal., Vol. 9, Issue
12, pp. 1347-1366, 1985.

J. M. Borwein , Minimal CUSCO and subgradients of Lipschitz functions, in Fixed Point

Theory and its Applications, (J.-B. Baillon and M. Thera eds.), Pitman Lecture Notes in Math.,

Longman, Essex, pp. 57-82, 1991.

J. M. Borwein, S. P. Fitzpatrick, and J. R. Giles, The differentiability of real functions on

normed linear space using generalised gradients, J. Math. Anal. Appl. Vol. 128, pp. 512-534,
1987.

J. M. Borwein and W. B. Moors, Null sets and essentially smooth Lipschitz functions, SIAM

J. Optim., Vol. 8, No. 2, pp. 309-323, 1998.

J. M. Borwein and W. B. Moors, Essentially smooth Lipschitz functions, J. Funct. Anal. Vol.

149, No. 2, pp. 305-351, 1997.

J. M. Borwein and W. B. Moors, A chain rule for Lipschitz functions, SIAM J. Optim. Vol. §,

No. 2, pp. 300-308, 1998.

J. M. Borwein, Stability and regular points of inequality systems, J. Optim. Theory Appl.,

Vol. 48, pp. 9-52, 1986.

J. M. Borwein and M. Fabian, A note on regularity of sets and of distance functions in Banach

space, J. Math. Anal. Appl. Vol. 182, No. 2, pp. 566-570, 1994.

J. M. Borwein and H. M. Strojwas, Proximal analysis and boundaries of closed sets in Banach

space, Part I: Theory, Canad. J. Math., Vol. No.2, pp. 431-452, 1986.

J. M. Borwein and Q.J. Zhu, Techniques of variational analysis, CMS Books in Mathemat-

ics/Ouvrages de Mathmatiques de la SMC, 20. Springer-Verlag, New York, 2005.

M. Bounkhel, On arc-wise essentially smooth mappings between Banach spaces, J. Optim.,

Vol. 51, No. 1, pp. 11-29, 2002.

M. Bounkhel, Implicit differential inclusions in reflexive smooth Banach spaces, To appear in

Proceedings of the American Mathematical Society, 2011.



References 249

41

4

43.

44,

45.

46.

47

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

. M. Bounkhel, Arc-wise essentially tangentially regular set-valued mappings and their
applications to nonconvex sweeping process, Cubo, Vol. 10, No. 1, pp. 43-66, 2008.

. M. Bounkhel, Existence results of nonconvex differential inclusions, Port. Math., Vol. 59,

No. 3, pp. 283-310, 2002.

M. Bounkhel, General existence results for second order nonconvex sweeping process with

unbounded perturbations, Port. Math., Vol. 60, No. 3, pp. 269-304, 2003.

M. Bounkhel, On the distance function associated with a set-valued mapping, J. Nonlinear

and Convex Analysis, Vol. 2, No. 2, pp. 265-278, 2001.

M. Bounkhel, Scalarization of normal Fréchet regularity for set-valued mappings,

New Zealand Journal of Mathematics, 33, No. 2, pp. 129-146, 2004.

M. Bounkhel, Existence results for first and second order nonconvex sweeping processes with

perturbations and with delay: fixed point approach, Georgian Math. J., 13, No. 2, pp. 239-249,

2006.

. M. Bounkhel, Existence and uniqueness of some variants of nonconvex sweeping processes,

J. Nonlinear Convex Anal., Vol. 8, No. 2, pp. 311-323, 2007.

M. Bounkhel, Tangential regularity in nonsmooth analysis , Ph.d Thesis, University of

Montpellier II, 1999.

M. Bounkhel and B. Al-Senan, An iterative method for nonconvex equilibrium problems, Vol.

7, Issue 2, Article 75, 2006.

M. Bounkhel and B. Al-Senan, General existence results for nonconvex third order differential

inclusions, To appear in EJQTDE, 2010.

M. Bounkhel and T. Haddad, Existence of viable solutions for nonconvex differential

inclusions, Electronic Journal of Differential Equations, No. 50, pp. 1-10, 2005.

M. Bounkhel and T. Haddad, An existence result for a new variant of the nonconvex sweeping

process, Port. Math. Vol. 65, No. 1, pp. 33-47, 2008.

M. Bounkhel and D. Laouir-Azzam, Existence results for second order nonconvex sweeping

process, Set-Valued Anal. Vol. 12, No. 3, pp. 291-318, 2004.

M. Bounkhel and D. Laouir-Azzam, Théoreme d’existence pour des inclusions différentielles

du second ordre, C.R.A.S. Serie I, Vol. 336, pp. 657-659, 2003.

M. Bounkhel and A. Jofre, Subdifferential stability of the distance function and its applica-

tions to nonconvex economies and equilibrium, J. Nonlinear Convex Anal., Vol. 5, No. 3,

pp. 331-347, 2004.

M. Bounkhel and R. Al-Yusof, First and second order convex sweeping processes in reflexive

smooth Banach spaces, Set-Valued and Variational Analysis, Vol. 18, No. 2, pp. 151-182,

2010.

M. Bounkhel and R. Al-Yusof, Proximal analysis in reflexive smooth Banach spaces,

Nonlinear Anal., Vol. 73, No. 7, pp. 1921-1939, 2010.

M. Bounkhel and L. Thibault, Nonconvex sweeping process and prox-regularity in Hilbert

space, J. Nonlinear Convex Anal., Vol. 6, No. 2, pp. 359-374, 2005.

M. Bounkhel and L. Thibault, Scalarization of tangential regularity of set-valued mappings,

Set-Valued Analysis, Vol. 7, pp. 33-53, 1999.

M. Bounkhel and L. Thibault, Subdifferential regularity of directionally Lipschitzian func-

tions, Canad. Bull. Math., Vol. 43, No. 1, pp. 25-36, 2000.

M. Bounkhel and L. Thibault, On various notions of regularity of sets, Nonlinear Anal., Vol.

48, No. 2, pp. 223-246, 2002.

M. Bounkhel and L. Thibault, Directionally pseudo-Lipschitzian set-valued mappings,

J. Math. Anal. Appl., Vol. 266, pp. 269-287, 2002.

M. Bounkhel and L. Thibault, Tangential regularity of Lipschitz epigraphic set-valued

mappings, Optimization (Namur, 1998), Lecture Notes in Econom. and Math. Systems, 481,

Springer, Berlin, pp. 69-82, 2000.

M. Bounkhel, L. Tadj, and A. Hamdi, Iterative schemes to solve nonconvex variational

problems, JIPAM, Vol. 4, Issue 1, Article 14, 2003.

M. Bounkhel, and M. Yarou, Existence results for first and second order nonconvex sweeping

process with delay, Port. Math., Vol. 61, No. 2, pp. 207-230, 2004.



250

66

67

68.

69.

70.

71.

72.

73

74.

75.

76.

71.

78.

79.

80.

82.

83.

84.

85.
86.

87.

88.
89.

90.

91.

92.

References

. M. Bounkhel, and M. Yarou, Existence results for nonconvex sweeping processes with
perturbations and with delay: Lipschitz case, Arab J. Math. Sci., Vol. 8, No. 2, pp. 15-26,
2002.

. A. Bressan, A. Cellina, and G. Colombo, Upper semicontinuous differential inclusions

without convexity, Proc. Amer. Math. Soc., Vol. 106, pp. 771-775, 1989.

R. S. Burachik, Generalized proximal point methods for the variationnal inequality problem,

PhD. thesis, Instituto de Matematica Pura e Aplcada, Rio de Janeiro, Brazil, 1995.

J. V. Burke, An exact penalization view point of constrained optimization, SIAM J. Contr.

Optim., Vol. 29, No. 4, pp. 968-998, 1991.

J. V. Burke, Calmness and exact penalization, SIAM J. Contr. Optim., Vol. 29, No. 2,

pp. 493-497, 1991.

J. V. Burke, M. C. Ferris, and M. Qian, On the Clarke subdifferential of the distance function

of a closed set, J. Math. Anal. Appl., Vol. 166, pp. 199-213, 1992.

A. Canino, On p-convex sets and geodesics, J. Diff. Equations, Vol. 75, pp. 118-157, 1988.

. C. Castaing, Equation differentielle multivoque avec contrainte sur 1’état dans les espaces de

Banach, Sem. d’Anal. Convexe Montpellier, exposé No. 13, 1978.

C. Castaing and A. G. Ibrahim, Functional differential inclusion on closed sets in Banach

spaces, Advances in mathematical economics, Vol. 2, pp. 21-39, Springer, Tokyo, 2000.

C. Castaing and M. D. P. Monteiro-Marques, Evolution problems associated with nonconvex

closed moving sets with bounded variation, Port. Math., Vol. 53, No. 1, pp. 73-87, 1996.

C. Castaing and M. D. P. Monteiro-Marques, Topological properties of solution sets for

sweeping processes with delay, Port. Math., Vol. 54, No. 4, pp. 485-507, 1997.

C. Castaing, A. Salvadori, and L. Thibault, Functional evolution equations governed by

nonconvex sweeping process, Special issue for Professor Ky Fan. J. Nonlinear Convex Anal.,

Vol. 2, No. 2, pp. 217-241, 2001.

C. Castaing, M. Moussaoui, and A. Syam, Multivalued differential equations on closed

convex sets in Banach spaces, Set-valued Analysis, Vol. 1, pp. 329-353, 1994.

C. Castaing and M. Valadier, Convex analysis and measurable multifunctions, Lecture Notes

in Mathematics, Vol. 580, Springer-Verlag, 1977.

C. Castaing, Quelques problemes d’évolution du second ordre, Sém. d’Anal. Convexe,

Montpellier, exposé No. 5, 1988.

. C. Castaing, T. X. Duc Ha, and M. Valadier, Evolution equations governed by the sweeping

process, Set-valued Analysis, Vol. 1, pp. 109-139, 1993.

C. Castaing and M. D. P. Monteiro-Marques, Periodic solution problem associated with

moving convex sets, Discussions Mathematicas Differential Inclusions, Vol. 15, pp. 99-127,
1995.

N. Chemetov and M. D. P. Monteiro Marques, Nonconvex quasi-variational differential

inclusions, Set-Valued Analysis, Vol. 15, Number 3, pp. 209-221, 2007.

J. P. R. Christensen, On sets of Haar measure zero in Abelian groups, Israel J. Math. Vol. 13,

255-260, 1972.

J. P. R. Christensen, Topological and Borel structure, American Elsevier, New Tork, 1974.

F. H. Clarke, A new approach to Lagrange multipliers, Math. Oper. Res., Vol. 1, pp. 97-102,
1976.

F. H. Clarke, Optimal solutions to differential inclusions, J. Optim. Theory Appl., Vol. 19,

pp. 469-479, 1976.

F. H. Clarke, Optimization and nonsmooth analysis, Wiley-Interscience, New York, 1983.

F. H. Clarke, R. J. Stern and P. R. Wolenski, Proximal smoothness and the lower C? property,

J. Convex Analysis, Vol. 2, No. 1/2, pp. 117-144, 1995.

F. H. Clarke, Y. S. Ledyaev and R. J. Stern, Fixed points and equilibria in nonconvex sets,

Nonlinear Anal., Vol. 25, pp. 145-161, 1995.

F. H. Clarke, Yu. S. Ledyaev, R. J. Stern and P. R. Wolenski, Nonsmooth analysis and control

theory, Springer-Verlag New York, Inc. 1998.

G. Colombo and V. V. Goncharov, The sweeping processes without convexity, Set-valued

Anal., Vol. 7, No. 4, pp. 357-374, 1999.



References 251

93

94

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

. G. Colombo and V. V. Goncharov, Variational inequalities and regularity of closed sets in
Hilbert spaces, J. Convex Anal., Vol. 8, pp. 197-221, 2000.

. G. Colombo and A. Marigonda, Differentiability properties for a class of non-convex

functions, Calculus of Variations and Partial Differential Equations, Vol. 25, Number 1,

pp. 1.31, 2006.

G. Colombo and M.D.P. Monteiro Marques, Sweeping by a continuous prox-regular set, J.

Diff Equations, Vol. 187, No. 1, pp. 46-62, 2003.

G. Colombo and L. Thibault, Prox-regular sets and applications, in Handbook of Nonconvex

Analysis, D. Gao and D. Motreanu, eds., International Press, 2010.

R. Correa, P. Gajardo, and L. Thibault, Subdifferential representation formula and subdif-

ferential criteria for the behavior of nonsmooth functions, Nonlinear Anal., Vol. 65, Issue 4,

pp- 864-891, 2006.

R. Correa, P. Gajardo, and L. Thibault, Links between directional derivatives through

multidirectional mean value inequalities, Mathematical Programming, Vol. 116, Numbers
1-2, pp. 57-77, 2009.

B. Cornet, Contributions a la théorie mathématique des mecanismes dynamiques d’allocation

de ressources, these de doctorat d’état, Université Paris-Dauphine, 1981.

B. Cornet, Existence of slow solutions for a class of differential inclusions, J. Math. Anal.

Appl., Vol. 96, No. 1, pp. 130-147, 1983.

B. Cornet and M. Czarnecki, Existence of generalized equilibria, Nonlinear Anal. Vol. 44,

No. 5, pp. 555-574, 2001.

A. Daniilidis and N. Hadjisavvas, Characterization of nonsmooth semistrictly quasiconvex

and strictly quasiconvex functions, J. Optim. Theory Appl., Vol. 102, Number 3, pp. 525-536,
1999.

K. Deimling, Multivalued differential equations, de Gruyter Series in Nonlinear Analysis and

Applications, 1. Walter de Gruyter & Co., Berlin, 260 pages, 1992.

V. F. Demyanov and V. A. Roshchina, Generalized subdifferentials and exhausters in

nonsmooth analysis, Doklady Mathematics, Vol. 76, Number 2, pp. 652-655, 2007.

V. F. Demyanov, The Rise of nonsmooth analysis: Its main tools, Cybernetics and Systems

Analysis, Vol. 38, Number 4, pp. 527-547, 2002.

R. Deville, G. Godefroy, and V. Zizler, Smoothness and renorming in Banach spaces, Pitman

Monographs and Surveys in Pure and Applied Math., Vol. 64, Longman, 1993.

J. Diestel, Geometry of Banach spaces. Selected topics, Lecture Notes in Math., Vol. 485,

Spring-Verlag, 1975.

J. Diestel, Sequences and series in Banach spaces, Graduate Texts in Mathematics, Vol. 92,

Spring-Verlag, 1984.

T. X. Duc Ha and M. D. P. Monteiro-Marques, Nonconvex second -order differential

inclusions with memory, Set-Valued Analysis, Vol. 3, pp. 71-86, 1995.

T. X. Duc Ha, Existence of Viable solutions of nonconvex differential inclusions, Atti. Semi.

Mat. Fis. Modena, Vol. XLVII, pp. 457-471, 1999.

T. X. Duc Ha, Lagrange multipliers for set-valued optimization problems associated with

coderivatives, J. Math. Anal. Appl., Vol. 311, Issue 2, pp. 647-663, 2005.

D. Duvaut and J.L. Lions, Inequalities in mechanics and physics, Springer Verlag, 1976.

R. Dzonou, M. D.P. Monteiro Marques, and L. Paoli, Algorithme de type sweeping process

pour un probleme de vibro-impact avec un operateur d’inertie non trivial, Comptes Rendus

Mecanique, Vol. 335, Issue 1, pp. 56-60, 2007.

R. Dzonou, M. D.P. Monteiro Marques, and L. Paoli, A sweeping process approach to

inelastic contact problems with general inertia operators, European Journal of Mechanics

- A/Solids, Vol. 26, Issue 3, pp. 474-490, 2007.

J. F. Edmond, Delay perturbed sweeping process, Set-Valued Analysis, Vol. 14, Number 3,

pp- 295-317, 2006.

J. F. Edmond and L. Thibault, BV solutions of nonconvex sweeping process differential

inclusion with perturbation, Journal of Differential Equations, Vol. 226, Issue 1, pp. 135-179,

2006.



252

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

129.
130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

References

J. E. Edmond and L. Thibault, Relaxation of an optimal control problem involving a perturbed
sweeping process, Mathematical Programming, Vol. 104, Numbers 2-3, pp. 347-373, 2005.
J. F. Edmond, Relaxation of a Bolza problem governed by a time-delay sweeping process,
Set-Valued Analysis, Vol. 16, Numbers 5-6, pp. 563-580, 2008.

M. Florenzano, P. Gourdel, and A. Jofré, Supporting weakly Pareto optimal allocations
in infinite dimensional nonconvex economies, Economic Theory, Vol. 29, Number 3,
pp. 549-564, 2006.

H. Federer, Curvatures measures, Trans. Amer. Math. Soc., Vol. 93, pp. 418-491, 1959.

O.P. Ferreira, Dini derivative and a characterization for Lipschitz and convex functions on
Riemannian manifolds, Nonlinear Anal.: Theory, Methods & Applications, Vol. 68, Issue 6,
pp. 1517-1528, 2008.

M. Florenzano, General equilibrium analysis: existence and optimality properties of equilib-
ria, Kluwer, Dordrecht, The Netherlands. 2003.

M. A. Gamal, Perturbation non convex d’un probléme dévolution dans un espace Hilbertien,
Sém. d’Anal. Convexe, Montpellier, exposé No. 16, 1981.

M. A. Gamal, Perturbation non convex d’un probleme d’évolution dans un espace de Banach,
Sém. d’Anal. Convexe, Montpellier, exposé No. 17, 1982.

A. Gavioli and L. Malaguti, Viable solutions of differential inclusions with memory in Banach
spaces, Portugal. Math., Vol. 57, No. 2, pp. 203-217, 2000.

W. Geremew, B.S. Mordukhovich, and N.M. Nam, Coderivative calculus and metric regularity
for constraint and variational systems, Nonlinear Anal.: Theory, Methods & Applications,
Vol. 70, Issue 1, pp. 529-552, 2009.

R. Glowinski and P. Le Tallec, Augmented Lagrangian and operator-splitting methods in
nonlinear mechanics, SIAM Studies in Applied Mathematics, 1989.

R. Glowinski, J.L. Lions, and R. Tremolier, Numerical analysis of variational inequalities,
North Holland Publishing Company, Amsterdam, New York, 1981.

R. Guesnerie, Pareto optimality in non-convex economies, Econometrica 43, pp. 1-29, 1975.
T. Haddad and L. Thibault, Mixed semicontinuous perturbations of nonconvex sweeping
processes, Mathematical Programming, Vol. 123, Number 1, pp. 225-240, 2010.

T. Haddad, L. Thibault, and A. Jourani, Reduction of sweeping process to unconstrained
differential inclusion, math.u-bourgogne.fr, 2009.

W. Han, B.D. Reddy, and G.C. Schroeder, Qualitative and numerical analysis of quasi-static
problems in elastoplasticity, SIAM J. Numer. Anal., Vol. 34, pp. 143-177, 1997.

W. L. Hare, Functions and sets of smooth substructure: relationships and examples, Compu-
tational Optimization and Applications, Vol. 33, Numbers 2-3, pp 249-270, 2006.

W. L. Hare and C. Sagastizbal, Computing proximal points of nonconvex functions, Mathe-
matical Programming, Vol. 116, Numbers 1-2, pp. 221-258, 2009.

P.T. Harker and J.S. Pang, Finite-dimensional variational inequality and nonlinear com-
plementarity problems: A survey of theory, algorithm and applications, Mathematical
Programming, Vol. 48, pp. 161-220, 1990.

J. B. Hiriart-Urruty, Tangent cones, generalized gradients and mathematical programing in
Banach spaces, Math. Oper. Res., Vol. 4, pp. 79-97, 1979.

J. B. Hiriart-Urruty, New concepts in nondifferentiable programming, Bull. Soc. Math.
France, Memoire 60, pp. 57-85, 1979.

C. Henry, An existence theorem for a class of differential inclusions with multivalued right-
hand side, J. Math. Anal. Appl., Vol. 41, pp. 179-186, 1973.

A . D. loffe, Euler-Lagrange and Hamiltonian formalisms in dynamic optimization, Trans.
Amer. Math. Soc., Vol. 349 No. 7, pp. 2871-2900, 1997.

A . D. Joffe, Proximal analysis and approximate subdifferentials, J. London Math . Soc.,
Vol. 2, pp. 175-192, 1990.

A. D. Ioffe, Approximate subdifferentials and applications 3 : The metric theory, Mathe-
matika, Vol. 36, pp. 01-38, 1989.

A . D. Ioffe, Codirectional compactness, metric regularity, and subdifferential calculus,
Constructive, experimental, and nonlinear analysis (Limoges, 1999), CMS Conf., Proc.,
Vol. 27, Amer. Math. Soc., Providence, RI, pp. 123-163, 2000.



References 253

143

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

167.

. A. Jofre and J. Rivera, A nonconvex separation property and some applications, Math.
Program., Vol. 108, No. 1, Ser. A, pp. 37-51, 2006.

A. Jofre, A second-welfare theorem in nonconvex economies, Constructive, experimental,
and nonlinear analysis (Limoges, 1999), CMS Conf. Proc., Vol. 27, Amer. Math. Soc.,
Providence, RI, pp. 175-184, 2000.

A. Jofré and L. Thibault, D-representation of subdifferentials of directionally Lipschitzian
functions, Proc. Amer. Math. Soc., Vol. 110, pp. 117-123, 1990.

A. Jofré and L. Thibault, Proximal and Fréchet normal formulae for some small normal cones
in Hilbert space, Nonlinear Anal., Vol. 19, Issue 7, pp. 599-612, 1992.

A. Jofre, R. T. Rockafellar, and R. J-B. Wets, Variational inequalities and economic
equilibrium, Math. Oper. Res., Vol. 32, No. 1, pp. 32-50, 2007.

A. Jourani, Weak regularity of functions and sets in Asplund spaces, Nonlinear Anal., Vol. 65,
Issue 3, pp. 660-676, 2006.

A. Jourani and L. Thibault, Qualification conditions for calculus rules of coderivatives of
multivalued mappings, J. Math. Anal. Appl., Vol. 218, Issue 1, pp. 66-81, 1998.

D. Kandilakis and N. S. Papageorgiou, Nonsmooth analysis and approximation, Journal of
Approximation Theory, Vol. 52, Issue 1, pp. 58-81, 1988.

D. Kandilakis and N. S. Papageorgiou, Convergence in approximation and nonsmooth
analysis, Journal of Approximation Theory, Vol. 49, Issue 1, pp. 41-54, 1987.

M. A. Khan, Ioffe’s normal cone and the foundations of welfare economics: An example,
Econ. Lett., Vol. 28, pp. 5-19, 1988.

M. A. Khan, Ioffe’s normal cone and the foundations of welfare economics: The infinite
dimensional theory, J. Math. Anal. Appl., Vol. 161, pp. 284-298, 1991.

M. A. Khan, The Mordukhovich normal cone and the foundations of welfare economics, J.
Public Econ. Theory, Vol. 1, pp. 309-338, 1999.

M. A. Khan and S. Rashid, Nonconvexity and Pareto optimality in large markets, Inter. Econ.
Rev., Vol. 16, pp. 222-245, 1975.

M. A. Khan and R. Vohra , An extension of the second welfare theorem to economies with
non-convexities and public goods, Quartery J. Econ., Vol. 102, pp. 223-245, 1987.

M. A. Khan and R. Vohra, Pareto optimal allocations of nonconvex economies in locally
convex spaces, Nonlinear Anal., Vol. 12, pp. 943-950, 1988.

M. A. Khan and R. Vohra, On approximate decentralization of Pareto optimal allocations in
locally convex spaces, J. Approx. Theory, Vol. 52, pp. 149-161, 1988.

D. Klatte and B. Kummer, Nonsmooth equations in optimization: Regularity, calculus,
methods and applications, Vol. 60 of Nonconvex Optimization and Its Applications. Kluwer,
Dordrecht-Boston- London, 2002.

Kung Fu Ng and Rui Zang, Linear regularity and @-regularity of nonconvex sets, J. Math.
Anal. Appl., Vol. 328, Issue 1, pp. 257-280, 2007.

M. Kunze and M.D.P. Monteiro Marques, Existence of solutions for degenerate sweeping
processes, J. Convex Anal., Vol. 4, pp. 165-176, 1997.

M. Kunze and M.D.P. Monteiro Marques, On the discretization of degenerate sweeping
processes, Port. Math., Vol. 55, pp. 219-232, 1998.

M. Kunze and M.D.P. Monteiro Marques, On parabolic quasi-variational inequalities and
state-dependent sweeping processes, Topol. Methods Nonlinear Anal., Vol. 12, pp. 179-191,
1998.

M. Kunze and M.D.P. Monteiro Marques, An introduction to Moreau’s sweeping process,
Impacts in mechanical systems (Grenoble, 1999), Lecture Notes in Phys., Vol. 551, Springer,
Berlin, pp. 1-60, 2000.

M. Kunze and M.D.P. Monteiro Marques, BV solutions to evolution problems with time-
dependent domains, Set-Valued Analysis, Vol. 5, Number 1, pp. 57-72, 1997.

A.Y. Kruger, Subdifferentials of nonconvex functions and generalized directional derivatives,
Deposited at VINITI, No. 2661-77, Minsk, 1977 (in Russian).

A.Y. Kruger, e-semidifferentials and e-normal elements, Depon. VINITI, No. 13, pp. 31-81,
Moscow, 1981. (in Russian).



254

168.

169.

170.

171.

172.

173.

174.

175.
176.

177.

178.

179.

180.

181.

182.

183.

184.

185.

186.

187.

188.

189.

190.

191.

192.

193.

194.

References

A. Y. Kruger, About regularity of collections of sets, Set-Valued Analysis, Vol. 14, Number 2,
pp. 187-206, 2006.

A. Y. Kruger, Metric regularity and systems of generalized equations, J. Math. Anal. Appl.,
Vol. 342, Issue 2, pp. 864-873, 2008.

A.Y. Kruger, Generalized differentials of nonsmooth functions and necessary conditions for
an extremum, Siberian Math. J., Vol. 26, pp. 370-379, 1985.

A. Y. Kruger, On calculus of strict e-semidifferentials, Dokl. Akad. Nauk Belarus, Vol. 40, 4,
pp. 34-39, 1996. (in Russian).

A.Y. Kruger, Strict e-semidifferentials and extremality conditions, Dokl. Akad. Nauk Belarus,
Vol. 41, 3, pp. 21-26, 1997. (in Russian).

A. Y. Kruger, On extremality of sets systems, Dokl. Nat. Akad. Nauk Belarus, Vol. 42, 1,
pp. 24-28, 1998. (in Russian).

A.Y. Kruger, Strict (g, 8 )-semidifferentials and extremality conditions, Optimization, Vol. 51,
pp- 539-554, 2002.

A.Y. Kruger, On Fréchet subdifferentials, J. Math. Sci., Vol. 116, pp. 3325-3358, 2003.

A. Y. Kruger, Weak stationarity: eliminating the gap between necessary and sufficient
conditions, Optimization, Vol. 53, pp. 147-164, 2004.

A.Y. Kruger and B.S. Mordukhovich, Extremal points and the Euler equation in nonsmooth
optimization, Dokl. Akad. Nauk Belarus, Vol. 24, 8, pp. 684-687, 1980. (in Russian).

K. S. Lau, Almost Chebychev subsets in reflexive Banach spaces, Indiana Univ. Math. J.,
Vol. 2, pp. 791-795, 1978.

Lee, N.N. Tam, and N.D. Yen, Normal coderivative for multifunctions and implicit function
theorems, J. Math. Anal. Appl., Vol. 338, Issue 1, pp. 11-22, 2008.

P. D. Loewen, Limits of Fréchet normals in nonsmooth analysis, Optimization and Nonlinear
Analysis (A.D. loffe, L. Marcus, and S. Reich, eds.), Pitman Research Notes Math. Ser.,
Vol. 244, pp. 178-188, 1992.

J. W. Macki and P. Zecca, Nonsmooth analysis and sufficient conditions for a saddle in a
differential game, J. Math. Anal. Appl., Vol. 126, Issue 2, pp. 375-381, 1992.

G. G. Malcolm and B. S. Mordukhovich, Pareto optimality in nonconvex economies with
infinite-dimensional commodity spaces, J. Global Optim., Vol. 20, pp. 323-346, 2001.

S. Marcellin and L. Thibault, Integration of e-Fenchel subdifferentials and maximal cyclic
monotonicity, J. Global Optim., Vol. 32, Number 1, pp., 83-91, 2005.

P. Michel and J. P. Penot, Calcul sous-differentiel pour les fonctions Lipschitziennes et non
Lipschitziennes, C. R. Acad. Sci. Paris, Vol. 298, 269-272, 1984.

M. D. P. Monteiro-Marques, Differential inclusions in nonsmooth mechanical problem, shoks
and dry friction, Birkduser, 1995.

B. Maury. A time-stepping scheme for inelastic collisions. Numerische Mathematik, Vol. 102,
No. 4, pp. 649-679, 2006.

B. Maury and J. Venel. Un modéle de mouvement de foule, ESAIM: Proc., Vol. 18,
pp. 143-152, 2007.

B. Maury and J. Venel. A microscopic model of crowd motion, C.R. Acad. Sci. Paris Ser.l,
Vol. 346, pp. 1245-1250, 2008.

B. Maury and J. Venel. A discrete contact model for crowd motion, M2AN Math. Model.
Numer. Anal., 2010.

W. B. Moors, A characterisation of minimal subdifferential mappings of locally Lipschitz
functions, Set-Valued Analysis, Vol. 3, pp. 129-144, 1995.

R. Morchadi and S. Sajid, Nonconvex second order differential inclusions, Bull. Polish Acad.
Sci. Math., Vol. 47. No. 3, pp. 267-281, 1999.

B. Mordukhovich, Variational analysis and generalized differentiation I: Basic theory,
Vol. 330, Springer Verlag, Berlin, 2006.

B. Mordukhovich, Variational analysis and generalized differentiation Il: Applications ,
Vol. 331, Springer Verlag, Berlin, 2006.

B. S. Mordukhovich, Approximation methods in problems of optimization and control, Nauka,
Moscow, 1988.



References 255

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

20s.

206.

207.

208.

209.

210.

211.

212.

213.

214.

215.

216.

217.

B. Mordukhovich, Generalized differential calculus for nonsmooth and set-valued mappings,
J. Math. Anal. Appl., Vol. 183, pp. 250-288, 1994.

B. Mordukhovich and Y. Shao, Nonsmooth sequential analysis in Asplund spaces, Trans.
Amer. Math. Soc. Vol. 348, No. 4, pp. 1235-1280, 1996.

B. Mordukhovich and Y. Shao, Stability of set-valued mappings in infinite dimension: point
criteria and applications, SIAM J. Control Optimization, Vol. 35, pp. 285-314, 1997.

B. Mordukhovich and Y. Shao, Nonconvex differential calculus for infinite dimensional
multifunctions, Set-Valued Analysis, Vol. 4, pp. 205-236, 1996.

B. Mordukhovich and Y. Shao, Differential characterizations of covering, metric regularity,
and Lipschitzian properties of multifunctions between Banach spaces, Nonlinear Anal., Vol.
25, Issue 12, pp. 1401-1424, 1995.

B. Mordukhovich and N. M. Nam, Subgradient of distance functions with applications to
Lipschitzian stability, Mathematical Program., Vol. 104, Numbers 2-3, pp. 635-668, 2005.
B. Mordukhovich, Nonlinear prices in nonconvex economies with classical Pareto and strong
Pareto optimal allocations, Positivity, Vol. 9, No. 3, pp. 541-568, 2005.

B. Mordukhovich, Equilibrium problems with equilibrium constraints via multiobjective
optimization, Optim. Meth. Soft., Vol. 19, pp. 479-492. 2004.

B. Mordukhovich, Lipschitzian stability of parametric constraint systems in infinite di-
mensions, Generalized Convexity, Generalized Monotonicity and Aplications, edited by A.
Eberhard et al., Nonconvex Optimization and Its Applications, pp. 39-59, Springer, New York.
2004.

B. Mordukhovich, Optimization and equilibrium problems with equilibrium constraints,
OMEGA, Vol. 33, pp. 379-384, 2005.

B. Mordukhovich, Sensitivity analysis for variational systems, Variational Analysis and
Applications, edited by F. Giannessi and A. Maugeri, pp. 723-743, Springer, Berlin. 2005.

B. Mordukhovich, Sensitivity analysis for generalized variational and hemivariational in-
equalities, Advances in Analysis, edited by H. G. W. Begehr et al., pp. 305-314, World
Scientific Publishing, London, UK., 2005.

J. J. Moreau, Rafle par un convexe variable (Prémiere partie), Sém. d’Anal. Convexe,
Montpellier, exposé No. 15, 1971.

J. J. Moreau, Rafle par un convexe variable (Deuxieme partie), Sém. d’Anal. Convexe,
Montpellier, exposé No. 3, 1972.

J. J. Moreau, Evolution problem associated with a moving convex set in Hilbert space, J. Diff.
Equa., Vol. 26, pp. 347-374, 1977.

J. J. Moreau, Application of convex analysis to the treatment of elasto-plastic systems, in
Germain and Nayroles (eds.), Applications of Methods of Functional Analysis to Problems
in Mechanics, Lecture Notes in Mathematics, Vol. 503, Springer-Verlag, Berlin, pp. 56-89,
1976.

J. J. Moreau, Unilateral contact and dry friction in finite freedom dynamics, in J. J. Moreau
and P. D. Panagiotopoulos (eds.), Nonsmooth Mechanics, CISM Courses and Lectures,
Vol. 302, Springer-Verlag, Vienna, New York, pp. 1-82, 1988.

A. Moudafi, An algorithmic approach to prox-regular variational inequalities, Applied
Mathematics and Computation, Vol. 155, Issue 3, pp. 845-852, 2004.

A. Moudafi, A proximal iterative approach to a non-convex optimization problem, Nonlinear
Anal.: Theory, Methods & Applications, Vol. 72, Issue 2, pp. 704-709, 2010.

A. Moudafi, Projection methods for a system of nonconvex variational inequalities, Nonlinear
Anal.: Theory, Methods & Applications, Vol. 71, Issues 1-2, pp. 517-520, 2009.

D. Noll, Second order epi-derivatives and the Dupin-indicatrix for nonsmooth functions,
Nonlinear Anal., Vol. 24, Issue 4, pp. 563-573, 1995.

M. A. Noor, Multivalued strongly nonlinear quasi-variational inequalities, Chinese Journal of
Mathematics, Vol. 23, No. 3, pp. 275-286, 1995.

M. A. Noor, Multivalued strongly nonlinear variational inequalities, Optimization, Vol. 36,
No. 1, pp. 31-39, 1996.



256

218.

219.

220.

221.

222.

223.

224.

225.

226.

227.

228.

229.

230.

231.

232.

233.

234.

235.

236.

237.

238.

239.

240.

241.

242.

243.

244,
245.

References

M. A. Noor, Generalized multivalued quasi-variational inequalities, Computers Math. Applic.,
Vol. 31, No. 12, pp. 1-13, 1996.

M. A. Noor, Projection methods for nonconvex variational inequalities, Optimization Letters,
Vol. 3, No. 3, pp. 411-418, 2009.

M. A. Noor, Regularized mixed quasi-equilibrium problems, J. Appl. Math. Comput., Vol. 23,
No. 1-2, pp. 183-191, 2007.

M. A. Noor, Some iterative methods for nonconvex variational inequalities, Computational
Mathematics and Modeling, Vol. 21, No. 1, pp. 97-108, 2010.

M. A. Noor, Some classes of general nonconvex variational inequalities, Albanian J. of
Maths., Vol. 3, No. 4, pp. 175-188, 2009.

M. A. Noor, Iterative schemes for nonconvex variational inequalities, J. Optim. Th. Appl.,
Vol. 121, No. 2, pp. 385-395, 2004.

B. Piccoli and E. Girejko, On some concepts of generalized differentials, Set-Valued Analysis,
Vol. 15, No. 2, pp. 163-183, 2007.

J. P. Penot, Calcul sous-différentiel et optimisation, J. Funct. Anal., Vol. 27, pp. 248-276,
1978.

J. P. Penot, Softness, sleekness and regularity properties in nonsmooth analysis, Nonlinear
Anal.: Theory, Methods & Applications, Vol. 68, Issue 9, pp. 2750-2768, 2008.

J. P. Penot, A characterization of tangential regularity, Nonlinear Anal., Vol. 5, Issue 6,
pp. 625-643, 1981.

R. A. Poliquin, Integration of subdifferentials of nonconvex fuctions, Nonlinear Anal. Vol. 17,
pp. 385-396, 1991.

R. Poliquin and R. T. Rockafellar, Prox-regular functions in variational analysis, Trans. Amer.
Math. Soc., Vol. 348, pp. 1805-1838, 1996.

R. A. Poliquin, R. T. Rockafellar, and L. Thibault, Local differentiability of distance
functions, Trans. Amer. Math. Soc., Vol. 352, No. 11, pp. 5231-5249, 2000.

L. Prigozhin, Variational model of sandpile growth, European J. Appl. Math., Vol. 7,
pp. 225-235, 1996.

L. Prigozhin, On the Bean critical-state model in superconductivity, European J. Appl. Math.,
Vol. 7, pp. 237-247, 1996.

S. M. Robinson, Regularity and stability for convex multi-valued functions, Math. Oper. Res.,
Vol. 1, pp. 130-143, 1976.

R. T. Rockafellar, Extensions of subgradient with applications to optimization, Nonlinear
Anal., Vol. 9, pp. 665-698, 1985.

R. T. Rockafellar, Clarke’s tangent cones and the boundaries of closed sets in R”, Nonlinear
Anal. Th. Meth. Appl., Vol. 3, No. 1, pp. 145-154, 1979.

R. T. Rockafellar, Generalized directional derivatives and subgradients of nonconvex func-
tions, Canad. J. Math., Vol. 39, pp. 257-280, 1980.

R. T. Rockafellar, Directionally Lipschitzian functions and subdifferential calculus, Proc.
London Math. Soc., Vol. 39, pp. 331-355, 1979.

R. T. Rockafellar, Lipschitzian properties of multifunctions, Nonlinear Anal. Th. Meth. Appl.,
Vol. 9, pp. 867-885, 1985.

R. T. Rockafellar, Favorable classes of Lipschitz continuous functions in sudgradient
optimization, in Nondifferentiable Optimization, E. Nurminski, Ed., Permagon Press,
New York, 1982.

R. T. Rockafellar, Convex Analysis, Princeton Univ. Press, Princeton, NJ, 1970.

R. T. Rockafellar and R. Wets, Variational analysis, Springer Verlag, Berlin, 1998.

R. T. Rockafellar and D. Zagrodny, A derivative-coderivative inclusion in second-order
nonsmooth analysis, Set-Valued Analysis, Vol. 5, No. 1, pp. 89-105, 1997.

P. Rossi, Viability for upper semicontinuous differential inclusions without convexity, Diff.
and Integr. Equations, Vol. 5, No. 2, pp. 455-459, 1992.

W. Schirotzek, Nonsmooth analysis. Universitext. Springer, Berlin, 2007.

M. V. Solodov and P. Tseng, Modified projection-type methods for monotone variational
inequalities, S.LA.M. J. Control and Optimization, Vol. 34, No. 5, pp. 1814-1830, 1996.



References 257

246.

247.

248.

249.

250.

251.

252.

253.

254.

255.

256.

257.

258.

259.

260.

261.

262.

A. Syam, Contributions aux inclusions différentielles, These, Université de montpellier.2,
montpellier, 1993.

L. Thibault, On subdifferentials of optimal value functions, SIAM J. Control and Optimiza-
tion, Vol. 29, No. 5, pp. 1019-1036, 1991.

L. Thibault, Sweeping process with regular and nonregular sets, J. Diff. Eq. Vol. 193, pp. 1-26,
2003.

L. Thibault, Regularization of nonconvex sweeping process in Hilbert space, Set-Valued
Analysis, Vol. 16, No. 2-3, pp. 319-333, 2008.

L. Thibault and D. Zagrodny, Integration of lower semicontinuous functions on Banach
spaces, J. Math. Anal. Appl., Vol. 189, pp. 33-58, 1995.

L. Thibault, Propriétés des sous-différentiels de fonctions localement lipschitziennes definies
sur un espace de Banach séparable. Applications. Ph.D Thesis, Departement of Mathematics,
University of Montpellier, Montpellier, France, 1975.

L. Thibault, On generalized differentials and subdifferentials of Lipschitz vector-valued
functions, Nonlinear Anal., Vol. 6, Issue 10, pp. 1037-1053, 1982.

L. Thibault, Subdifferentials of nonconvex vector-valued functions, J. Math. Anal. Appl.,
Vol. 86, Issue 2, pp. 319-344, 1982.

L. Thibault and N. Zlateva, Integrability of subdifferentials of certain bivariate functions,
Nonlinear Anal., Vol. 54, Issue 7, pp. 1251-1269, 2003.

M. Valadier, Entrainement unilateral, lignes de descente, fonctions lipschitziennes non
pathologiques, C.R.A.S Paris, Vol. 308, Series I, pp. 241-244, 1989.

M. Valadier, Lignes de descente de fonctions lipschitziennes non pathologiques, Sém. d’Anal.
Convexe, Montpellier, exposé No. 9, 1988.

M. Valadier, Quelques problemes d’entrainement unilateral en dimension finie, Sem. d’Anal.
Convexe. Montpellier, exposé No. 8, 1988.

J. P. Vial, Strong and weak convexity of sets and functions, Math. Ops. Res., Vol. 8,
pp- 231-259, 1983.

J. Venel, Numerical scheme for a whole class of sweeping process, Arxiv preprint
arXiv:0904.2694, 2009-arxiv.org, 2009.

J.J. Ye, X. Y. Ye, and Q. J. Zhu, Exact penalization and necessary optimality conditions for
generalized bilevel programming problems, SIAM J. Optim., Vol. 7, pp. 481-507, 1997.

D. Ward, Chain rules for nonsmooth functions, J. Math. Anal. Appl., Vol. 158, Issue 2,
pp- 519-538, 1991.

D. Zagrodny, Approximate mean value theorem for upper subderivatives, Nonlinear Anal.,
Vol. 12, pp. 1413-1428, 1988.



Index

A

absolutely continuous, 156

algorithm, 221

analytic characterizations, 22
anti-monotone set-valued mappings, 185
arc-wise essentially, 60, 62
Arzela—Ascoli’s theorem, 151

Asplund space, 76, 83

Asymptotic Included Condition, 239
Aubin property, 101

B

basic subdifferential, 16

Basic Normal Cone, 27
bipolar, 117

Bouligand tangent cone, 17, 35
boundary, 61

bounded, 9

bounded-linear growth, 192
Bounkhel, vii

C

Chain rule, 11

Calculus rules, 7, 33

calmness, 121

Clarke directional derivative, 10
Clarke normal cone, 20

Clarke subdifferential, 10, 101

Clarke tangent cone, 17,35, 61,92, 115
closed convex hull, 3

closed convex set, 8

closedness, 77

co-normal stability, 238

compactly epi-Lipschitz, 240
Constrained Minimization Problems, 8

contingent cone, 17, 61,95, 113
contingentially metrically stable, 96
continuous linear mapping, 96
continuous retraction, 243

convex, 3,4,6,9, 10

convex continuous function, 7-9, 16
convex function, 4

convex hull, 3

convex set, 3

convexified (Clarke) normal cone, 37
Convexified Normal Cone, 20

core of a subset, 97

D

differentiability, 4

differential inclusion, 34

Dini subdifferential, 16

Dini subdifferentially regular, 76
directional derivative, 4, 6,7, 10
directional regularity, 38, 99, 103, 132
directionally Lipschitz, 75
directionally regular, 38, 76, 77
distance function, 9, 87

distance function to images, 87

E

economy, 239

effective domain, 4, 88
enlargement, 113
epi-Lipschitz, 33,75, 104, 111
epigraph, 4,33, 104
equi-Lipschitz, 179
equiboundedness, 191
equioscillating, 181

exact penalization, 121

M. Bounkhel, Regularity Concepts in Nonsmooth Analysis: Theory and Applications,
Springer Optimization and Its Applications 59, DOI 10.1007/978-1-4614-1019-5,

© Springer Science+Business Media, LLC 2012

259



260

F

feasible allocation, 239

finite dimensional, 49, 137, 167

Fréchet differentiable, 5

Fréchet Normal Cone (Prenormal cone), 25
Fréchet normal regularity, 37, 67

Fréchet subdifferential, 16

Fréchet subdifferential regularity, 39, 83

G

Gateaux derivative, 5, 6, 10

Gateaux differentiable, 5-7, 10
generalized directional derivative, 74, 113
generalized gradient, 10

geometric normal cone, 103

global minimum, 6, 7,9

global upper semicontinuity, 154

graph, 88

Gronwall’s inequality, 189

H
Haar-null set, 62
Hausdorft Lipschitz, 217

I

implicit set-valued mapping, 96, 97
indicator function, 88

infinite dimensional, 49, 94
intermediate value theorem, 13
isolated points, 63

iteration, 221

L

1.s.c. convex function, 9

left topology, 63

level set, 4,229

Limiting Normal Cone, 27

limiting proximal normal cone, 27
limiting subdifferential, 16

linear growth condition, 185

Lipschitz epigraphic, 104, 107

local compactness, 175

local Lipschitz-like property, 101

local minimum, 6, 7,9, 11

locally Lipschitz, 5,9, 10

lower Dini directional derivative, 16, 75
lower semicontinuous, 4

lower-C? functions, 230
lower-Hausdorff semi-continuous, 123

Index

M

Mean Value Theorem, 11
Mazur’s lemma, 196

modulus of calmness, 121
monotone, 185

Mordukhovich Normal Cone, 27
Mordukhovich regularity, 46
Mordukhovich subdifferential, 16

N

necessary optimality conditions, 6, 7
negative polar cone, 8,91
nondifferentiable nonconvex functions, 10
nonexpansive, 202

nontransitive economies, 227

normal cone, 8,9, 91

normed space, 88

null measure, 61

(0
open convex set, 9

P

Pointwise maximum rule, 11
Painlevé—Kuratowski, 236

Pareto optimum, 239

piecewise affine approximants, 179
Pointwise maximum, 231
positively homogeneous, 7, 11
preference set-valued mapping, 239
projection, 20

projection algorithm, 212

proximal normal cone, 20
proximal normal regularity, 37
proximal subdifferential, 16
proximal subdifferential regularity, 39, 83
proximally smooth, 55, 227
pseudo-Lipschitz property, 101

Q

qualification condition, 33
quasi-equilibrium price, 240

R

radius of calmness, 121

Regularity of Functions, 73

relative strong compactness, 151
right topology, 63

Robinson qualification condition, 97



Index

S

scalar regularity, 37

scalarly measurable, 193

scalarly u.s.c., 193

scalarly upper semi-continuous, 201
second order differential inclusions, 165
Second Order Sweeping Process, 192
second welfare theorem, 239
sequential characterizations, 17
sequentially closed, 83

stability, 236

strictly differentiable almost everywhere, 60
strictly Fréchet differentiable, 96
strong bounded-linear growth, 192
strong linear growth condition, 185
strongly monotone, 223

subadditive, 7, 11

subdifferential, 7, 10

subdifferential regularity, 38
subdivision, 202

sufficient optimality condition, 7, 9
Suslin metrizable space, 193
sweeping process, 34

T
tangent cone, 8
tangential regularity, 35, 87,99, 103, 116

The Generalized Gradient, 10
the generalized gradient, 10
topological interior, 61
topological vector space, 88
topologically closed, 83

U

Unconstrained Minimization Problems, 5
Uniform Prox-Regularity, 55

uniformly continuous, 185

unique solution, 172

upper hemicontinuity, 154

utility functions, 227

v
value function, 121
variational inequality, 211

w
weak star sequentially compact, 76
weak tangential regularity, 49

Z
Zagrodny mean value theorem, 76

261



	000 Cover
	000 front-matter
	Regularity Concepts in Nonsmooth Analysis
	Preface
	Acknowledgements
	Contents
	List of Figures


	001 Part 1
	Part I Nonsmooth Analysis Theory

	003 Chapter 1
	1 Nonsmooth Concepts
	1.1 Introduction
	1.2 From Derivatives to Subdifferentials
	1.2.1 Unconstrained Minimization Problems
	1.2.2 Constrained Minimization Problems

	1.3 Subdifferentials
	1.3.1 The Generalized Gradient (Clarke Subdifferential)
	1.3.2 Other Concepts of Subdifferentials

	1.4 Tangent Cones
	1.5 Normal Cones
	1.5.1 The Convexified (Clarke) Normal Cone
	1.5.2 The Proximal Normal Cone
	1.5.3 The Fr´echet Normal Cone (Prenormal cone)
	1.5.4 The Basic Normal Cone (Limiting Normal Cone orMordukhovich Normal Cone)

	1.6 Commentary to Chap. 1

	031 Part 2
	Part II Regularity Concepts in Nonsmooth Analysis Theory

	033 Chapter 2
	2 Regularity of Sets
	2.1 Motivations
	2.1.1 Calculus Rules
	2.1.2 Differential Inclusions 

	2.2 Tangential Regularity of Sets
	2.3 Fréchet and Proximal Normal Regularity of Sets
	2.4 Scalar Regularity of Sets
	2.5 Scalarization of Tangential Regularity: [(TR)(DR)?]
	2.6 Scalarization of Fréchet Normal Regularity: [(FNR)(FSR)]?
	2.7 Scalarization of Proximal Normal Regularity: [(PNR)  (PSR)]?
	2.8 Weak Tangential Regularity of Sets
	2.9 Uniform Prox-Regularity of Sets
	2.10 Arc-Wise Essential Tangential Regularity
	2.11 More on the Regularity of Sets
	2.11.1 Fréchet Case
	2.11.2 Proximal Case

	2.12 Commentary to Chap.2


	073 Chapter 3
	3 Regularity of Functions
	3.1 Introduction
	3.2 Directional Regularity of Functions
	3.3 Fréchet and Proximal Subdifferential Regularity of Functions
	3.4 Commentary to Chap.3


	087 Chapter 4
	4 Regularity of Set-Valued Mappings
	4.1 Introduction
	4.2 On the Distance Function to Images M Around Points on the Graph
	4.3 Tangential Regularity of gph M and Directional Regularity of M
	4.4 Tangential Regularity of Lipschitz Epigraphic Set-Valued Mappings
	4.5 Tangential Regularity of Images
	4.6 On the Distance Function to Images Around Points Outside the Graph
	4.7 Application of M: Calmness and Exact Penalization
	4.8 Commentary to Chap.4


	125 Part 3
	Part III Applications of Nonsmooth Analysis Theory

	127 Chapter 5
	5 First Order Differential Inclusions
	5.1 Nonconvex Sweeping Processes and Nonconvex Differential Inclusions
	5.1.1 Introduction
	5.1.2 Equivalence Between Nonconvex Sweeping Process and a Particular Nonconvex DifferentialInclusion
	5.1.3 Existence Results: Finite Dimensional Case

	5.2 Existence of Viable Solutions of Nonconvex First Order Differential Inclusions
	5.2.1 Introduction
	5.2.2 Existence Criteria of Viable Solutions of Nonconvex Differential Inclusions

	5.3 Existence Results for First Order Nonconvex Sweeping Processes: Infinite Dimensional Case
	5.4 First Order Perturbed Nonconvex Sweeping Process with Delay
	5.4.1 Introduction

	5.5 Commentary to Chap.5


	165 Chapter 6
	6 Second Order Differential Inclusions
	6.1 Introduction
	6.2 Existence Theorems: Fixed Point Approach 
	6.3 Existence Theorems: Direct Approach
	6.4 Properties of Solution Sets 
	6.5 Particular Case
	6.6 Second Order Perturbed Sweeping Process with Delay
	6.6.1 Existence Theorems

	6.7 Commentary to Chap.6


	211 Chapter 7
	7 Quasi-Variational Inequalities
	7.1 Introduction
	7.2 Main Theorems
	7.3 Extensions
	7.4 Commentary to Chap.7


	227 Chapter 8
	8 Economic Problems and Equilibrium Theory
	8.1 Introduction
	8.2 Uniform Prox-Regularity of Level Sets and Uniform Lower-C2 Property
	8.3 Subdifferential and Co-normal Stability
	8.4 Nonconvex Nontransitive Economies
	8.5 Existence of Nonconvex Equilibrium
	8.6 Commentary to Chap.8


	247 back-matter
	References
	Index




